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ABSTRACT
T his t h e s i s  p r e se n ts  the dynamic b ehaviour o f  a r o to r  c o n s is t in g  
o f  m u lt id is c s  on a s o l id  or h o llo w  s h a f t ,  o f  th e .ty p e  used in  gas or  
steam  tu r b in e s . The e f f e c t  o f  s h a f t  f l e x i b i l i t y  on the dynamic 
c h a r a c t e r i s t ic s  o f  d is c s  and the co u p lin g  e f f e c t s  between the  
d is c s  and s h a f t  modes are in v e s t ig a t e d .  The in f lu e n c e  o f  the d is c  
f l e x i b i l i t y  on the behaviour o f  s in g le  span and m u ltisp an  s h a f t  system  
i s  a l s o  in v e s t ig a t e d .
A new, th ic k , th r e e -d im e n s in n a l, Iso p a r a m e tr ic , c y l in d r ic a l  
elem en t i s  develop ed  to  determ ine the a x ia l ,  bending and t o r s io n a l  modes 
and t h e ir  co u p lin g  e f f e c t s  on the v ib r a t in g  s h a f t - d i s c s  sy stem s. The 
elem en t i s  chosen  to  have e ig h t  nodes a t  i t s  corn ers w ith  tw elve  d egrees  
o f  freedom  a t  each node g iv in g  n in e t y - s ix  d egrees o f  freedom  fo r  a 
com plete e lem en t. The t r i p l e  in te g r a t io n  over the elem ent o f  s t i f f n e s s  
and mass m a tr ices  are e v a lu a te d  a lg e b r a ic a l ly  and n u m erica lly  by 
G aussian  Quadrature u s in g  a 4 x 4 x 4 mesh.
The main o b je c t iv e  o f  the r e se a r c h  rep o r ted  in  t h is  t h e s i s  i s  to  
f u l f i l  the requirem ent fo r  a t h e o r e t ic a l  s o lu t io n  capable o f  a ccu ra te  
a n a ly s is ,  and the developm ent o f  f i n i t e  e lem en t program u s in g  a double  
p r e c is io n  a r ith m e tic  to  o b ta in  the dynamic c h a r a c t e r is t ic s  o f  a m u lt i­
r o to r  system .
The e f f e c t  o f  d is c  f l e x i b i l i t y  on the dynamic c h a r a c t e r is t ic s  o f  
a system  where th e  d is c s  are c a r r ie d  in  the in t e r io r  o f  th in -  
w a lle d  c y l in d r ic a l  h o llo w  s h a f ts  or "drums" are  a ls o  s tu d ie d . T his  
type o f  d isc-drum  a ssem b lie s  are used  in  a e r o e n g in e s .
Advantage o f  th e  r o ta t io n a l  p e r io d ic i t y  and l in e a r  p e r io d ic i t y  
o f  th e  wave p rop agation  tech n iq u e i s  f u l l y  u t i l i s e d  in  the a n a ly s is .
A new tech n iq u e  o f  com bination o f  th e  two m eth od fis  developed  to  
in v e s t ig a t e  th e  dynamic b eh av iou r o f  m u lt id is c s  -  m u lti s^an sy s te m s.  
The p r e se n t  in v e s t ig a t io n  i s  d iv id e d  in  two p a r t s .  The f i r s t  p a r t  d e a ls  
w ith  s e v e r a l  a p p l ic a t io n s  o f  th e  stu d y  o f  v ib r a t io n  c h a r a c t e r is t ic s  o f  
c ir c u la r  and annular d i s c s ,  s e c t o r  p l a t e s ,  c y l in d r ic a l  s h e l l s ,  h o llo w  
c y lin d e r s  and s h a f t s  fo r  v a r io u s  boundary c o n d it io n s .  The r e s u l t s  fo r  
such a p p lic a t io n s  are o b ta in ed  s e p a r a te ly  by u s in g  the th ic k  , th r e e -  
d im en sion a l e le m en t, and are compared w ith  th o se  o f  e x is t in g  r e s u l t s  
g iv e n  by c l a s s i c a l  p la te  and s h e l l  theory^by e x a c t  and o th er  n um erica l
m ethods o f  a n a ly s is .  They a ls o  show very  good agreem ent w ith  the
e x p er im en ta l r e s u l t s .  The o b je c t iv e  o f  t h is  p a rt i s  to  p r e sen t the
accu racy  o f  the th ic k , th ree -d im e n sio n a l elem ent s o lu t io n  in c lu d in g  the
e f f e c t s  o f  ro ta r y  i n e r t ia  and sh ear  deform ation  on the v ib r a t io n
c h a r a c t e r i s t ic s  in  the ca se  o f  ax isym m etric  and non-sym m etric modes
o f  v ib r a t io n .  The e f f e c t  o f  the r a d i i  r a t io  b /a  and th ic k n e ss  v a r ia t io n
o f  uniform  and v a r ia b le  th ic k n e ss  d is c  on the fre q u en c ie s  o f v ib r a t io n
i s  d is c u s s e d . The e f f e c t  o f  s e c t o r ia l  an g le  6 o f  the s e c to r  p la t e ,  the
r a t io  o f  L/R. , R../R and R / t  o f  the s h a f t  on the dynamic behaviour  m 1 o m
are a ls o  s tu d ie d .
A t h in , tw o-d im en sion al annular s e c t o r  elem ent w ith  tw elve  d egrees  
o f  freedom  i s  a ls o  d evelop ed  t o  f in d  the mass and s t i f f n e s s  m atr ices
• to
and^ obtain  the fr e q u e n c ie s  o f  a uniform  and v a r ia b le  th ic k n e ss  d i s c .
A com parison betw een the r e s u l t s  o f  v ib r a t in g  d is c  o b ta in ed  by the th ic k  
th r ee -d im e n s io n a l e lem en t a n ^ ^ h is  e lem en t i s  made to  show the s u p e r io r ity  
o f  the th ic k , th r ee -d im e n sio n a l e lem en t to  the th in , tw o-d im ension al 
e lem en t fo r  the dynamic a n a ly s is  and a ls o  to  f in d  the in f lu e n c e  o f  sh ear  
deform ation  and ro ta ry  in e r t ia  on the dynamic behaviour which i s  n ot 
a llo w ed  fo r  in  the th in  p la te  th eo ry .
The la r g e  s iz e  o f  the s t i f f n e s s  and mass m atr ices  o b ta in ed  in  th e  
c a se  o f  a th r ee -d im e n sio n a l c y l in d r ic a l  e lem en t a n a ly s is  are reduced  
by u s in g  the e ig e n v a lu e  econom izer tec h n iq u e .
The second  p a r t o f  t h is  in v e s t ig a t io n  i s  to  p r e se n t  th e  co u p lin g
in f lu e n c e  and in t e r a c t io n  betw een the d is c s  and the s h a f t  by u s in g  th e  
th ic k ,.th r e e -d im e n s io n a l  e lem en t.
R e su lts  p r e sen te d  fo r  v a r io u s  c a se s  w ith  d i f f e r in g  f l e x i b i l i t y  and 
geom etry show c le a r ly  the co u p lin g  e f f e c t s  in  a m u lti d i s c - s h a f t  sy stem .
An in fe r e n c e  diagram  i s  d evelop ed  from which the dynamic b eh aviou r o f  
a system  can be p r e d ic te d  fo r  d i f f e r in g  f l e x i b i l i t y  r e la t io n s h ip s  
betw een the s o l i d  or h o llo w  s h a f t s  and th e  d i s c s .  The e f f e c t  o f  
v a r io u s  f ix in g  c o n d it io n s  and boundary c o n d it io n s  on the c o u p lin g  
c h a r a c t e r is t ic s  are a ls o  p r e se n te d .
The e f f e c t i v e n e s s ,  s im p l i c i t i y  o f  use and s ig n if ic a n c e  o f  th e
elem en t a p p lie d  and i t s  s u p e r io r ity  over o th e r  e lem en ts in  the dynamic
a n a ly s is  i s  s tu d ie d .
The t h e o r e t ic a l  r e s u l t s  show very  c lo s e  agreem ent w ith  th e  
ex p er im en ta l r e s u l t s .
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a 2 »*»ai C o e f f ic ie n t s  o f  d isp la c e m en t fu n c t io n  in  a x ia l
d ir e c t io n
^1» b 2*»»b£ C o e f f ic ie n t s  o f  d isp la cem en t f u n c t io n  in
ta n g e n t ia l  d ir e c t io n  
C]^ , C2 . . . C Î  C o e f f ic ie n t s  o f  d isp la cem en t fu n c t io n  in
r a d ia l  d ir e c t io n  
b /a  R ad ii r a t io  o f  a d is c
c E lem enta l le n g th  o f  3 -d im e n sio n a l c y l in d r ic a l
segm ent in  a x ia l  d ir e c t io n ,  
c = h in  th e  ca se  o f  d i s c ,
c = L in  th e  case  o f  s h a f t  ahd c y l i n d r i c a l  s h e l l
D D iam eter in  g e n e r a l.  D iam eter o f  th e  d i s c  (D = 2a)
D F le x u r a l r i g i d i t y  o f  a p l a t e ,  D = E h 3 /1 2 (i -  v^)
Dq F le x u r a l r i g i d i t y  a t  th e  c e n tr e  o f  th e  p la t e
Dq =  E . h o ^ / 1 2  ( 1  -  v ^ )
dQ * O uter and in n e r  d iam eter  o f  s h a f t  and c y l in d e r  r e s p e c t iv e l y
E Y oung's modulus o f  e l a s t i c i t y
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g G r a v ita t io n a l a c c e le r a t io n
H W eight c o e f f i c i e n t s  o f  G aussian  Q uadrature
h T h ick n ess o f  a d is c  a t  any g e n e r a l r a d iu s  r
h /a  T h ick n ess param eter in  annu lar and c ir c u la r  p la t e s
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C -  F: in d ic a t e s  th a t  th e  in n er  r a d iu s  i s  clam ped  
and th e  o u te r  ra d iu s  i s  f r e e
CHAPTER ONE 
GENERAL SURVEY
1 .1  I n tr o d u c tio n
The problem  o f  th e  v ib r a t io n  o f  turbom achinery p a r ts  has r e c e iv e d  
e x te n s iv e  a t t e n t io n  in  th e  l i t e r a t u r e  due o r ig i n a l ly  to  th e  i n t e r e s t  in  
tu r b in e  f a i l u r e  from e x c e s s iv e  m ech a n ica l v ib r a t io n s  and c e n t r i f u g a l ,  
aerodynam ic, o u t -o f -b a la n c e  and therm al f o r c e s .
The s t r u c t u r a l  i n t e g r i t y  o f  a power p la n t  depends t o  a la r g e  
e x te n t  on th e  a b i l i t y  o f  the m achine to  w ith s ta n d  v ib r a to r y  s t r e s s e s  
due to  e i t h e r  f l u t t e r  or r e so n a n c e . The c r i t i c a l  n a tu re  o f  th e  problem  
becom es apparent when one n o te s  thÆ th e re  can be many d i f f e r e n t  
p a r ts  w ith  d i f f e r e n t  c h a r a c t e r i s t ic s  in  one e n g in e . T h er e fo re  th e  
d e te r m in a tio n  o f  dynamic c h a r a c t e r i s t i c s  o f  v a r io u s  com ponents o f  th e  
gas tu r b in e  e n g in e  becomes v ery  im p o rta n t. These c h a r a c t e r i s t i c s  in c lu d e  
th e  n a tu r a l fr e q u e n c ie s  o f  v ib r a t io n  o f  th e  d i f f e r e n t  component p a r ts  
a t  v a r io u s  speed  o f  r o t a t io n .  The v ib r a t io n  induced  f a t ig u e  f a i l u r e  
o f  a lm o st ev ery  p a r t  o f  a tu r b in e  en g in e  i s  a problem  o f  m ajor con cern  
to  th e  d e s ig n e r s .
The b lad ed  d i s c ,  which tr a n sm its  torq ue from the b la d e s  to  th e  
s h a f t  o f  the e n g in e , c o n s is t u t e s  an im portant p a r t  o f  th e  tu r b in e .
The problem  o f  o p t im iz in g  th e  s h a f t - d i s c  assem bly  c o n f ig u r a t io n  
becomes more s ig n i f i c a n t  w ith  the e v e r  in c r e a s in g  demand f o r  h ig h e r  
power and l ig h t e r  w e ig h t o f  f l e x i b l e  s h a f t  in  th e  gas tu r b in e . The 
c o n t in u in g  em phasis on lo n g er  l i f e  to g e th e r  w ith  r e l i a b l e  and s a f e  
o p e r a tio n  in  se v e r e  environm ents r e q u ir e s  g r e a te r  a ccu racy  in  th e  
a n a ly s is  o f  dynamic c h a r a c t e r i s t ic s  o f  th e  v a r io u s  p a r ts  o f  th e  tu r b in e  
in c lu d in g  th e  d i s c .
The o b j e c t iv e  o f  p r e se n t  day s t r u c t u r a l  d e s ig n  i s  to  a r r iv e  a t  th e  
m ost e f f i c i e n t  s tr u c tu r e  s u b je c te d  to  c e r t a in  c o n s tr a in t  c o n d it io n s  
f o r  th e  s p e c i f i e d  lo a d  and tem peratu re environ m ent.
In  a tu r b in e  d i s c ,  in  a d d it io n  to  th e  s t r e s s e s  r e s u l t in g  from  
b en d in g , to r s io n  and tem peratu re g r a d ie n t , v ery  h ig h  s t r e s s e s  d ev e lo p  
due to  th e  c e n t r i f u g a l  fcrces  a t  h ig h  s p e e d s . These s t r e s s e s  c o n s t i t u t e  
th e  m ajor p o r t io n  o f  th e  t o t a l  s t r e s s e s  and are n o t red u ced  by th e  
th ic k n e s s  o f  th e  d i s c .  C on seq u en tly  the m a te r ia l  u n a v o id ab ly  works 
a t  i t s  l i m i t ,  and hence th e  a ccu racy  r e q u ire d  on the p r e d ic t io n s  o f  
th e s e  s t r e s s e s  i s  v ery  h ig h .
The m ain cau se  o f  turbom achinery f a i l u r e  due to  th e  s t a t i c  and 
dynamic s t r e s s e s  must be e s t im a te d  a t  th e  d e s ig n  s ta g e  i n  ord er  to  
reduce th e  f a t ig u e  r a te  and th e r e fo r e  ex ten d  th e  w orking l i f e  o f  th e  
turbom ach inery .
In  turbom achinery th e  s tu d y  o f  v ib r a t io n  c h a r a c t e r is t ic s  o f  in d iv id u a l  
components such  as b la d e s ,  d i s c s  and s h a f t s  has been e s t a b l i s h e d  a s  an  
im p ortan t p a r t  o f  th e  d e s ig n . However, th e  v ib r a t io n  c h a r a c t e r i s t i c s  
o f  in d iv id u a l  components can vary  c o n s id e r a b ly  when t h e s e  com ponents 
a re  assem bled  to g e th e r  to  form one sy ste m , due to  th e  c o u p lin g  e f f e c t s  
betw een  th e s e  c o n s t i t u e n t  com ponents. The v ib r a t io n  c h a r a c t e r i s t i c s  
o f  a b la d e  in  a gas tu r b in e  can vary  due to  th e  f l e x i b i l i t y  o f  th e  
d is c  and th a t  o f  the s h a f t  c a r r y in g  th e  d i s c .  Furtherm ore th e r e  may be  
in t e r a c t io n s  betw een th e  b la d e  on d i f f e r e n t  s ta g e s  o f  th e  tu r b in e  due 
to  f l e x i b i l i t y  o f  the d is c s  and th e  s h a f t .
1 .2  Review o f  L ite r a tu r e
I t  i s  on the a s p e c ts  o f  th e  dynamic a n a ly s is  o f  tu r b in e  d i s c s ,  
s e c t o r  p l a t e s ,  c y l in d r ic a l  s h e l l s  y s h a f t s  and the dynam ic c o u p lin g  
o f  s h a f t - d i s c s  sy stem , that th e  g e n e r a l su rvey  and work d e s c r ib e d  b e low  
i s  fo c u s s e d .
1 .3  V ib r a tio n  A n a ly s is  o f  Turbine D isc s
The v ib r a t io n  a n a ly s is  o f  d i s c s  h av in g  g e n e r a l th ic k n e s s  p r o f i l e s  
has lo n g  been  o f  i n t e r e s t  to  d e s ig n e r s  o f  r o ta t in g  m ach in ery . In  th e  
d e s ig n  o f  tu r b in e  d is c s  c e r t a in  g e o m e tr ic a l r e s t r i c t i o n s  may be im posed  
on th e  p r o f i l e  o f  th e  d is c  by i t s  f u n c t io n a l  a s p e c t s .  To e n su r e
m ech an ica l i n t e g r i t y  i t  i s  n e c e ssa r y  to  p r e d ic t  a c c u r a te ly  the s te a d y  
s t r e s s e s  in  th e  d is c  w hich may a r is e  from r o ta t io n  and therm al e f f e c t s ,  
and a ls o  th e  n a tu r a l fr e q u e n c ie s  o f  th e  d is c  in  order to  lo c a t e  p o s s ib le  
re so n a n ces  where th ey  w i l l  be m ost tro u b leso m e. For d is c s  h av in g  
p r o f i l e s  r e p r e s e n ta t iv e  o f  a c tu a l  p r a c t i c a l  c o n f ig u r a t io n s  n u m erica l 
method fo r  c a lc u la t io n  o f  v ib r a to r y  modes must be u se d .
The v ib r a t io n  o f  t h in  sym m etrica l d i s c s ,  t y p ic a l ly  used  i n  tu rb o­
m achinery i s  predom inan tly  f l e x u r a l ,  com p ris in g  modes w hich are  
c h a r a c te r iz e d  by in te g e r  numbers o f  n od a l d iam eters n and n od a l c i r c l e s  s .
The d is c  i s  a w ell-k n ow n  exam ple f o r  th e  in d u s t r ia l  a p p l ic a t io n  o f  
th e  an n u lar  p l a t e .  As s t r u c t u r a l  e le m e n ts , c ir c u la r  an n u lar  p la t e s  are  
e x t e n s iv e ly  u sed  in  th e  c o n s tr u c t io n  o f  a i r c r a f t ,  s h ip s ,  a u to m o b ile s  
and o th e r  v e h i c l e s .
In  the l i t e r a t u r e ,  a c o n s id e r a b le  amount o f  work has been  r e p o r te d  
on th e  v ib r a t io n s  o f  c ir c u la r  annu lar p la t e s  or d i s c s .
The a n a ly s is  o f  f r e e  v ib r a t io n  o f  annu lar un iform  and v a r y in g  th ic k n e s s  
i s o t r o p i c  d is c s  has been th e  s u b je c t  o f  much r e se a r c h  s in c e  th e  l a t e  
19th  c e n tu r y .
In  g e n e r a l,  how ever, th e  a n a ly s is  o f  d i s c s  o f  a x i a l l y  v a r y in g  
th ic k n e s s  has been  m ost a c t iv e  s in c e  th e  advent o f  h ig h  sp eed  d i g i t a l  
com puters and a s s o c ia t e d  n u m e r ic a lly  b ased  te c h n iq u e s , e s p e c i a l ly  th e  
f i n i t e  e lem en t te c h n iq u e .
The m ost common forms o f  a x ia l  th ic k n e s s  p r o f i l e s  s tu d ie d  a re  as  
f o l lo w s :
1 .3 .1  D isc s  o f  Uniform  T h ick n ess P r o f i l e
Much o f th e  e a r ly  work co n cern in g  th e  v ib r a t io n  c h a r a c t e r i s t i c s  o f  
th in  d is c  o f  a uniform  c r o s s - s e c t io n  was conducted  by Lord R a y le ig h  [ 1 ] .
Lamb and S ou th w ell [2] have s tu d ie d  th e  v ib r a t io n  o f  un iform  t h in  d i s c .  
S o u th w ell [3] ex ten d ed  th e  a n a ly s is  to  in c lu d e  th e  e f f e c t  o f  r o t a t io n  
o f  c e n t r a l ly  clamped d i s c .  V ogel and Sk inner [4] in v e s t ig a t e d  th e  n a tu r a l  
fr e q u e n c ie s  o f  a th in , uniform  th ic k n e s s , d is c  in  th e  ab sen ce o f  in -p la n e  
s t r e s s .  L e is s a  [5 ] has rev iew ed  the work c a r r ie d  o u t by v a r io u s  a u th o rs  
up to  1965 on t h in  p la t e s  fo r  d i f f e r e n t  boundary c o n d it io n s .
The e f f e c t  o f  r o ta t io n  has a l s o  been  in v e s t ig a t e d  by Eversman and 
Dodson [ 6 ] .  They have o u t lin e d  a s o lu t io n  to  t h i s  problem  when b oth  
membrane s t r e s s e s  and d is c  bend ing s t i f f n e s s  are c o n s id e r e d  t o g e th e r .
O lson  and L indberg [7] have d e r iv e d  two f i n i t e  p l a t e  b en d in g  e le m en ts  
i n  p o la r  c o -o r d in a t e s .  The f i r s t  e lem en t in  th e  form ofi a c ir c u la r  
s e c t o r  has n in e  d egrees o f  freedom . The secon d  e le m e n t, in  th e  form  
o f  an annu lar s e c t o r  has fo u r  nodes each  w ith  th r ee  d eg rees  o f  freedom  
g iv in g  tw e lv e  d eg rees  o f  freedom  f o r  a c o n p le te  e le m e n t. T h eir  a n a ly s is  
was b ased  on n o n -r o ta t in g , un iform  th ic k n e s s  p l a t e .  L a ter  Sabuncu [ s l  
ex ten d ed  th e  secon d  e lem en t o f  tw e lv e  d eg rees  o f  freedom  to  in c lu d e  th e  
e f f e c t  o f  r o t a t io n ,  on th e  n a tu r a l fr e q u e n c ie s  o f  a r o t a t in g ,  un iform  
th ic k n e s s  d i s c .  Shahab [9] s tu d ie d  th e  v ib r a t io n  c h a r a c t e r i s t i c s  o f  
uniform  and v a r ia b le  th ic k n e s s  d i s c  t h e o r e t i c a l ly  u s in g  an en ergy  approach  
and e x p e r im e n ta lly  by u s in g  la s e r  h o lo g ra p h y .
The e f f e c t  o f  therm al g r a d ie n t  and th e  i n i t i a l  in -p la n e  s t r e s s e s  
on th e  dynamic b eh av iou r  o f  t h in ,  v a r ia b le  th ic k n e s s  d i s c  was in v e s t ig a t e d  
by Mote [10] u s in g  th e  R itz  m ethod. Sm ith [ l l ]  ex ten d ed  the a n a ly s is  
by u s in g  f i n i t e  e lem en t m ethod. A good agreem ent has been  o b ta in e d  w ith  
M ote's r e s u l t s  fo r  a r o ta t in g  and n o n -r o ta t in g  d is c  w ith o u t  in c lu d in g  
th e  therm al e f f e c t .
Many o f  th e  d is c s  used  in  a c tu a l  p r a c t ic e  have to  be c l a s s i f i e d  
as th ic k  p la t e s  and hence th ic k  p la t e  th eo ry  w hich in c lu d e  the e f f e c t s  
o f  r o ta r y  i n e r t i a  and sh ea r  d eform ation  m ust be used  to  p r e d ic t  th e  
v ib r a t io n  c h a r a c t e r i s t ic s  o f  such  d i s c s .  In s p ir e d  by T im oshenko's  
im proved beam th e o r y , M in d lin  [12] m o d if ie d  th e  c l a s s i c a l  p la t e  e q u a tio n  
to  in c lu d e  th e  e f f e c t s  o f  sh ear  deform ation  and r o ta r y  i n e r t i a  to  a n a ly s e  
th ic k  p l a t e .
I t  i s  w e l l  known th a t  th e  e f f e c t s  o f  r o ta r y  i n e r t i a  and sh ea r  
d eform ation  tend  to  d e c r ea se  th e  n a tu r a l  fr e q u e n c ie s  b ecau se  o f  th e  
in c r e a s e d  i n e r t i a  and f l e x i b i l i t y  o f  the sy ste m . The n a tu r a l f r e q u e n c ie s  
o f  annu lar p la t e s  b ased  on the M in d lin  th eory  have b een  s tu d ie d  by Rao 
and Prasad [13] w ith  v a r io u s  boundary c o n d it io n s .  Guruswamy and Yang [14 ] 
d evelop ed  a m od erate ly  th ic k  p la t e  s e c t o r  e lem en t w hich  has fo u r  nodes  
and tw enty fo u r  d egrees  o f  freedom . The e lem en t i s  b ased  on R e is s n e r 's  
th ic k  p l a t e  th eo ry  fo r  th e  a n a ly s is  o f  th ic k  p la t e s  in c lu d in g  th e  e f f e c t  
o f  th ic k n e s s  v a r ia t io n  on the f r e q u e n c ie s .  More r e c e n t ly  I r i e  e t  a l  [15]
u sed  th e  th ic k  p la t e  th eory  based  on M in d lin  th eo ry  to  a n a ly se  th e  
v ib r a t io n  c h a r a c t e r i s t i c s  o f  un iform , annu lar d is c s  w ith  v a r io u s  
boundary c o n d i t io n s .  The c o r r e c t io n  due to  sh ea r  d eform ation  and r o ta r y  
i n e r t i a  on the fr e q u e n c ie s  were a ls o  r e p o r te d  and d is c u s s e d .
1 .3 .2  D is c s  o f  V a r ia b le  T h ickness P r o f i l e
C ir c u la r  p la t e s  o f  non-un iform  th ic k n e s s  are  en co u n tered  i n  many 
e n g in e e r in g  s t r u c t u r e s ,  such as p is to n s  o f  r e c ip r o c a t in g  e n g in e s ,  d i s c s  
o f  gas t u r b in e s ,  diaphram  o f  steam  tu r b in e s  and so  on .
The need  to  und erstand  th e  b eh va iou r  o f  tu r b in e  d i s c s  prom pted th e  
f i r s t  i n v e s t ig a t io n  by H o lzer  in to  the a x isy m m etr ica l b en d in g  o f  c ir c u la r  
p la t e s  o f  v a r ia b le  t h ic k n e s s .
In  the modern turbom achinery d is c  o f  v a r ia b le  th ic k n e s s  p r o f i l e  has  
a com plex geom etry w hich can b e tp r e se n te d  by th ic k  p la t e  th e o r y . I t  
i s  e s s e n t i a l ,  t h e r e f o r e ,  to  e s t im a te  th e  dynamic b eh a v io u r  o f  such  
d is c s  and r e p r e s e n t  them as a th r e e -d im e n s io n a l s t r u c t u r e .
In  th e  c a se  o f  a v a r ia b le  th ic k n e s s  an n u lar  d is c  th e  c o e f f i c i e n t s  
in  th e  en ergy  e q u a tio n  w i l l  be v a r ia b le .  T h is in c r e a s e s  th e  c o m p le x ity  
o f  th e  m ath em atica l s o lu t io n .  The th ic k n e s s  i s  a fu n c t io n  o f  th e  r a d ia l  
d is ta n c e  r from th e  a x i s .  The c o e f f i c i e n t s  a re  v a r ia b le  w ith  r and the  
s o lu t io n  w i l l  be le n g th y . I t  i s  a n t ic ip a t e d  th a t  th e  n u m erica l v a lu e s  
g en era ted  are  o f  g r e a t  im portance to  d e s ig n  e n g in e e r s .
A n a ly t ic a l  m ethods o f  dynamic a n a ly s is  are  a p p lie d  to  s o lv e  th e  
problem . Many approxim ate methods o f  s o lu t io n s  are  u se d . At th e  p r e s e n t ,  
e x te n s iv e  l i t e r e a t u r e  su rv ey s  o f  th e  devebpment o f  th e  f i n i t e  e lem en t  
m ethod have been  p r e se n te d  and a p p lie d  to  stu d y  th e  dynam ic b eh a v io u r  
o f  a t h ic k ,  v a r ia b le  th ic k n e s s  d i s c .
The v ib r a t io n  o f  v a r ia b le  th ic k n e s s  d is c s  which are  c e n t r a l ly  
clam ped and f r e e  on th e  p er ip h ery  i s  o f  p a r t ic u la r  s ig n i f i c a n c e  i n  
r o to r  dynam ics.
The purpose o f  th e  p r e s e n t  a n a ly s is  i s  to  in v e s t i g a t e  th e  v ib r a t io n  
c h a r a c t e r i s t ic s  o f  such d is c s  h av in g  d i f f e r e n t  th ic k n e s s  p r o f i l e  and to  
a v o id  the co m p lex ity  o f  d u e- - t o  (ckKess v c \ v î ,
J fo r  the c a se  o f  a x i-sy m m etr ic  and asym m etric m odes.
The m ost common forms o f  v a r ia b le  th ic k n e s s  d is c s  s tu d ie d  in  th e  
p r e s e n t  in v e s t ig a t io n  are  as f o l lo w s :
1 .3 .2 .1  H y p erb o lic  T h ickness V a r ia t io n
D is c s  o f  h y p e r b o lic  a x ia l  th ic k n e s s  w ith  p r o f i l e  shown in  F ig .  4 
and d e sc r ib e d  by
h ( r )  =  ^2 ( f / a )  ^  ( 1 . 1 )
have b een  in v e s t ig a t e d  by Mote p.0 ] who used  th e  R itz  m ethod, and 
Sm ith [11] who a p p lie d  f i n i t e  e lem en t method to  in c lu d e  th e  e f f e c t  o f  
r o t a t io n  and B by u s in g  te n  t h in  annu lar e le m e n ts . More r e c e n t ly  
Kennedy and Gorman [16] ex ten d ed  th e  a n a ly s is  to  in c lu d e  th e  e f f e c t  o f  
therm al g r a d ie n t  and r o t a t io n  on th e  dynamic b eh av iou r  o f  a t h in ,  v a r ia b le  
th ic k n e s s  d i s c .  The e f f e c t  o f  sm a ll v a lu e s  o f  B was s tu d ie d  and th e  e f f e c t  
o f  r o ta r y  i n e r t i a  and sh ea r  d eform ation  were ig n o red  i n  t h e ir  a n a l y s i s .  
P r e s c o t t  [17] gave an e x a c t  membrance s o lu t io n  to  th e  e x p o n e n t ia l ly  
v a r y in g  th ic k n e s s  membrane w ith  d i f f e r e n t  v a lu e s  o f  3 u s in g  a s im i la r  
m ath em atica l approach to  th a t  o f  Lamb and Sou th w all [ 2 ] ,  For th e  ch osen  
th ic k n e s s  fu n c t io n , P r e s c o t t  [17] p ro v id ed  a c l a s s i c a l  s o lu t io n  b u t i t s  
u se  in v o lv e s  ex trem ely  le n g th y  a r it h m e t ic a l  work and th e  s o lv in g  o f  a 
fo u r th  ord er d i f f e r e n t i a l  e q u a tio n  f o r  every  s in g le  mode. For p r a c t i c a l  
p u rp oses t h is  s o lu t io n  i s  o f  no r e a l  v a lu e .  He a l s o  i l l u s t r a t e d  th e  u se  
o f  th e  approxim ate R a y le ig h 's  method to  s o lv e  the problem  b u t th e r e  a re  
d i f f i c u l t i e s  in  th e  c h o ic e  o f  assumed mode sh ap e . In p a r t ic u l a r ,  th e  
number o f  R itz  term s needed makes the com putation  once a g a in  e x tr e m e ly  
t e d io u s .  For o th e r  in v e s t ig a t o r s  Kirkhope and W ilson [18 ] have shown 
th a t  annular f i n i t e  e lem en ts  p r o v id e  s o lu t io n  w hich agree  w e l l  w ith  e x a c t  
s o lu t i o n s .  For t h is  reason  and b ecau se  o f  the r e g u la r  b eh a v io u r  o f  th e  
an n u lar  e lem en t fo r  B= 0 (un iform  t h ic k n e s s ) ,  i t  was a n t ic ip a t e d  th a t  
th e  new th ic k n e ss  v a r ia t io n  w ould a l s o  be w e l l  h a n d led .
1 .3 .2 .2  L in ear T h ick n ess V a r ia tio n
D isc s  o f  l in e a r ly  v a r y in g  th ic k n e s s  w ith  p r o f i l e  as shown in  F ig .  5C a ) 
i s  d e sc r ib e d  by:
h^^^ = h^ [1 -  ( r /a )  ] ( 1 .2 )
I t  appears th a t  n o t  much work has been  done on such  a d is c  o f  
l in e a r ly  v a r ia b le  th ic k n e s s  g iv e n  in  e q u a tio n  ( 1 .2 )  compared w ith  th a t  
a v a i la b le  on the un iform  and o th e r  v a r ia b le  th ic k n e s s  form .
N e v e r t h e le s s . ,  th e  f r e e  a x isym m etr ic  tr a n sv e r s e  v ib r a t io n  o f  an n u lar  
p la t e s  o f  l in e a r ly  v a r y in g  th ic k n e s s  a s  shown in  e q u a tio n  ( 1 .2 )  has  
b een  a n a ly se d  in  the a b sen ce  o f  c e n tr i fu g a l  and therm al in -p la n e  s t r e s s  
e f f e c t s  by Soni and Ambo-Rao (l9 ]. T h eir  a n a ly s is  has b een  c a r r ie d  o u t  
on th e  b a s is  o f  th e  c l a s s i c a l  th eo ry  o f  p la t e s  w ith  v a r io u s  boundary  
c o n d i t io n s .
1 , 3 . 2 , 3  Tapered D isc
Tapered d is c  o f  l in e a r ly  v a r y in g  th ic k n e s s  as shown i n  F ig .  6 
and g iv e n  b y :
h = h (1 -  r / r  ) ( 1 .3 )(r )  o o
has been  a n a ly sed  by Shahab [9  ] u s in g  th e  R itz  approach w ith  a two 
term s s o lu t io n  to  i n v e s t ig a t e  th e  v ib r a t io n  c h a r a c t e r i s t i c s  o f  su ch  
ta p ered  d is c  in c lu d in g  the e f f e c t  o f  r o ta t io n  f o r  v a r io u s  r a d i i  r a t i o s  
b /a .  The same d is c  was o r i g i n a l ly  a n a ly zed  by K ovalenko [20] who a p p lie d  
th e  R itz  method to  f in d  the fundam ental freq u en cy  o n ly . I r i e  e t  a l  [ 2 l l  
have in v e s t ig a t e d  the tr a n sv e r s e  v ib r a t io n  o f  a ta p e re d  d is c  o f  o th e r  
th ic k n e s s  v a r ia t io n  n o t  g iv e n  by e q u a tio n  ( 1 .3 ) .  In  t h e ir  p ap er I r i e  e t  
a l  [21] a p p lie d  th e  tr a n s fe r  m a tr ix  approach u s in g  th e  M in d lin 's  e q u a t io n  
to  d e r iv e  the freq u en cy  eq u a tio n s  in c lu d in g  th e  e f f e c t  o f  sh e a r  d e fo rm a tio n  
and r o ta r y  i n e r t i a .
1 .4  V ib r a t io n  A n a ly s is  o f  S e c to r  P la te s
The tr a n sv e r s e  v ib r a t io n s  o f  s e c t o r  p la t e s  i s  o f  i n t e r e s t  in  
s t r u c t u r a l  m ech an ics, e s p e c i a l ly  in  th e  s tu d y  o f  d i s c s .  The f r e e  v ib r a t io n  
a n a ly s is  fo r  such s e c t o r  p la t e s  based  on the th in  p la t e  th e o ry  w ere  
perform ed by Ben-Amoz [2 2] u s in g  an approxim ate method and by Cheung and 
Cheung [23] u s in g  th e  f i n i t e  s t r i p  m ethod.
More r e c e n t ly  an ex p e r im en ta l in v e s t ig a t io n  has b een  c a r r ie d  o u t by 
Karuyama and Ich iuom iya [24] by a p p ly in g  la s e r  h o lograp h y  te c h n iq u e  to  
f in d  th e  n a tu r a l fr e q u e n c ie s  o f  a th in  s e c t o r  p la t e  w ith  a l l  e d g e s  clam ped .
A th in  p la t e  th eo ry  and th ic k  p la t e  th o ery  are  u sed  i n  th e  p r e s e n t  
a n a ly s is  fo r  i n v e s t ig a t in g  the dynamic b eh av iou r  o f  a s e c t o r  p la t e  w ith  
a l l  ed ges clam ped.
1 .5  V ib r a tio n  A n a ly s is  o f  C y lin d r ic a l  S h e l ls
As a r e s u l t  o f  th e  t e c h n o lo g ic a l  developm ents s h e l l  s t r u c t u r e s  
g a in ed  a p o p u la r ity  in  r e c e n t  y e a r s .  S in ce  many su ch  s tr u c t u r e s  are  
s u b je c t  to  dynamic lo a d in g , i t  i s  im portant to  have some in d ic a t io n  
o f  t h e ir  v ib r a t io n  c h a r a c t e r i s t i c s .
The d e ter m in a tio n  o f  th e  f r e e  v ib r a t io n  c h a r a c t e r i s t i c s  o f  
c y l in d r ic a l  s h e l l s  c o n tin u e s  to  be a problem  o f  g r e a t  i n t e r e s t  to  e n g in e e r s .  
The s u b je c t  has a p p l ic a t io n  in  many f i e l d s ,  e s p e c i a l ly  th e  s t r u c t u r a l  
dynam ics o f  a i r c r a f t ,  m i s s i l e s ,  sp ace  v e h ic l e s  and ocean  v e h i c l e s ,  and 
o th e r  s tr u c tu r e s  l ik e  c y l in d r ic a l  b o i l e r s ,  c o o lin g  tow ers and a e r o p la n e  
f u s e la g e s .
The number o f  e x a c t  s o lu t io n s  w hich s a t i s f y  the g o v e r n in g  e q u a t io n s  
and the boundary c o n d it io n s  o f  c y l in d r ic a l  s h e l l  s t r u c t u r e s  are  v ery  
l im it e d .  H ence, e n g in e e r s  are fo r c e d  to  u se  some approxim ate n u m er ica l  
m ethods fo r  t h e ir  a n a l y s i s .  F o r tu n a te ly  the p r e s e n t  s t a t e  o f  h ig h  s p e e d ,  
la r g e  s to r a g e  com puters p r o v id e  th e  n e c e ssa r y  f a c i l i t i e s  f o r  th e  develop m ent  
o f  e f f i c i e n t  n u m erica l m ethods.
In  g e n e r a l, a s h e l l  s tr u c tu r e  i s  d e f in e d  as th e  s o l i d  m a te r ia l  
e n c lo s e d  betw een two c lo s e l y  sp aced  curved s u r fa c e s .  I f  th e  cu rved  
s u r fa c e s  have o n ly  one p r in c ip a l  cu rv a tu re  then  th e  s h e l l  s t r u c t u r e  
i s  c a l le d  " c y l in d r ic a l" .  F u rth er , i f  th e  s o l i d  m a te r ia l  i s  small compared 
w ith  th e  p r in c ip a l  c u r v a tu r e , th en  th e  s h e l l  i s  c a l l e d  " th in " , i f  n o t  
i t  i s  " th ic k " . Most o f  s h e l l  s t r u c tu r e  s t u d ie s  used  t h in  s h e l l  th e o r y .
N ot much a t t e n t io n  has been  p a id  in  the p a s t  to  the th ic k  s h e l l  e lem en t  
in  e i t h e r  dynamic or s t a t i c  a n a ly s is  and i t  can be s e e n  th a t  th e r e  i s  
v ery  l i t t l e  p u b lish e d  l i t e r a t u r e .
In  th e  p a s t ,  d i f f e r e n t  m ethods have been em ployed f o r  th e  a n a ly s is  
o f  c y l in d r ic a l  s h e l l s .  I t  was about one hundred y e a r s  ago th a t  th e  
a n a ly s is  on the s u b je c t  was f i r s t  undertaken  by Lord R a y le ig h  [ 1 ] .
In  h is  famous t r e a t i s e  on "The Theory o f  Sound" p u b lish e d  i n  1877 he
d ev e lo p ed  a form ula fo r  c a lc u la t in g  th e  n a tu r a l fr e q u e n c ie s  o f  an 
i n f i n i t e l y  lo n g  c ir c u la r  c y l in d r ic a l  s h e l l  assum ing th a t  th e  mid s u r fa c e  
o f  th e  s h e l l  i s  in e x te n s io n a l  and th e  mode o f  v ib r a t io n  c y l i n d r i c a l .
Love [25] has d evelop ed  a g e n e r a l th eo ry  o f  t h in  s h e l l s .  In  h is  
p a p e r . Love [25] c r i t i c i s e s  th e  in e x a c tn e s s  o f  Lord R a y le ig h 's  
in e x te n s io n a l  th eory  in  th a t  i t  le a d s  to  e x p r e s s io n s  fo r  th e  d isp la c e m e n ts  
w hich  cannot s a t i s f y  the boundary c o n d it io n s  a t  a f r e e  ed g e .
In  h i s  famous t r e a t i s e ,  Love [26] has p r e se n te d  f o r  th e  f i r s t  
tim e a g e n e r a l method o f s o lu t io n  o f  th e  f r e e  v ib r a t io n  problem s o f  
c ir c u la r  c y l i n d r i c a l  s h e l l s .  But he has made no a ttem p t to  s o lv e  any  
s p e c i f i c  problem  e x c e p t  fo r  th o se  extrem e c a se s  o f  p u r e ly  e x te n s io n a l  
and in e x t e n s io n a l  v ib r a t io n s .
A rnold and Warburton [27] and [28 ] have c a lc u la t e d  th e  n a tu r a l  
fr e q u e n c ie s  f o r  c ir c u la r  c y l in d r ic a l  s h e l l s  o f  f i n i t e  le n g th  w h ich  are  
e i t h e r  f r e e ly  su p p orted  or r ig i d l y  clam ped a t  b o th  e d g e s . In  t h e ir  
a n a l y s i s ,  th ey  used  the s t r a i n - d i s p lacem en t r e la t io n s  o f  th e  L ove-  
Timoshenko th e o r y .
L a te r , Warburton [29] has p r e s e n te d  an a n a ly s is  on a t h in  c ir c u la r  
c y l in d r ic a l  s h e l l  v ib r a t io n  u s in g  F liig g e 's  e q u a tio n  o f  m o tio n . T hese  
e q u a tio n s  n e g le c te d  the e f f e c t s  o f  r o ta r y  i n e r t i a  and sh ea r  d efo rm a tio n  
N um erical r e s u l t s  fo r  s h e l l s  w ith  clam ped e n d s , f r e e  e n d s , and f o r  s h e l l s  
w ith  s im p ly  su pp orted  ends were o b ta in e d .
The a n a ly s is  o f  r in g  f i n i t e  e lem en t f o r  s h e l l s  o f  r e v o lu t io n  w ere  
o b ta in e d  by W ebster [30] by e x te n d in g  th e  p o ly n o m ia ls  r e p r e s e n t in g  th e  
d is p la c e m e n t ..  In  t h is  paper tw enty d e g rees  o f  freedom  has been  u sed  
to  determ in e th e  n a tu r a l fr e q u e n c ie s  o f  th r e e  e x a n p le s  o n ly :  c i r c u la r  
c y l i n d r i c a l  s h e l l ,  f l a t  c ir c u la r  p l a t e ,  and s p h e r ic a l  s h e l l .  E is  r e s u l t s  
fo r  c ir c u la r  c y l in d r ic a l  s h e l l  are c o n s id e r e d  in  th e  p r e s e n t  i n v e s t i g a t i o n  
and compared w ith  e x a c t  r e s u l t s  o b ta in ed  by Warburton [ 2 9 ] .
G i l l  [31] has c a lc u la te d  the fr e q u e n c ie s  o f  C-F t h in  c ir c u la r  
c y l in d r ic a l  s h e l l  e x p e r im e n ta lly . The c o n f ig u r a t io n  o f  t h i s  c y l in d e r  
i s  shown in  F ig . 7.
The a n a ly s is  o f  m otion  o f  c ir c u la r  c y l in d e r ,  on th e  b a s i s  o f  th e  
th r e e -d im e n s io n a l, l in e a r ,  sm a ll d e f l e c t io n  th eo ry  o f  e l a s t i c i t y  o f  a 
f i n i t e  la y e r  method o f  s o lu t io n  has been  c a r r ie d  ou t by Cheung and Wu [32 ] . 
The f r e e  v ib r a t io n  o f  th ic k  lam in ated  c y lin d e r s  w ith  v a r io u s  ends  
c o n d it io n s  was p r e se n te d  by u s in g  R itz  ty p e  fo r m u la tio n .
A good summary o f  th e  work on s h e l l s  v ib r a t io n  has been  p r e s e n te d  
by L ie s s a  [ 3 3 ] .  The volum inous l i t e r a t u r e  and n u m erica l r e s u l t s  w ere  
o b ta in e d  in  h is  monograph in  1973.
Cunningham and Leanhard [34] determ in ed  th e  n a tu r a l  fr e q u e n c ie s  o f  th in  
c y lin d e r s  w ith  f r e e  en d s, h av in g  mean r a d iu s  to  th ic k n e s s  r a t i o
Rj-j/t = 3 0 .3 .  The t h e o r e t ic a l  r e s u l t s  were o b ta in ed  by u s in g  th e  approx­
im ate en ergy  method based  on th e  a n a ly s is  o f  A rnold and W arburton [ 2 8 ]  
and compared w ith  ex p e r im en ta l and f i n i t e  e lem en t r e s u l t s .
The f r e e  v ib r a t io n  o f  t h in -w a lle d ,  s im p ly  su p p orted  c ir c u la r  
c y lin d e r  has b een  s tu d ie d  by Ross [35] and compared w ith  th e  r e s u l t s  
o b ta in ed  by Warburton (29 ] and W ebster [30 ].
U cm aklioglu  [36] u sed  iso p a r a m e tr ic  s h e l l  e lem en t to  f in d  th e  
n a tu r a l fr e q u e n c ie s  o f  v a r io u s  sh ap es s t r u c t u r e .  He and W ilson  [37 ]  
have c a lc u la t e d  th e  n a tu r a l fr e q u e n c ie s  o f  a c a n t i le v e r e d  c y l in d e r  
shown in  F ig .  7 .
A doubly curved r ig h t  h e l i c o id a l  s h e l l  has b een d ev e lo p ed  by
W alker [38] to  f in d  th e  n a tu r a l fr e q u e n c ie s  o f  c a n t i le v e r e d  cu rv ed ,
t w is t e d ,  fan  b la d e s  w ith  d i f f e r e n t  r a t io s  o f  R / t .  The e le m en t s t i f f n e s sm
and mass fo rm u la tio n  a r e  b ased  on M in d lin 's  th eo ry  [12 ] and in c lu d e  th e  
e f f e c t s  o f  sh ear  and r o ta r y  i n e r t i a .
R e c e n t ly , V anderpool and B er t [39] have a n a ly sed  th e  r e so n a n t  f r e ­
q u en c ie s  o f  v ib r a t io n  o f  a f ib r e  r e in f o r c e d , th ic k -w a l]ed  c ir c u la r  
c y l in d r ic a l  s h e l l  o f  f i n i t e  le n g th . T h eir  r e s u l t s  in c lu d e d  th e  sh e a r  
c o r r e c t io n  shown by M in d lin  [12] and o b ta in ed  r e s u l t s  f o r  th e  c a s e s  o f  
hom ogeneous, i s o t r o p i c  s h e l l  and m o n o c lin ic  s h e l l .
Most o f  th e  p u b lish e d  l i t e r a t u r e  r e p r e s e n t  the minimum n a tu r a l  
fr e q u e n c ie s  o f  c ir c u la r  c y l in d r ic a l  s h e l l  w ith  n = 2 and m = 1 . H ow ever, 
when th e r e  a re  no wave v a r ia t io n s  in  s h e l l  m otion  w ith  r e s p e c t  to  th e  
a x ia l  d ir e c t io n  Z th a t  i s  to  say  m = 0 ,  L ove's  [26] fre q u en cy  e q u a t io n  
a p p l i e s .  When the c y l in d r ic a l  s h e l l  has ax isym m etric  mode, n = 0 and 
beam -type mode n = 1 , F orsb erg  [40] shows th a t  b eh av iou r  can b e  
a d e q u a te ly  p r e d ic te d  by c o n s id e r in g  th e  c y lin d e r  as a r in g  f o r  n = 0 
m odes, and as a compact beam fo r  n = 1 m odes. F lugge and K elkar [41 ]  
have a n a ly sed  a m ath em atica l a n a ly s is  o f  a hom ogeneous, i s o t r o p i c  and  
e l a s t i c  c ir c u la r  c y lin d e r  s u b je c te d  to  p r e s c r ib e d  f o r c e s .  V ariou s  
boundary c o n d it io n s  were p r e se n te d  and a p p lie d  to  d ev e lo p  a c o m p le te ly  
g e n e r a l method o f  s o lu t io n  fo r  a h o llo w  and s o l i d  c y l in d e r  cf any le n g t h .
Sharmo [42] has determ ined  th e  in f lu e n c e  o f  u n s t i f f e n e d  and r in g -  
s t i f f e n e d  c ir c u la r  c y l in d r ic a l  s h e l l s  clam ped a t  t h e ir  b a s e . H is  
r e s u l t s  w ere shown on ly  f o r  th e  lo w e s t  n a tu r a l freq u en cy  and f o r  s h e l l s  
o f  la r g e  le n g th  to  ra d iu s r a t i o .  In  h i s  paper Sharma [42] found th a t  f o r  
modes in v o lv in g  ax isym m etric  n = 0  or  beam typ e  b eh a v io u r  n = 1 
th e  r in g  s t i f f n e s s  has v ery  l i t t l e  s t i f f e n i n g  e f f e c t  on th e  lo w e s t  
fre q u e n c y , b u t f o r  n  ^2 th e  freq u en cy  i s  r a is e d  s i g n i f i c a n t l y  depending  
on the s i z e  o f  the r in g .
The e f f e c t  o f  a p a n e l or a f la n g e  o f  a c ir c u la r  p l a t e  i n  th e  i n t e r ­
m ed ia te  s e c t io n  o f  a c y l in d r ic a l  s h e l l  h as .been in v e s t ig a t e d  by T akahasi and 
H irano [ 4 3 ] .  T h eir  nu m erica l c a lc u la t io n  was c a r r ie d  o u t by means o f  
m in im iz in g  th e  t o t a l  L agrangian  and th e  fr e q u e n c ie s  w ere d eterm in ed  
for  th e  c y l in d r ic a l  s h e l l  h av in g  b o th  ends b u i l t - i n .
In  th e  p r e s e n t  a n a ly s i s ,  th e  v ib r a t io n  c h a r a c t e r i s t i c s  o f  t h in  
and th ic k  c y l in d r ic a l  s h e l l  s tr u c tu r e s  are  c o n s id e r e d . The c y l i n d r i c a l  
s h e l l s  are  d iv id e d  in to  two ty p e s ;  th e se  a re  1) c lo s e d  s h e l l ,  g e n e r a l ly  
c a l l e d  " c ir c u la r  c y lin d e r "  as shown in  F ig .  8 , and 2) opened s h e l l ,  w h ich  
i s  c a l l e d  " c y l in d r ic a l  s h e l l"  a s  shown i n  F ig .  9 .
A conq)lete computer program i s  d ev e lo p ed  to  a n a ly se  th e  v ib r a t io n  
c h a r a c t e r i s t i c s  u s in g  t h ic k ,  th r e e -d im e n s io n a l c y l i n d r i c a l  edem ent 
a s  shown in  F ig .  1 . The program i s  a p p lie d  fo r  th e  dynam ic a n a ly s i s  o f  
s e v e r a l  c ir c u la r  and curved c y l in d r ic a l  s h e l l  prob lem s. The computed  
r e s u l t s  o f  t h in  and th ic k  s h e l l s  are  compared w ith  o th e r  n u m er ica l or  
e x a c t  r e s u l t s  a v i la b l e ,  and w ith  e x p e r im en ta l r e s u l t s  and gave e x c e l l e n t  
agreem en t. The e f f e c t s  o f  number o f  c ir c u m fe r e n t ia l  wave o r  n o d a l 
d iam eter  n , sh ear  d eform ation  and r o ta r y  i n e r t i a ,  th e  r a t i o s  o f  in n e r  
r a d iu s  to  o u te r  ra d iu s  R^/R^ , r a t io  o f  mean ra d iu s  to  th e  t h ic k n e s s  
R ^ /t , r a t io  o f  le n g th  to  th e  mean r a d iu s  l/R ^  on th e  f r e q u e n c ie s  o f  
v ib r a t io n  are  s tu d ie d  and d is c u s s e d .
V arious boundary c o n d it io n s  a t  th e  ends o f  th e  c y l i n d r i c a l  s h e l l s  
are a p p lie d  a s  shown in  F ig .  10 . The in f lu e n c e  o f  d i s c s  f l e x i b i l i t y  on 
th e  dynamic b eh av iou r  o f  th e  c y l in d e r s  and th e  c o u p lin g  e f f e c t  b etw een  
them a re  a l s o  in v e s t ig a t e d  and d is c u s s e d .
1 .6  V ib r a tio n  A n a ly s is  o f  S o lid  and H ollow  S h a fts
The f r e e  v ib r a t io n  o f  f l e x i b l e  s h a f t  i s  a s u b je c t  o f  c o n s id e r a b le  
im portance i n  many branches o f  e n g in e e r in g .
S o l id  s tr u c tu r e ? , such  as s h a f t s ,  d i s c s ,  and s h a f t  c a r r y in g  d is c s  
a r e  th e  m ost common and v i t a l  p a r t  o f  th e  turbom ach inery , and th e  
v ib r a t io n  a n a ly s is  o f  th e se  s t r u c tu r e s  are  o f te n  r e q u ir e d  a t  d e s ig n  
s t a g e s .
In  turbom achinery, th e  v ib r a t io n  o f  r o ta t in g  s h a f t s  has a t t r a c t e d  
a g r e a t  d e a l o f  a t t e n t io n  in  th e  p a s t .  H owever, d i f f i c u l t y  i s  s t i l l  
en co u n tered  when s h a f t s  are  r e q u ir e d  to  run sm ooth ly  a t  h ig h  s p e e d s .
The r o to r  i s  mounted on th e  s ta t io n a r y  p a r t  o f  th e  m achine v ia  s e v e r a l  
b e a r in g s .  R otor i n s t a b i l i t y ,  a n o th er  cause o f  turbom achinery f a i l u r e ,  
may be caused  by s e l f - in d u c e d  v ib r a t io n s  due to  th e s e  b e a r in g s .  The 
c o u p lin g  betw een th e  d i f f e r e n t  components o f  th e  turbom ach ine, and th e  
in f lu e n c e  o f  d is c s  f l e x i b i l i t y  on th e  s h a f t  may a f f e c t  th e  dynam ic 
c h a r a c t i e r s t i c s  o f  th e  r o to r  and, t h e r e f o r e ,  must be s tu d ie d  i n  the  
d e s ig n  o f  th e  turbom achine.
In  th e  l a s t  few  y e a r s  th e  s tu d y  o f  th e  r o to r  v ib r a t io n  has been  
proposed  i n  w hich th e  r o t a t in g  s h f a t  has been  t r e a t e d  as a m a ss iv e  
f l e x i b l e  s h a f t .  A su rvey  o f  th e  work may be found in  th e  p ap er by L in d le y  
and B ishop [ 4 4 ] .  The a n a ly s is  i s  b a sed  on the e x c e l l e n t  paper by 
J e f f c o t t  [45] i n  w h ich  th e  f i r s t  s a t i s f a c t o r y  d e s c r ip t io n  o f  th e  m otion  
o f  a r o ta t in g  s h a f t  was p r e s e n te d . For m ath em atica l s im p l i c i t y  J e f f c o t t  
r e s t r i c t e d  h im s e lf  to  c o n s id e r a t io n  o f  a r ig i d  r o to r  borne by a l i g h t  
f l e x i b l e  s h a f t ,  w hich has b een  e s s e n t i a l l y  th e  sy stem  exam ined by m ost 
su b seq u en t w r i t e r s .
In  a d d it io n  to  e x p la in in g  th e  m otion  o f  r o t a t in g  s h a f t s  th e  prim ary  
purpose o f  th e  more g e n e r a l a n a ly s is  i s  ôie fo rm u la tio n  o f  a te c h n iq u e  
f o r  b a la n c in g  la r g e  s h a f t s  such  as t u r b o -a l t e r n a t o r s .  W ith th e  develop m ent  
o f  in c r e a s in g ly  more p o w erfu l g e n e r a to r s , and hence o f  lo n g e r , more f l e x i b l e  
s h a f t s ,  i t  was f e l t  th a t  th e  s im p le r  m odel o f  a r ig i d  r o to r  c a r r ie d  by  
a l i g h t  f l e x i b l e  s h a f t  was no lo n g er  c o u p le t e ly  s a t i s f a c t o r y .
The modal a n a ly s is  i s  g e n e r a l in  th a t  i t  i s  a p p l ic a b le  to  c ir c u la r  
s h a f t s ,  s h a f t s  in  f l e x i b l e  b e a r in g s  and con tin u ou s s h a f t s .  The m a jo r ity
o f  th e  w ork, how ever, has been  c o n fin e d  to  s h a f t  system s w hich have  
a x ia l  symmetry, th a t  i s  system s whose dynamic c h a r a c t e r i s t ic s  a re  th e  
same i n  a l l  d ir e c t io n s  norm al to  th e  u n d e f le c te d  b e a r in g  a x e s . The 
r e s t r i c t i o n  to  a x ia l  symmetry has b een  r e la x e d  and s tu d ie d  by B ishop  
and P ark in son  [ 4 6 ] .  In  t h e ir  paper P ark in son  e t  a l  (4 7 ]  have shown 
th a t  th e  a ssu n p tio n  o f  a x ia l  symmetry has been  r e ta in e d  f o r  th e  b e a r in g s .
The in f lu e n c e  o f  b e a r in g  asymmetry on th e  v ib r a t io n  o f  r o t a t in g  
s h a f t s  has been  th e  s u b je c t  o f  s e v e r a l  in v e s t ig a t io n s  [48] to  [5 3 ] ,  b u t  
w ith  th e  e x c e p t io n s  o f  Tondl [50] and D in en tb erg  [51] th e  work has been  
c o n f in e d  e s s e n t i a l l y  to  sy stem s form ed by r ig i d  d is c s  mounted on m a s s le s s  
f l e x i b l e  s h a f t s .  P ark in son  [54] has in v e s t ig a t e d  th e  b a la n c in g  o f  a 
m a ss iv e , f l e x i b l e  r o to r  su pp orted  on any number o f  m a ss iv e  f l e x i b l e  
b e a r in g s .
The v ib r a t io n  o f  s h a f t  w ith  n on -u n iform  c r o ss  s e c t io n  has b een  a  
s u b e jc t  o f  in c r e a s in g  p r a c t i c a l  im portance and t h e o r e t i c a l  i n t e r e s t  in  
r e c e n t  y e a r s .  P ouyet and L a ta i l la n d e  [55] have in v e s t ig a t e d  th e  t o r s io n a l  
v ib r a t io n  in  s h a f t s  w ith  v a r ia b le  c r o ss  s e c t io n .
A lthough as th e  p r e s e n t  in v e s t ig a t io n  d e a ls  w ith  th e  m a s s iv e , f l e x i b l e  
th ic k  s h a f t ,  th e  d e ter m in a tio n  o f  f l e x u r a l  n a tu r a l f r e q u e n c ie s  o f  t h in  
s h a f t  (beam -type) are  a ls o  c o n s id e r e d .
The t e x t  book by Gorman [56] g iv e s  th e  a n a ly s is  o f  f r e e  v ib r a t io n  
o f  un iform  beams and s h a f t s  w ith  v a r io u s  boundary c o n d it io n s .
The v ib r a t io n  c h a r a c t e r i s t ic s  o f  t h in  s h a f t s  has b een  o b ta in e d  from  
c l a s s i c a l  s o lu t io n  o f  th e  d i f f e r e n t i a l  e q u a tio n  and i t s  modes o f  v ib r a t io n  
w ere known fo r  s e v e r a l  d e c a d e s . The c o r r e c t io n  due to  sh e a r  d e fo rm a tio n  
and r o ta r y  i n e r t i a  fo r  th ic k  beams w ere r e p o r te d  by Timoshenko [ 5 7 ] .
The e q u a tio n  o f  m otion  o f  such a beam r e fe r r e d  to  as a Timoshenko 
beam, has been s o lv e d  by many i n v e s t i g a t o r s .  Most o f  th e s e  i n v e s t i g a t o r s  
w ere concern ed  w ith  a few o f  jthe low er modes o f  v ib r a t io n  and s tu d ie d  th e  
v a r ia t io n  o f  th e  fr e q u e n c ie s  o f  v ib r a t io n  from th o se  p r e d ic te d  by th e  
B e r n o u ll i-E u le r  th e o r y . Kapur [58] in v e stig a te d  the b eh a v io u r  o f  h in g e d -  
h in ged  and f ix e d - f r e e  Timoshenko beam s, p r e se n te d  th e  low er spectrum  o f  
fr e q u e n c ie s  and s t a t e d  th a t  he a ls o  o b ta in ed  the secon d  spectrum  o f  
fr e q u e n c ie s  fo r  h in g e d -h in g ed  beam.
The f i n i t e  d i f f e r e n c e  method was used by Thomas p9 ] to  o b ta in  
f r e q u e n c ie s  o f  v ib r a t i o n  o f  unifo rm , ta p e re d  and p r e tw is t e d  Timoshenko 
beams w ith  f i x e d - f r e e  end c o n d i t io n .
Thomas and Abbas [60] have in v e s t ig a te d  the v ib r a t io n  a n a ly s is  
o f  Timoshenko beam by u sin g  the f i n i t e  elem ent method fo r  h ig h er  modes 
and d i f f e r e n t  end c o n d it io n . In t h e ir  paper Thomas and Abbas [60 ] have  
determ ined on ly  the f i r s t  spectrum  o f  fre q u en c ie s  o f  Timoshenko beams.
There were based  on assumed cub ic  f u n c t io n  f o r  w and 6 modes and r e s u l t e d  
i n  a two n o d e -fo u r  degrees o f  freedom p e r  node element and they d em onstra ted  
v e ry  good accuracy  i n  t h e i r  r e s u l t s .
The s o - c a l l e d  second spectrum  o f  fre q u en c ie s  o f  a Timoshenko beam 
has a w e l l  recorded  h i s t o r y . .  A lthough n ot n o t ic e d  in  Timoshenko*s 
o r ig in a l  work, i t  was su b seq u en tly  d isco v e r e d  in  a s e r ie s  o f  a n a ly t i c a l  
in v e s t ig a t io n s .  The num erical in v e s t ig a t io n s  have confirm ed i t  s p e c i f i c a l l y  
f o r  the h in g ed -h in g ed  (sim p ly -su p p o rted ) beam a lo n e .
The two papers by Abbas and Thomas [61] and Bhashyam and Prathap [62] 
d evoted  to  the second  spectrum  have both  employed f i n i t e  e lem en t method 
to  determ ine n a tu r a l fr e q u en c ie s  and both  have used the approach o f  
c o n s id e r in g  the Timoshenko beam as the r e s u l t  o f  co u p lin g  o f  E u le r -B e r n o u ll i , 
Pure Shear, and Sim ple sh ear  beams. However, n e ith e r  the E u le r -B e r n o u lli  
or Sim ple sh ea r  beams a c tu a lly  e x i s t  in  th e  m athem atical theory  o f  
e l a s t i c i t y  and w h i l s t  t h is  approach c e r t a in ly  a llo w s  a q u a l i t a t iv e  p ic tu r e  
o f  th e  d isp la cem en ts  o f  Timoshenko*s Beam Theory, i t  does n o t gu aran tee  
th a t  th e  second  spectrum  has any m eaning.
Stephens [63 ] and L evinson  and Cooke [64 ] re-exam ined t h is  problem  
and c h a lle n g e d  the e x is t e n c e  o f  the secon d  spectrum , but on d i f f e r e n t  grou n d s. 
Stephens [63 ] was concerned w ith  the a c tu a l p h y s ic a l  m a n ife s ta t io n  o f  
th e  secon d  spectrum  o f  fr e q u e n c ie s  as opposed to  i t s  p resen ce  from th e  
m ath em atica l d e s c r ip t io n  o f  th e  prbblem . L evinson  and Cooke [64] 
conclu ded  th a t  th ere  was no need to  a llo w  the secon d  spectrum  an in d ep en d en t  
e x is t e n c e  w h ile  w orking w ith in  the s p i r i t  o f  d e a lin g  w ith  an e ig e n v a lu e  
and e ig e n v e c to r  problem  o f  m ath em atica l p h y s ic s ,  which th e  Timoshenko beam 
th eory  i s .  In both  references [63] and [64 ], the subgect has been  d is c u s s e d  
in  the c o n te x t  o f  c l a s s i c a l  a n a ly t i c a l  te c h n iq u e s .
Both Stephens [63] and L ev in son  and Cooke [64] have argued th a t  a 
s im p le  f a c t o r iz a t io n  o f  the freq u en cy  e q u a tio n  i s  p o s s ib le  o n ly  fo r  the  
h in g e d -h in g ed  (sim p ly  su p p orted  ) c a s e .  The l a t t e r  argued th a t  o n ly  fo r  
t h i s  c a s e ,  and o n ly  from the v iew  p o in t  th a t  i t  a id s  i n  th e  com p u ta tion a l 
a s p e c t  o f  f in d in g  the f r e q u e n c ie s ,  may the co n cep t o f  a secon d  spectrum  
be a llo w e d .
More r e c e n t ly ,  Panayotounakos and T heocavis [65] have p r e se n te d  an 
a n a ly t i c a l  s o lu t io n  fo r  in v e s t ig a t io n  the n a tu r a l fr e q u e n c ie s  o f  a 
c ir c u la r ,  uniform  th ic k  beam, su b je c te d  to  th r e e -d im e n s io n a l e le m e n t.
The in f lu e n c e  o f  sh ea r  d eform ation  and r o ta r y  i n e r t i a  are in c lu d e d  in
th e  a n a ly s is  and t h e ir  s o lu t io n  d eve lop ed  to  show s e v e r a l  n u m erica l ex a m p les .
1 .7  Coupled S h a f t -d is c s  System
1 .7 .1  P re lim in a ry
In  th e  d e s ig n  o f  s h a f t - d i s c  system  w hich i s  used  in  th e  gas tu r b in e ,  
c e r t a in  g e o m e tr ic a l r e s t r i c t i o n s  may be im posed on the p r o f i l e  o f  the  
d is c  by i t s  f u n c t io n a l  a s p e c ts  a s  w e l l  as th e  geom etry o f  o th e r  p a r ts  o f  
th e  tu r b in e .
D esign  fo r  v ib r a t io n  and v ib r a to r y  s t r e s s e s  in  turbom achinery, a lth o u g h  
no lo n g e r  l im ite d  by r e s t r i c t i o n s  in  com p u tation a l f a c i l i t i e s ,  i s  s t i l l  
somewhat l im it e d  by im p r e c ise  know ledge o f  imput data  in  r e s p e c t  o f  
boundary c o n d it io n s .  The n a tu r a l fr e q u e n c ie s  o f  a tu r b in e  b la d e  can be  
c a lc u la t e d  w ith  a f a i r  d egree  o f  accu racy  on the assum tpion  o f  e n c a s tr e  
r o o t  f i x i n g  bu t when th e  b la d e  i s  a tta c h e d  to  a f l e x i b l e  d is c  and r o ta te d  
a t  h ig h  sp eed , the u n c e r ta in t ie s  o f  r o o t  f l e x i b i l i t y  and c e n t r i f u g a l  
s t i f f e n i n g  can have a s ig n i f i c a n t  e f f e c t  on th e  c a lc u la t io n s .  In  
r o ta t in g  d i s c - s h a f t  s y s te m s , a l s o ,  the b e a r in g , c a s in g  and m ounting  
f l e x i b i l i t i e s  become s ig n i f i c a n t  in  making a c c u r a te  a ssessm en ts  o f  c r i t i c a l  
s p e e d s . M oreover, in  th e  s h a f t - d i s c s  system  used  in  tu rb om ach in ery , th e r e  
may be in t e r a c t io n  betw een  th e  b la d e s  on d i f f e r e n t  s ta g e s  o f  th e  tu r b in e .
Due to  th e  f l e x i b i l i t y  o f  th e  d i s c s  and th e  s h a f t ,  the modes o f  v ib r a t io n  
o f  the in d iv id u a l  p a r ts  w i l l  v a r y , hence the dynamic c o u p lin g  e f f e c t  
betw een  dynamic b eh av iou r  o f  the d is c s  and s h a f t s  may o c c u r .
When tu r b in e s  are d e s ig n ed  to  run w ith  fo r c in g  fu n c t io n  fr e q u e n c ie s  
in  c lo s e  p ro x im ity  to  c r i t i c a l  sp eed s and component n a tu r a l f r e q u e n c ie s ,  
th e  boundary c o n d it io n s  e r r o r s  become v e r y  s i g n i f i c a n t  and an e r r o r  in  
c a lc u la t e d  n a tu r a l freq u en cy  can mean th e  d i f f e r e n c e  betw een  s u c c e s s  and 
f a i l u r e .
The p r o b a b i l i t y  o f  f a i l u r e  o c c u r r in g  in  new d e s ig n s  o f  r o t a t in g  
turbom achinery i s  th e r e fo r e  s t i l l  uncomfortably h ig h  a t  th e  p r e s e n t  t im e , 
as the c o s t  in c r e a s e ,  e i t h e r  b ecau se  o f  th e  co m p lex ity  o f  th e  m ach ine, 
or th e  f a c t  th a t  th e  tren d  has been  to  b u i ld  more p ow erfu l e n g in e  in  
term s o f  s h a f t  horsepow er and o u tp u t.
S in c e  th e  modern turbom achines are  h ig h ly  com plex s y s te m s , c u r r en t  
d e s ig n  tren d s are producing  m achines th a t  c o n s is t  o f  s e v e r a l  p r o c e ss  
s ta g e s  jo in e d  t o g e th e r . The r o to r s  in  th e s e  sy stem s a re  h ig h ly  e l a s t i c  
d i s c s ,  f l e x i b l e  s h a f t ,  o f t e n  mounted in  b e a r in g s  th a t  r o t a t e  a t  v e r y  
h ig h  sp eed . I t  i s  n o t uncommon to  se e  m achines th a t  o p e r a te  above th e  
secon d  c r i t i c a l  sp e e d . As a r e s u l t  th e  sy stem  dynam ics are  v ery  c o m p lic a te d .
The co m p lex ity  o f  th e  system  makes i t  im p o s s ib le  to  c o n s id e r  the  
e n t ir e  sy stem  w ith  a l l  i t s  g e n e r a l i t i e s  fo r  th e  a n a ly s i s .
The co m p lex ity  o f  turbom achinery le a d s  to  th e  d i v i s i o n  o f  th e  sy stem  
in to  s e v e r a l  in te r -c o n n e c te d  com ponents. These p a r ts  can be a n a ly se d  
in d iv id u a l ly  by e x p er im en ta l t e s t  or  f i n i t e  e lem en t m od els . The 
dynamic c h a r a c t e r i s t ic s  o f  th e  s t r u c t u r a l  system s can be o b ta in e d  by  
a p p r o p r ia te ly  c o u p lin g  each  o f  th e  com ponents.
The s t r e s s  a n a ly s is  o f  t y p ic a l  gas tu r b in e  r o to r s  i s  q u i t e  w e l l  
u n d ersto o d . However, w h ile  th e  d e s ig n e r  has a v a i la b le  r e l i a b l e  m ethods 
fo r  d eterm in in g  ste a d y  s t r e s s e s  i n  tu r b in e  e n g in e s ,  m ethods o f  i n v e s t i g a t i n g  
th e  v ib r a to r y  b eh av iou r  are  much l e s s  a d eq u ate . Any r e a l i s t i c  v ib r a to r y  
a n a ly s is  o f  p r a c t i c a l  r o to r s  sh o u ld  c o n s id e r  th e  e f f e c t  o f  c e n t r i f u g a l  
and therm al s t r e s s e s ,  t o r s io n a l  v ib r a t io n  and th e  e f f e c t  o f  dynamic 
c o u p lin g  betw een the d is c s  and th e  s h a f t  c a r r y in g  th e se  d i s c s .  D ete rm in a tio n  
o f  s te a d y  s t r e s s e s  in  the b la d e s  o f  the tu r b in e  d is c  i s  a l s o  s a t i s f a c t o r y .
I t  i s  im portant to  be a b le  to  p r e d ic t  the n a tu r a l f r e q u e n c ie s  o f  
turbom achinery p a r ts  under o p e r a tin g  c o n d it io n s  during  th e  d e s ig n  s t a g e .
In  th a t  r e s p e c t ,  th e  problem  i s  l i k e  p roper s t r u c t u r a l  dynam ic d e s ig n  o f  
f ix e d  w ing a i r c r a f t  l i f t i n g  s u r f a c e s ,  p r o p e l le r ,  r o to r  and s h a f t  and o th e r  
h ig h  perform ance s t r u c t u r e s .  For turbom achinery , th e  problem  i s  e s p e c i a l l y
c h a lle n g in g  b ecau se  th e  c o s t s  o f  the developm ents are h ig h , the s h a f t  
r o t a t io n a l  sp eed s are h ig h , the a s p e c t  r a t io s  o f  th e  b la d e s  are  low and 
t h e ir  geom etry com plex in  o th er  r e s p e c t s ,  and w e ig h t c o n s id e r a t io n s  are  
s t r in g e n t  enough th a t  the p a r ts  are h ig h ly  s t r e s s e d .  In  f a c t ,  even  in  
some o f  th e  m ost r e c e n t  en g in e  d evelop m ent, i n a b i l i t y  to  a c c u r a te ly  p r e d ic t  
p r o x im ity  o f  a n a tu r a l mode to  reson an ce  w ith  an in te g e r  harm onic fo r c e  
had a s i g n i f i c a n t  e f f e c t  on th e  f a t ig u e  l i f e  o f  c e r t a in  tu r b in e  s t a g e s .
When a f l e x i b l e  d is c  i s  mounted on a f l e x i b l e  s h a f t  th e  r e s u l t a n t  
system  has v ib r a t io n  c h a r a c t e r i s t ic s  which are th e  r e s u l t s  o f  th e  c o u p lin g  
betw een  the modes o f  v ib r a t io n  o f  th e  in d iv id u a l  com ponents.
1 .7 .2  L ite r a tu r e  Review o f  Turbomachinery
The problem  o f  d eterm in in g  th e  n a tu r a l fr e q u e n c ie s  o f  th e  s h a f t - d i s c  
system  i s  n o t commonly d e f in e d  and n o t much work to  th e  a u th o r 's  know ledge  
has been p u b lish e d  d e s c r ib in g  th e  problem  o f  th e  dynamic b eh a v io u r  o f  th e  
sy stem . In  the p a s t  th e  c a lc u la t io n  o f  th e  fr e q u e n c ie s  have b ased  upon 
th e  c l a s s i c a l  s o lu t io n  o f  N ew ton's secon d  law or  E uler-beam  th e o r y ,  
s in g le  lamped mass sy stem  and H o lzer-M y k lesta d -P ro h l method o r  T r a n sfer  
m a tr ix  method and g iv e n  an approxim ate r e s u l t .  Timoshenko [66] gave  
e x c e l l e n t  background fo r  s tu d y in g  the problem  o f  s h a f t - d i s c  sy s te m .
S e v e r a l a p p l ic a t io n s  are d e sc r ib e d  to  show the lo w e st  n a tu r a l freq u en cy  
and the dynamic b eh av iou r o f  th in  beam c a r r y in g  r ig id  d i s c s .
In  th e  s i x t i e s ,  many o th e r  in v e s t ig a t o r s  have p r e se n te d  v a r ia t io n s  
o f  th e s e  m ethods and num erical r e s u l t s  s u b s t a n t ia t in g  th e  v a l i d i t y  o f  
th e  v a r io u s  n e c e ssa r y  assum p tions reg a rd in g  th e  beam or s h a f t .  M altback [6 7 ]  
c o n s id er e d  th e  c a se  o f  a beam c a r r y in g  a mass w ith o u t in c lu d in g  th e  
r o ta r y  i n e r t i a .  In  th e  o th e r  ca ses  die problem  has b een  in v e s t ig a t e d  by 
Chen [ 6 8 ] ,  Baker [69] and Hess [70 ] who k e p t th e  mass i n  th e  m id d le  o f  
th e  beam so th a t  th e  boundary c o n d it io n s  may become sy m n e tr ic . They a l l ,  
how ever, have e x p l i c i t l y  o r  i m p l i c i t l y  assumed th a t  th e  m asses a t ta c h e d  
to  th e  s h a f t  are  r ig id  d is c s  and th e  c o u p lin g  betw een th e  d i s c  and th e  s h a f t  
i s  im p o s s ib le . The problem  o f  a con tin u ou s s h a f t  c a r r y in g  a r ig i d  d i s c  h as  
a l s o  been s tu d ie d  by S r in a th  and Das [71] f o r  th e  n o n -r o ta t in g  c a s e ,
and by Eshleman and Eubanks [72] fo r  the r o ta t in g  c a s e ,  u s in g  B e m o u l l i -  
E u ler beam th eory  to  s o lv e  th e  problem . S in c e  th e  ro ta r y  i n e r t i a  and 
tr a n sv e r se  sh ear  d eform ation  w ere co n sid ered  n e g l ig i b l e  when compared 
to  th e  g y r o sc o p ic  e f f e c t s  o f  the r ig id  d i s c .
In  th e  l a s t  te n  y e a r s ,  th e  d is c  dynam ics have been r e c o g n is e d  as  
b e in g  im portant and n o ted  th a t  th e  cou p led  e l a s t i c  s h a f t - d i s c  problem  
i s  b e in g  tr e a te d  as two in dependent sy s te m s, one b e in g  a f l e x i b l e  d is c  
on a r ig i d  s h a f t ,  and th e  o th e r  b e in g  a r ig i d  d i s c  on a f l e x i b l e  s h a f t .
T h is c o n s id e r a t io n  has been s tu d ie d  by S ea r l e  [73 ] who in v e s t ig a t e d  th e  
v ib r a t io n  c h a r a c t e r i s t ic s  o f  e l a s t i c  d i s c  mounted on a r ig i d  s o l i d  s h a f t .  
L ater  Chivens and N elson  [74] used  th e  B e r n o u ll i-E u le r  beam th e o ry  to  
in v e s t ig a t e  th e  e f f e c t  o f  d i s c  f l e x i b i l i t y  on th e  c r i t i c a l  sp eed  o f  a 
r o ta t in g  s o l i d  s h a f t .  T h eir  work on th e  s h a f t - d i s c  system  has b een  
tr e a te d  fo r  one nodal d iam eter o n ly . The t o r s io n a l  and a x ia l  v ib r a t io n  
and th e  e f f e c t  o f  sh ear d eform ation  and r o ta r y  i n e r t i a  w ere n e g l i g i b l e .
S in c e  th e  f i n i t e  e lem en t method has been  d evelop ed  and ga in ed  
im portance in  th e  dynamic a n a ly s i s ,  s e v e r a l  r e se a r c h e r s  in  th e  g e n e r a l  
area  o f  r o to r  dynamic a n a ly s is  have s tu d ie d  th e  u se  o f  th e  f i n i t e  
dem ent approach fo r  m o d e llin g  r o to r  s y s te m s . Ruhl and Booker [75 ] u sed  
th e  f i n i t e  e lem en t approach to  in cb d e th e  t r a n s la t io n a l  i n e r t i a  and 
bending s t i f f n e s s  bu t n e g le c te d  r o ta r y  i n e r t i a  and sh ear  d e fo rm a tio n , 
a x ia l  lo a d  and a x ia l  to rq u e . At about th e  same tim e , T h o rk ild sen  [76 ] 
d evelop ed  a f i n i t e  elem en t w hich  was more g e n e r a l than R u h l's  i n  th a t  
i t  a l s o  in c lu d e d  r o ta r y  i n e r t i a  and g y r o sc o p ic  moments. D ian a , e t  a l  [77]  
p u b lish e d  th e  r e s u l t s  o f  a f i n i t e  e lem en t a n a ly s is  o f  a r o t a t in g  s h a f t .
A t r a n s fe r  m a tr ix  a n a ly s is  i s  d ev e lo p ed  by Dopkin and Shoup [78 ] 
to  o b ta in  the e f f e c t  o f  d i s c  f l e x i b i l i t y  on th e  reso n a n t fr e q u e n c ie s  o f  
an ax isym m etr ic  r o ta t in g  s h a f t .  The s h a f t  and d is c s  w ere d iv id e d  in t o  
c o n s ta n t  s e c t io n  segm ents w ith  lumped m a sses . N elson  and McWaugh [ 7 9 ]  
and N elso n  [80] have d eve lop ed  th e  f i n i t e  e lem en t a n a ly s is  fo r  s im u la t io n  
o f  r o to r  system s in c lu d in g  th e  e f f e c t  o f  r o ta r y  i n e r t i a ,  g y r o s c o p ic  
moments, a x ia l  load  and in te r n a l  damping but n ot in c lu d in g  th e  sh ea r  
d eform ation  e f f e c t .  R ecen tly  OzgUven [81] has s tu d ie d  th e  e f f e c t  o f  a 
r ig i d  d i s c  mounted on th e  s h a f t  a t  a s in g le  p o in t .  The c l a s s i c a l  E u le r -  
B e r n o u lli  beam theory  i s  u sed  i n  h i s  a n a ly s i s .  The in f lu e n c e  o f  c r i t i c a l  
speed  o f  a s in g le  d i s c - s h a f t  sy stem  w ith o u t in c lu d in g  th e  g y r o s c o p ic  and 
r o ta r y  i n e r t i a  e f f e c t  i s  in v e s t ig a t e d .  Lowwy and Khader [82] u sed  th e  
la g ra n g ia n  approach to  study th e  e f f e c t  o f  a one d ia m etra l mode o f  v ib r a t io n  
o f  a b lad ed  d is c  on th e  bending v ib r a t io n  o f  a th in  s o l i d  s h a f t .
The problem  o f  e x is t e n c e  o f  c o u p lin g  betw een  the b la d e s  and d i s c  
(w hich i s  n o t  in c lu d e d  in  th e  p r e s e n t  a n a ly s is )  and i t s  in f lu e n c e  on th e  
n a tu r a l fr e q u e n c ie s  o f  b lad ed  r o to r s  has b een  dem onstrated  by b o th  e x p e r i­
m ental and t h e o r e t ic a l  s t u d ie s .  Much work has been  p u b lish e d  by many 
in v e s t ig a t o r s  d e s c r ib in g  th e  dynamic b eh av iou r  o f  such problem . The 
p u b lic a t io n s  o f  E l l in g to n  and M cC allion  [83] and Armstrong [84] r e p o r te d  
th e  problem  on very  s im p l i f ie d  m o d els . Kirkhop and W ilson  [85] and 
Ewins [86] gave an e x c e l le n t  background and r e fe r e n c e  to  th e  problem s 
en cou n tered  i n  the dynamic b eh av iou r  o f  b la d e d -d is c  a s s e m b lie s .  The 
f i n i t e  e lem en t method has been  a p p lie d  by Thomas and B elek  [87] to  stu d y  
the c o u p lin g  e f f e c t  betw een the shroud and b la d e s .  L a ter  Thomas and 
Sabuncu [88] used  th e  f i n i t e  e lem en t method to  in v e s t ig a t e  th e  dynamic 
b ehaviour o f  b lad ed  d is c  a sse m b lie s  in c lu d in g  th e  e f f e c t  o f  r o t a t io n .  
However, m ost f i n i t e  e lem en t a p p lie d  to  r o ta t in g  s tr u c tu r e s  in c lu d e  o n ly  
th e  c e n tr i fu g a l  f o r c e s .  C o r io l is  f o r c e s  are in c o rp o ra te d  i n  v e r y  few  
a n a ly se s  o f  any k in d , one s p e c i f i c  i n v e s t ig a t io n  i s  th a t  o f  S is  to  e t  a l  
[8 9 ,9 0 ] . Furtherm ore, f l e x i b l e  s h a f t  phenomena have been  d e a l t  w ith  by 
assum ing a lm ost e x c lu s iv e ly  th a t  b la d e d -d is c  a sse m b lie s  a re  r i g i d ,  and 
a l l  o f  th e  p r e v io u s ly  m entioned s t u d ie s  o f  f l e x i b l e  d is c s  have assumed 
r ig i d  s h a f t s  and b e a r in g s .
In  th e  p r e se n t  a n a ly s is  a t h ic k ,  th r e e -d im e n s io n a l c y l i n d r i c a l  
e le m en t, h av in g  n in e ty  s i x  d eg rees  o f  freedom , i s  d eve lop ed  and a p p lie d  
to  stu d y  th e  co u p lin g  b ehaviour betw een  th e  f l e x i b l e  d i s c s  and th e  
f l e x i b l e  s h a f t  ca rry in g  th e se  d is c s  a s  shown in  F ig .  11 .
A F ortran  program i s  d eve lop ed  to  s o lv e  th e  problem  u s in g  G aussian  
Quadrature to  e v a lu a te  the t r i p l e  in t e g r a t io n  o f  th e  th r e e  d im en sio n a l  
elem en t shown i n  F ig . 1 . The e lem en t i s  d iv id e d  in t o  s e v e r a l  sub e lem en ts  
in  th e  a x ia l  d ir e c t io n  in  th e  c a se  o f  s h a f t  c a lc u la t io n ,  and in  th e  
r a d ia l  d ir e c t io n  in  th e  c a se  o f  d i s c  c a lc u la t io n s ,  as shown in  F ig .  12 ,
As th e  d is c s  and s h a f t  are sym m etr ica l about t h e ir  d ia m e tr a l a x i s ,  
a c y c l i c  symmetry ( r o t a t io n a l  p e r io d ic i t y  o f  th e  wave p r o p a g a tio n  
tec h n iq u e) i s  used to  s o lv e  th e  problem  o f  th e  com p lete  sy stem . A sm a ll  
s e c t o r i a l  a n g le  6 i s  a p p lie d  fo r  b oth  s h a f t  and d is c s  e lem en ts  as shown 
in  F ig .  1 2 , The n a tu ra l fr e q u e n c ie s  o f  d i s c  and s h a f t  are  f i r s t  determ in ed  
as a s in g le  s tr u c tu r e  w ith  a f u l l  range o f  n od a l d iam eters n . The dynam ic 
b eh aviou r o f  e l a s t i c  d is c s  mounted on a f l e x i b l e  s h a f t  i s  th en  fu r th e r  
dem onstrated  by a s in g le ,  double and t r i p l e  d i s c  mounted on a f l e x i b l e  
s h a f t  as shown in  F ig . 11.
The more im p ortan t o b j e c t iv e  o f  t h i s  t h e s i s  i s  th a t  th e  th ic k  
p la t e  th eory  and th e  e f f e c t s  o f  tr a n sv e r s e  sh ea r  d eform ation  and r o ta r y  
in e r t i a  a re  c o n s id e r e d . The dynamic c o u p lin g  betw een the v ib r a t in g  
d is c s  and s h a f t  are  in v e s t ig a t e d  and th e  e f f e c t  o f  a x ia l  and t o r s io n a l  
v ib r a t io n  a r e  a l s o  c o n s id e r e d .
Due to  h ig h  sp eed  o f  r o t a t io n  and l i g h t  w e ig h t d e s ig n  c o n s id e r a t io n s ,  
modern tu r b in e  d is c s  are  no lo n g e r  r i g i d  m a sse s , they  can be t h in  and 
e l a s t i c  annu lar p l a t e s .  A lso  th e  s h a f t s  are  n o t r ig id  and s o l i d ,  th ey  
can be f l e x i b l e  and h o llo w . In  t h is  c a s e ,  th e  d e f le c t io n s  o f  d i s c s  and 
th e  in t e r a c t io n  betw een  th e  d is c s  and d is c  and h o llo w  s h a f t  become 
c r i t i c a l l y  s i g n i f i c a n t  i n  th e  d e s ig n  o f  f l e x i b l e  s h a f t - d i s c s  sy ste m .
To th e  a u th o r ’ s k n ow ledge, th e r e  i s  no such  work in v e s t ig a t in g  
th e  co u p lin g  e f f e c t  betw een  th e  d is c s  and th e  h o llo w  s h a f t  or  c ir c u la r  
c y lin d e r s  c a r r y in g  th e se  d i s c s .  However, th e  p r e s e n t  a n a ly s is  p r e s e n ts  
th e  c o u p lin g  e f f e c t  o f  such  problem  o f  a h o llo w  s h a f t  o r  c y l in d e r  and 
d is c  h a v in g  un iform  and v a r ia b le  th ic k n e s s  p r o f i l e .
F le x ib le  d is c s  f ix e d  i n  th e  i n t e r i o r  o f  a t h in ,  e l a s t i c  
h o llo w  drum are  a l s o  in v e s t ig a t e d  as shown in  F ig .  1 3 . The c o u p lin g  
e f f e c t s  and mode shapes o f  th e  sy stem  a re  dem onstrated  and d is c u s s e d  
f o r   ^ n od a l diameter^'*
Furtherm ore, th e  p r e s e n t  a n a ly s is  a l s o  in c lu d e s  the l in e a r ly  
p e r io d ic  o f  wave p ro p a g a tio n  tech n iq u e  to  i n v e s t ig a t e  th e  dynamic 
c o u p lin g  and mode shapes o f  m u lt i  span  s h a f t  -  m u lt i d i s c  sy stem  shown 
i n  F ig .  1 4 . The l in e a r  p e r io d ic i t y  o f  th e  wave p ro p a g a tio n  i s  e x p la in e d  
i n  S e c t io n  3 .3 .4  o f  Chapter 3 .
V arious f i x i n g  c o n d it io n s  and boundary c o n d it io n  o f  the d i s c  and 
s h a f t  are  c o n s id e r e d . The common geom etry o f  s h a f t - d i s c s  sy stem  c o n s id e r e d  
i s  a s h a f t  su pp orted  by two sym m etric b e a r in g s ,  one a t  each  en d . The 
su p p orts are  chosen  to  a llo w  no r a d ia l  or t a n g e n t ia l  d isp la c e m en ts  and 
t h e ir  s lo p e s  i n  b o th  r a d ia l  and t a n g e n t ia l  d ir e c t io n  a re  a l s o  ta k en  to  
be z e r o . A t h ic k ,  s o l i d  and h o llo w  c a n t i l e v e r  c a r ry in g  a f l e x i b l e  d i s c  
a t  th e  f r e e  end i s  a l s o  co n s id er e d  a s  shown in  F ig .  1 5 . The e f f e c t  o f  
d is c  f l e x i b i l i t y  on th e  s h a f t  modes i s  p r e se n te d  and d is c u s s e d .
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CHAPTER TWO 
THEORETICAL CONSIDERATION
2 .1  In tr o d u c tio n
As th e  a n a ly t i c a l  m ethods fcr s o lu t io n s  o f  the e n g in e e r in g  problem s  
r e q u ir e  f in d in g  o f  th e  s u i t a b le  m ath em atica l e q u a tio n s  and t h e ir  s o lu t i o n s ,  
i n  m ost c a s e s  i t  becomes very  d i f f i c u l t  or  even  im p o ss ib le  to  p u t th o se  
m ethods in t o  a p p l ic a t io n  as th e  sy stem  under exam in ation  and i t s  boundary  
c o n d it io n s  have com plex form s.
To be a b le  to  s o lv e  such  p rob lem s, a commonly used  ap p roxim ation  was 
to  lump th e  mass o f  th e  sy stem  in to  f i n i t e  number o f  p o in t s .  A f te r  th e  
developm ent o f  computer te c h n o lo g y , and th e  s o lv in g  o f  la r g e  s e t s  o f  
s im u ltan eou s eq u a tio n s  and e ig e n v a lu e  problem s becanæ p o s s ib l e ,  a more 
m ath em atica l approach came in to  a p p l ic a t io n  w ith  f i n i t e  d i f f e r e n c e ,  
u t i l i z i n g  n u m erica l a n a ly s is  te c h n iq u e s , w hich  l a t e r  le d  on to  f i n i t e  
élém ent m ethod.
The F in i t e  Elem ent Method o r ig in a te d  in  th e  f i e l d  o f  s t r u c t u r a l  
a n a ly s is  i n  th e  mid 1950s bu t found a p p l ic a t io n  in  many o th e r  a r e a s  such  
a s  f l u i d  dynam ics, h e a t  t r a n s f e r ,  v ib r a t io n  and dynam ics a n a ly s is  o f  
s o l i d s ,  though th e  fo rm u la tio n  may show some d i f f e r e n c e s  from  one f i e l d  
to  a n o th er .
The F in i t e  Elem ent Method i s  a n u m erica l method o f  s o lu t io n  o f  
d i f f e r e n t i a l  e q u a tio n s  and a l l  f i n i t e  e lem en t m ethods d iv id e  th e  p h y s ic a l  
system  in to  su b reg io n s  c a l l e d  " e lem en ts" . The dependent v a r ia b le s  such  
a s d isp la c e m e n ts , s t r a i n s ,  r a d i i  o f  c u r v a tu r e , e t c . ,  a re  approxim ated  
as po lyn om in al or  tr ig o n o m e tr ic  fu n c t io n s  o f  c o -o r d in a te s ,  w h ich  a re  
assumed to  be v a l id  throughout th e  e le m e n t. S u b s t i tu t in g  th o se  ap p rox im ation s  
in to  th e  govern in g  eq u a tio n s  (which m ight n o t  be p o s s ib le  to  o b ta in  f o r  th e  
e n t ir e  s y s te m ), m a tr ice s  w hich r e p r e se n t  some system  c h a r a c t e r i s t i c s  such  
a s  h e a t  c o n d u c t iv ity  or  f l u i d  f lo w  r e s i s t a n c e ,  e t c .  are  o b ta in e d . In  
continuum  dynam ics u s in g  th e  a p p r o p r ia te  form s o f  s t r a in  and k i n e t i c  
energy  e x p r e s s io n s ,  s t i f f n e s s  and mass m a tr ic e s  f o r  th e  e lem en t are  
o b ta in ed  r e s p e c t iv e ly  where s t r a i n  en ergy  U ta k e s  th e  form:
u =  ^ {x}^  [k] {x }  ( 2 .1 )
and k i n e t i c  energy  T ta k e s  th e  form;
T = i {x}^  [m] {x} ( 2 .2 )
w hich  i n  tu rn  can be combined to  g iv e  sy stem  s t i f f n e s s  [K] and system  
mass [M] m a tr ic e s .
Thus the s t r a in  and k i n e t i c  en ergy  e x p r e s s io n s  f o r  th e  
e n t ir e  sy stem  are g iv e n  as:
U =  ^ {x}^  [K] {x }  ( 2 .3 )
T = I {x}^  [M] {x} ( 2 .4 )
where {x} d en o tes  th e  column v e c to r  o f  th e  n od al d egrees o f  freedom  
d e f in e d  fo r  th e  com plete sy stem , and {x} i s  i t s  f i r s t  tim e d e r iv a t iv e .
A p plying  L agrange’ s E quation:
< 3 # } )  +  I f x }  =  (  Q } ( 2 - 5 )
[K] { X }  + [M] { X  } = { Q } ( 2 .6 )
where {Q} i s  th e  nodal fo r c e  v e c to r  
Assuming Harmonic v ib r a t io n s ,  th a t  i s  to  say :
{x }  = -  {x }  ( 2 .7 )
Then th e  go v ern in g  eq u a tio n  ( 2 .6 )  becom es:
C[K] -  [M]) ( x )  = {Q} ( 2 .8 )
For f r e e  v ib r a t io n  {Q} i s  a n u l l  v e c to r  and th e  e q u a tio n  i s  in  g e n e r a l
o f  th e  form  [A] {x }  = X [B] { x } , an e ig e n v a lu e  problem  form , w h ich
can be s o lv e d  to  g e t  e ig e n v a lu e s  X and e ig e n v e c to r s  {x }  w hich g iv e  th e  
co rresp o n d in g  mode sh a p e s .
E lem ents used  in  f i n i t e  e lem en t method can be c l a s s i f i e d  
in to  th r e e  g r o u p s :-
a) Iso p a r a m e tr ic  E lem ent:
where th e  number o f  nodes d e f in in g  th e  geom etry i s  the same w ith  th e
number o f  nodes used  to  d e f in e  d isp la cem en t fu n c t io n s
/
b) Subparam etric E lem ent:
where th e  number o f  nodes r e q u ire d  to  d e f in e  the d isp la cem en t fu n c t io n  
i s  g r e a te r  than  th e  number o f  nodes d e f in in g  th e  geom etry . I t  i s  used  where 
th e  s tr u c tu r e  i s  s l i g h t l y  curved w ith  la r g e  v a r ia t io n s  o f  s t r e s s .
c )  Sup erparam etric  Elem ent:
where th e  number o f  nodes used  to  d e s c r ib e  th e  geom etry i s  g r e a te r  
than th e  number o f  nodes used  to  d e f in e  the d isp la cem en t f u n c t io n s .  I t  
i s  u sed  where th e  s tr u c tu r e  i s  d eep ly  curved  w ith  sm a ll s t r e s s  v a r ia t io n s  
w hich can be approxim ated w ith  l e s s  number o f  term s in  th e  d isp la cem en t  
f u n c t io n s .
A nother req u irem en t o f  th e  f i n i t e  e lem en t a n a ly s is  i s  th a t  th e  
d isp la cem en t fu n c t io n s  ch osen  sh o u ld  be such  th a t  th e  e ig e n v a lu e s  w i l l  be  
co n v erg in g  as th e  number o f  e lem en ts  in c r e a s e s .  For t h i s  to  be s a t i s f i e d ,  
th e  fu n c t io n  must be co m p a tib le , so  th a t  th e r e  w ould be no d is c o n t in u i t y  
betw een  a d ja c e n t e le m e n ts , r ig i d  body m o tio n , c o n s ta n t  s t r a in  s t a t e s  and 
th e  f a c t  o f  th e  s t r a i n  b e in g  f i n i t e  betw een two a d ja c e n t  e lem en ts  sh o u ld  
be r e f l e c t e d .
The s o lu t io n  w i l l  g e n e r a lly  be ap proxim ate. The a n a ly s is  ten d s to  
g iv e  a s tr u c tu r e  w hich  i s  s t i f f e r  than the r e a l  on e , due to  c o n s tr a in t s  
w hich a r e  in tr o d u ce d  when s e l e c t i n g  th e  d isp la cem en t fu n c t io n  in s id e  the  
e le m e n ts , p r o v id ed  th a t  th o se  are  conform ing . Non conform ing e lem en ts  g iv e  
a l e s s  s t i f f e r  sy stem .
The typ e o f  e lem en ts  d eve lop ed  in  th e  p r e s e n t  in v e s t ig a t io n  and 
th e  d e r iv a t io n  o f  s t i f f n e s s  and mass m a tr ic e s  by u s in g  th e  f i n i t e  e lem en t  
tech n iq u e  i s  g iv e n  i n  th e  n e x t  S e c t io n .
2 .2  F in i t e  E lem ent Types
E a r ly  in v e s t ig a t o r s  have a ttem p ted  g e n e r a l s o lu t io n s  and approxim ate  
methods to  th e  v ib r a t io n  problem  o f  con tin u ou s s tr u c tu r e s  w ith  s im p le  
c o n f ig u r a t io n s .  The u se  o f  th e  f i n i t e  e lem en t tec h n iq u e  has i n i t i a t e d  
a s e r i e s  o f  s t u d ie s  o f  v ib r a t io n  c h a r a c t e r i s t ic s  o f  s t r u c t u r e s ,  w ith  th e  
two and th r ee  d im en sio n a l c o n f ig u r a t io n s .
The th r e e -d im e n s io n a l f i n i t e  e lem en t has r e c e n t ly  g a in e d  im portance  
in  th e  dynamic a n a ly s is  o f  com plex sy s te m s.
The developm ent o f  th e  th r e e -d im e n s io n a l, iso p a r a m e tr ic , s o l i d  f i n i t e  
e lem en ts  o f  tw enty and t h ir t y  two nodes by Iro n s  [91] have en a b led  
e n g in e e r s  and a n a ly s ts  to  s o lv e  com plex th r e e -d im e n s io n a l s o l i d  m echan ics  
problem s w ith  e a s e .  The e lem en t was a l s o  d eve lop ed  w ith  r e fe r e n c e  to  
th e  q u a d r i la te r a l  e lem en t o f  E r g a to n d is . Ahmad [92] s tu d ie d  th e  t h r e e -  
d im en sio n a l é lém en t fo r  th e  a n a ly s is  o f  th ic k  s h e l l s .  T h is  e lem en t was 
found to  be o v e r s t i f f  when a p p lie d  to  th e  t h in  s h e l l  s t r u c t u r e s .  L a ter  
th e  e lem en t has been  m o d ified  by Z ie n k ie w icz  [93] and im proved f o r  th e  
a p p l ic a t io n  o f  t h in  and th ic k  s h e l l s .  Roland and B e l l  [94] have  
r e p o r te d  th e  g e n e r a l a n a ly s is  o f  th r e e -d im e n s io n a l p la t e s  and s h e l l  
s t r u c t u r e s .  Thomas and M ota-Soares [9 5 ,9 6 ]  d eve lop ed  th e  th r e e -d im e n s io n a l  
su p erp aram etr ic  e lem en t to  s tu d y  th e  l in e a r  and n o n - l in e a r  b eh a v io u r  o f  
r o ta t in g  s h e l l  s t r u c t u r e s .
In  t h i s  a n a ly s is  a t h ic k ,  th r e e -d im e n s io n a l e lem en t h a v in g  n in e ty  
s i x  d eg rees  o f  freedom  i s  d ew b ped  and a p p lie d  to  stu d y  th e  c o u p lin g  
b eh av iou r  betw een th e  f l e x i b l e  d is c s  and th e  f l e x i b l e  s h a f t  c a r r y in g  th e s e  
d i s c s .
A t h in , tw o-d im en sion a l s e c t o r  e lem en t w ith  tw e lv e  d e g r e es  o f  freedom  
i s  a l s o  u sed  and a p p lie d  fo r  l im it e d  c a se s  to  i n v e s t ig a t e  th e  v ib r a t io n  
c h a r a c t e r i s t ic s  o f  annu lar d is c s  and s e c t o r  p la t e s  o n ly .
The t h e o r e t ic a l  c o n s id e r a t io n  o f  th e  two ty p es  o f  th e  f i n i t e  e lem en t  
used  i n  th e  p r e s e n t  in v e s t ig a t io n  a re  a s  f o l lo w s :
2 .2 .1  T h in , tw o -d im en sio n a l S e c to r  Elem ent
The c o n f ig u r a t io n  o f  th e  e lem en t i s  shown in  F ig .  2 .  The e lem en t  
has fo u r  nodes each  w ith  th r e e  d eg rees  o f  freedom . These are  d e f in e d  as  
tr a n s v e r s e  d isp la cem en t u i n  th e  a x ia l  d ir e c t io n ,  and two s lo p e s  in  th e  
r a d ia l  and t a n g e n t ia l  d ir e c t io n  9 u /9 r  and 9u /30  r e s p e c t iv e l y ,  th u s g iv in g  
an e lem en t m a tr ice  o f  tw e lv e  d egrees  o f  freedom . The e lem en t i s  d iv id e d  
in t o  se v en  su b -e lem en ts  i n  th e  r a d ia l  d ir e c t io n  to  g e t  mass and s t i f f n e s s  
m a tr ic e s  o f  th e  ord er 42 .
The t h e o r e t ic a l  a n a ly s is  o f  th e  e lem en t and th e  d e r iv a t io n  form ula  
o f  mass and s t i f f n e s s  m a tr ic e s  a re  g iv e n  i n  Appendix A.
The a p p l ic a t io n  o f  t h i s  e lem en t i s  o n ly  f o r  in v e s t ig a t in g  th e  
v ib r a t io n  c h a r a c t e r i s t ic s  o f  d i s c s  and s e c t o r  p l a t e s .
2 .2 .2  T h ick , T h ree-d im en sion a l C y lin d r ic a l  Elem ent
A new t h ic k ,  th r e e -d im e n s io n a l, iso p a r a m e tr ic , c y l in d r ic a l  f i n i t e  
elem en t fo r  hom ogeneous, i s o t r o p i c ,  l in e a r ly  e l a s t i c  m a te r ia ls  i s  d ev e lo p ed  
and a p p lie d  fo r  dynamic a n a ly s is  and shown to  be su p e r io r  to  th e  o th e r  
e le m e n ts .
The e lem en t i s  ch osen  to  have tw e lv e  d eg rees  o f  freedom  a t  each  o f  
th e  e ig h t  co rn ers as shown in  F ig .  1 in  th e  p o la r  c o -o r d in a te  sy stem .
The tw e lv e  d eg rees  o f  freedom  a t  each  o f  th e  c o rn ers  a re  th e  th r e e  
d isp la c e m en ts  u , v ,  w and t h e ir  d e r iv a t iv e s  w ith  r e s p e c t  to  each  o f  th e  
c y l in d r ic a l  c o -o r d in a te s  z ,   ^ and r  r e s p e c t iv e l y .  The tw e lv e  d eg rees  
o f  freedom  a t  one node can be w r it t e n  in  th e  f o l lo w in g  order
( 2 .9 )
where i s  th e  v e c to r  o f  n od a l d eg rees  o f  freedom .
Thus g iv in g  an elem en t m a tr ix  o f  n in e ty  s i x  d eg rees  o f  freedom  
d e f in e d  a t  th e  e ig h t  n o d es .
The s t i f f n e s s  and mass m a tr ic e s  are e v a lu a te d  u s in g  G uassian  
Q uadrature w ith  a 4 x  4 x  4 mesh o v er  th e  e le m e n t.
2 .3  T h e o r e t ic a l  A n a ly s is  and M a tr ices  Form ulae o f  T h ick , T h ree-D im en sio n a l  
Elem ent
2 .3 .1  S t i f f n e s s  M atrix
The c o n f ig u r a t io n  o f  th e  e lem en t i s  shown in  F ig . 1 . The s t r a i n  
en ergy  o f  th e  e lem en t w ith  volum e V, i s  g iv e n  by:
U = % {e}^ - {a} dv (2 .1 0 )
where dv i s  th e  e lem en ts  volum e, dv = r . d r . d$ dz and { e} and {a }  a re  th e  
s t r a in  and s t r e s s  v e c to r s  r e s p e c t iv e ly  g iv e n  as
= I s  % S  Yz* ( 2 .1 1 )
■ I s  % S  S z  ( 2 .1 2 )
The m a te r ia l  o f  th e  s tr u c tu r e  i s  assum ed to  be homogeneous i s o t r o p i c  
and l in e a r ly  e l a s t i c  f o l lo w in g  th e  g e n e r a lis e d  H ooke's law . W ith th e  
assu m p tion s th a t  th e re  are  no body f o r c e s  and th a t  th e  d e fo rm a tio n s  are  
s m a ll ,  th e  fo llo w in g  K inem atic r e la t io n s  a re  g iv e n  by R eferen ce  [41 ] a s :
s  ■
S - I t
* r  r  3*
Y - i ü  +  i ü  ( 2 .1 3 )  
rz  3 r  3z
Y . i l  +  1  ^
3 z  r 3*
1 3w . 3 v  V
ré r 3* 3 r  r
E quation  ( 2 .1 3 )  can be w r i t t e n  in  a m atr ix  form by e x p r e s s in g  
{e }  in  term s o f  d isp la c e m e n ts  and t h e ir  d e r iv a t iv e s  {Ç> 
as fo l lo w s :
{e }  = [X] {Ç} (2 .1 4 )
where {% }is the d egree  o f  freedom  v e c to r  fo r  one node a s  g iv e n  in  
e q u a t io n  ( 2 .9 )  and [X] i s  th e  d isp la cem en ts  m a tr ix  o f  ord er  6 x 12 
g iv e n  a s : -
[X]
0
0
0
-1
r
0
0
(2 .1 5 )
W ith H ooke's Law in  C y l in d r ic a l  C oord inates
’ ( l+ v ) ^ ( l - 2 v )  S >  ]
( l+ v ) ^ ( l - 2 v )  + ' ’( S  + S > ]
r (1+v) (1 ^  [  ( l - v ) e ^  + v(e^  + z ^ ) ] (2 .1 6 )
z$ 2 ( l+ v )  z$
 E „
ré 2 (1+v ) ré
» ^
rz 2 (1+ v)  ^rz
s im i la r ly ,  by e x p r e ss in g  {a} in  term s o f  eq u a tio n  (2 .1 6 )  can be
w r it t e n  in  a m atr ix  form as fo llo w s :
{a} = [d ] { e } ( 2 .1 7 )
where [D] i s  th e  e l a s t i c i t y  m a tr ix  g iv e n  as
[D] =» ( l + v ) ( l - 2 v )
1 - v
V
V
V
1-v
t 1-2.
I :
0
l - 2 v
2
0
l - 2 v
( 2 .1 8 )
By s u b s t i t u t in g  e q u a tio n  ( 2 .1 4 )  and e q u a tio n  (2 .1 7 )  in to  e q u a t io n  ( 2 .1 0 ) ,  
the s t r a i n  energy  U can be w r it t e n  as
L" = ^ y „  K } [X] [D] [X] {Ç} dv ( 2 .1 9 )
The fo l lo w in g  p o lyn om ia l e x p r e s s io n  i s  assumed f o r  the d isp la c e m en t u
u =* a^ +  a^z + a^é + a^r + a^z* + a^é* + a^r* +  a^rz
+ V *  ^  S o ’"* *  ®11*’ + *12 + S3*"’ *14=*'
+ + *16+:?  + a^^r'4 + a^gZ'r + a^^zr' + a^gZ+r
+  *21^'=  + *22?:+ + * 22??+: +  ag^ r'z*  + * 25?:*+ +
+ * 22??:+ +  *2g??+: + *29?+’ * 20*:+ + *21??:+ +a_2?+ : - ' ' ( 2 .2 0 )
w hich i s  the d isp la cem en t in  a x ia l  d ir e c t io n .  S im ila r ly  th e  t a n g e n t ia l  
d isp la c e m en t v  and th e  r a d ia l  d isp la cem en t w can be w r it t e n  in  s im i la r  
form w ith  s e t  o f  c o n s ta n ts  b^, b^ . . . .b ^ g  and c^ , c ^  c ^2 r e s p e c t i v e l y .
The d isp la cem en t c o -o r d in a te  u^, and a t  any node ( i )  o f  the  
elem en t shown in  F ig . 1 , can be o b ta in e d  from  the eq u a tio n  (2 .2 0 )  by 
s u b s t i t u t in g  fo r  z ,  r ,  é as f o l lo w s :
c o o r d in a te s  
sy s  tem
node number ( i ) as shown in  F ig .  1
i = l =2 =3 =4 =5 =6 =7 =8
z - c / 2 - c / 2 c /2 c /2 - c / 2 - c / 2 c /2 c /2
0 0 0 0 - 0 - 0 - 0 -0
4» 2 2 2 2 2 2 2 2
r R0 ^o Ri Ro % Ro %
where R ., R are  th e  in n e r  and o u te r  r a d i i  
1 o
C i s  th e  th ic k n e s s  o f  d i s c  or  le n g th  o f  s h a f t  
G i s  th e  s e c t o r i a l  a n g le  in  rad ian
Thus by s u b s t i t u t in g  f o r  z = - c / 2 ,  (p = 6/2 and r = R  ^ a t  node 1 the
d isp la cem en t u^ a t  node 1 can be o b ta in ed  in  th e  form o f :
= [BI] {a} (2 .2 1 )
where [BI] i s  a row v e c to r  o f  order 1 x  32 c o n s is t in g  o f  th e  c o e f f i c i e n t s  
o f  { a } .
E x p ress io n s  fo r  v^ and w  ^ a t  node 1 can be o b ta in ed  from e q u a tio n s  
s im ila r  to  e q u a tio n  (2 .2 0 )  to  g iv e :
v^ = [BI] {b}
Wi = [BI] { c }
( 2 . 22)
(2 .2 3 )
Hence fo r  node 1 ,
u
w
32 64 96  ^ ^1
(BD^ 1
1
0 1
1
0 •
1 1i ^32
4-
1 T
1 1
1
0
1
1 ( B I ) i
1
1 0 :
1
1
1
1 ^32
1 1 c .
1 1 1
0
1
1
0 1
1
(B I)^ •
_ 1 — I ""32 ;
( 2 .2 4 )
S im ila r  e x p r e ss io n s  can be o b ta in e d  fo r  o th e r  nodes i  = ( 2 ,  3 , . . . 8 ) 
by s u b s t i t u t in g  th e  r e le v a n t  v a lu e s  f o r  z , 4>»and r in  e q u a tio n  ( 2 . 20)
In  g e n e r a l, a t  any node i ,  th e  e x p r e ss io n s  fo r  n od a l d isp la c e m en t can  
be w r it t e n  a s ;
ru
V
w
= [ f ]  {a } ( 2 .2 5 )
where {a} i s  the v e c to r  c o n ta in in g  th e  c o e f f i c i e n t s  from th e  d isp la c e m en t  
e x p r e s s io n s ,  and [ f ]  i s  a 3 x  96 m a tr ix  g iv e n  a s:
32 64 96
[ f ]
(B I ) . 1 ° ' 0
0
I t 
1 ( B I ) i  1 0
-------------
1 - "1 *------------
0 1 0 1 (B I ) .
— 1 I
( 2 .2 6 )
The d e r iv a t iv e s  o f  th e  d isp la cem en t u w ith  r e s p e c t  to  z , cp, r  c o -o r d in a te s  
a re  g iv e n  in  th e  form o f:
^  +  2 a j z  +  a g r  +  a , *  +  3 a ^ ^ z *  +  a ^ ^ * '
+ 2a^gZ* + 2a^gzr + a^^r^ + a^^r* + a^^r'
+ a^^r*: + a^^rZ* + a^^r’ é + Sa^^rz^ +2a^^rzé
+ a^gré" + Sa^Qz:* + 3a^^rz*é + a^^é^ ( 2 . 2 7 )
I f  " ®3 +2*6+ +  *9? +*10 :^  + B * i2* ’ + 2* u * +
+ *15=' + 2^ 6”* + =17"' +  =20"= + =22"'
+ 3a^grzé^ + a^^r^z + a^^r^z + a^^rz*
+ 2a^gtzé + 3a^^ré^ + a^^ z^  + a^^rz’ + 3a^^zé* (2 .2 8 )
5 7  = *4 +  2*7? +  agZ +  *10+ + 3*13?: +  * i6 + :
+  2=17"* + =18=' + 2=19=" + =20* =
+ 3a2^r=z + ^^22 *^  ^^ ^23^ * '*’ 2*24^=*
+  3*25?:+?+  *26*: + a^^z'* +  a^gZ*»
+ *29*’ + =31='* (2 .2 9 )
S im ila r ly  
I t - I f -  I f -  I f -  I f -  I f  '==" '>= 3n a sia.Ua? fo?o .
E x p ress in g  th e  d e r iv a t iv e s  o f  u , v ,  w in  term s o f  3B l/3z, 
and 9 B I/9 r , the e x p r e ss io n  f o r  fie  d egrees o f  freedom  a t  one node 
can be w r it t e n  as
i O  = [F ] {ct} (2 .3 0 )
where [F] i s  a 12 x  96 m a tr ix  f o r  any node i ,  g iv e n  in  th e  fo l lo w in g  
form;
32 64 96
[F] =
(B I ) .  I 0 I 0
0 \ ( B I ) i  1 0
0 1 0 1
1
(Bl)i
( a B l /9 z )^  1 0 1 1 0
1
0 1 ( 9 B I / 9 z ) ^ 1 0
0 I 0 1 
1
( a B l /9 z ) ^
1
(9B I /9* ) .  1 0 1 0
1
0 1
1
( 9 B I / 9 * ) . 1 0
0 1 
( 9 B I / 9 r ) .  [
0 1 (9 B l /9 é )^
1
0 1 0
0 1
1
( 9 B l / 9 r ) . i  11 0
1
0 1 0 1 
1
(9 B I /9 r ) ^
1 1
( 2 .3 1 )
The nodal c o -o r d in a te s  w hich c o n s is t  o f  the d isp la c e m en ts  u , v ,  w 
and t h e ir  d e r iv a t iv e s  w ith  r e s p e c t  to  z , r  r e s p e c t iv e ly  a t  th e  e ig h t  
nodes o f  the e lem en t can now be e x p r e sse d  a s :
9 6
' ^ 1  '
^2
< • > 25
^^3>se
^8 " , C
_ _
T h is can be e a s i l y  w r it t e n  a s : -  
{q} = [G] {cx}
H (2 .3 2 )
( 2 .3 3 )
w here (q )  i s  th e  g e n e r a liz e d  n o d a l d egree  o f  freedom  v e c t o r ,
and [ g] i s  the g lo b a l m a tr ix  o f  o rd er  96 x  96 fo r  a l l  nodes o f  the  
com plete elem en t g iv e n  a s:
[G] 
Hence :
{a} .  [G ]" l {q}
( 3 .3 4 )
( 2 .3 5 )
By s u b s t i t u t in g  eq u a tio n  ( 2 .3 5 )  in t o  e q u a tio n  ( 2 .3 0 )  and on r e p la c in g  
th e  c o e f f i c i e n t s  in  th e  e x p r e s s io n  by th e  n od a l c o -o r d in a te s  th e  s t r a i n  
en erg y  in  eq u a tio n  (2 .1 9 )  b e c o m es:-
V { q f  [G]-3: [X]T [D] [X] [F] [G]“  ^ { q }  dv ( 2 . 36)
or D -  % { q f  [K] {q}
r V iwhere [K] = [G] [F]"'' [X ]? [D] [X] [F] dv [G j'^
(2 .3 7 )
( 2 .3 8 )
The s t i f f n e s s  m atrix  [K] i s  a sym m etric m a tr ix  o f order 96 .
s in c e  th e  m a tr ix  jX] c o n ta in s  a la r g e  number o f  z e r o s ,  i t  i s  b o th  
tim e and c a p a c ity  consum ing on com puter. I n s te a d  a m u lt p l ic a t io n  i s  
done f o r  [X] x  [F] to  o b ta in  [FX] m a tr ix  o f  ord er  6 , 69 g iv e n  a s :
[FX] =
32 64 96
1
1
O B I/3  z ) .  1 0 1 0 
1
0 1 
1
( -  9BI/34») 
f  - i
1 ( B l / r ) .
0 1 
1
0 ] ( 9 B I /9 r ) .
0 1 ,3B I -B I . ^9 r r  1 I 9 B l / 9 # ) ^
( 3 B I /3 r ) i  1 0 1 (9 B I /9 Z ).
(■”  3 B i/a $ )^  1 ( 9B I /  9z)^
1
! °
Thus, th e  s t i f f n e s s  m atr ix  [K] can be r e w r it t e n  a s :  
[k ] = [G]"T J  [FX]^ [D] [FX] dv [G]"^
(2 .3 9 )
( 2 .4 0 )
2 ,3 .2  Mass M atrix
The o f  an e le m e n ta l volum e o f  the s tr u c tu r e  shown in
F ig .  1 a t  any node ( i )  i s  g iv e n  by
^  [Û V w], p /  V IT " % /    . J v )  dv ( 2 .4 1 )
U sin g  th e  e x p r e s s io n s  f o r  u , v ,  w g iv e n  by e q u a tio n  ( 2 .2 5 )  and th e  
r e la t io n s h ip  o f  e q u a tio n  ( 2 .3 5 ) ,  th e  k i n e t i c  en ergy  T o f  th e  e le m en t can  
be w r i t t e n  as
T = i  / ,  { q f  [G]"^ [f]'^  P [ f ]  [G]"2 { q } d v  ( 2 .4 2 )
= h  { q T [M] { q }  dv ( 2 .4 3 )
w here, [M] - [ gT^ p [ f ] ^  [ f ]  dv [G]“  ^ ( 2 .4 4 )
i s  th e  m ass m a tr ix  o f  order 9 6 . N ote th a t  [ f ]  i s  a 3 x  96 m a tr ix ,  
and i s  g iv e n  by e q u a tio n  (2 .2 6 )
The in t e g r a t io n  fo r  b oth  |K] and [M] may be c a r r ie d  o u t a l g e b r a i c a l l y  
and n u m e r ic a lly  by G aussian  Q uadrature u s in g  a 4 x  4 x  4 m esh.
The a lg e b r a ic  in te g r a t io n  o f  s t i f f n e s s  and mass m a tr ic e s  h as been  
c a r r ie d  o u t .  Hence th e  r e s u l t s  o b ta in e d  a lg e b r a ic a l ly  a r e  compared w ith  
th o s e  o b ta in e d  by u s in g  a 4 x  4 x  4 mesh o f  G au ssian  method and th e  
e r r o r  appeared v ery  sm a ll a s shown i n  T ab le 1;
The n u m erica l in t e g r a t io n  i s  recommended and w i l l  be e x p la in e d  
in  "Section 3 .1
2 .4  Boundary C o n d itio n s
The p r e s e n t  i n v e s t ig a t io n  p r e s e n ts  a th r e e -d im e n s io n a l f i n i t e  e lem en t  
as shown i n  F ig .  1 where a l l  boundary c o n d it io n s  are a p p lie d  to  d eterm in e  
th e  v ib r a t io n  c h a r a c t e r i s t i c s  o f  s h a f t  and d i s c  a c c u r a te ly .  The sy m b o ls ,
C, F and S d en o te  th e  clamped ( f i x e d ) ,  f r e e  and s im p ly -su p p o rted  
r e s p e c t i v e l y .  The s t i f f n e s s  and mass m a tr ic e s  f o r  a s h a f t  and d i s c  e lem en t  
h ave  b e e n  s e t  up.
The e lem en t has e ig h t  nodes w ith  tw e lv e  d eg rees  o f  freedom  a t  
each  n o d e . Thus a l l  d e f le c t io n s  m d  t h e ir  s lo p e s  d u rin g  t h e ir  s in u s o id a l  
modal m otion  i n  th r e e  axes are r e p r e s e n te d . The n a tu r a l fr e q u e n c ie s  o f  
v ib r a t io n  and th e  c o u p lin g  c h a r a c t e r i s t i c s  f o r  any d i s c  and s h a f t  can  be  
e a s i l y  o b ta in e d  by a p p ly in g  th e  n e c e s s a r y  boundary c o n d it io n s .  In  th e  
c a s e  o f  clam ped boundary c o n d it io n , a l l  tw e lv e  d egrees  o f  freedom  o f  f ix e d  
nodes a t  clam ped r a d iu s  in  th e  c a se  o f  d i s c  o r  clamped end i n  th e  c a s e  
o f  s h a f t  a r e  c o n s id e r e d  to  be z e r o .
The boundary c o n d it io n  o f  th e  f r e e  r a d iu s  o r  f r e e  end i s  ta k en  to  
be non z e r o  d eg rees  o f  freedom  a t  any n o d e . The boundary c o n d it io n  f o r  
s im p ly  su p p o rted  s h a f t  as shown i n  F ig .  11 and F ig .  13 a re  s t a t e d  i n  two 
s e t s .  Thdggre a re : a) when th e  end o f  th e  s h a f t  h a v in g  no d e f l e c t i o n  in  
th e  t a n g e n t ia l  and r a d ia l  d i r e c t io n ,  t h a t  i s  to  sa y  when v  = w = 0 and 
b) when a com p lete  d e f in i t i o n  o f  s im p ly  su p p orted  end i s  ta k en  to  be v  and 
w and t h e ir  s lo p e s  in  r and 6 d ir e c t io n  z e r o . That i s  to  sa y
v  = ^ = — = —  = — « 0  a t  b o th  ends when z = 0 and z = L .
30 30 3 r  3r
The v a lu e s  o f  th e  fr e q u e n c ie s  computed by th e  two s e t s  o f  boundary  
c o n d it io n s  o f  s im p ly  su p p orted  s h a f t  a re  l i s t e d  i n  T ab les  24 and o th e r s  
g iv e n  in  Chapter 4 . The v a lu e s  o b ta in e d  by c a se  (b ) a greed  more a c c u r a te ly  
w ith  th e  e x p e r im en ta l r e s u l t s  than th o se  o b ta in e d  by c a se  ( a ) . Hence 
in  th e  c a s e  o f  s h a f t - d i s c ( s )  sy stem s o n ly  c a se  (b ) i s  c o n s id e r e d . The 
boundary c o n d it io n s  f o r  the d is c  c a r r ie d  by th e  s h a f t  a re  tak en  t o  be  
u = 3 u /3 0  = 0 a t  i t s  in n e r  r a d iu s  r  = b and f r e e  a t  i t s  o u te r  r a d iu s  
r  = a a s  shown in  F ig .  11,
The boundary c o n d it io n  o f  a d i s c  f ix e d  in  th e  in t e r io r  s e c t i o n  
o f  a h o llo w  c y lin d e r  (drum) i s  c o n s id e r e d  to  be u = 3u /30  = 0  a t  i t s
o u te r  r a d iu s  r  = a and f r e e  a t  i t s  in n e r  r a d iu s  r  * b , a s  shown i n  F ig .  1 3 .
CHAPTER THREE 
TECHNIQUES USED IN THE PRESENT ANALYSIS
A f i n i t e  e lem en t method i s  d e r iv e d  and a  new t h ic k ,  th r e e -d im e n s io n a l  
segm ent i s  d ev e lo p ed  to  i n v e s t ig a t e  th e  dynamic b eh av iou r  o f  m u lt isp a n  
s h a f t  -  m u lt i  d i s c  system  o f  th e  turbom ach inery . The program  i s  b a sed  
on u s in g  th r e e  u s e fu l  tec h n iq u es  to  p r e d ic t  th e  accu racy  o f  th e  e lem en t  
a p p lie d . These tec h n iq u es  em ployed in  th e  t h e o r e t i c a l  a n a ly s is  a r e :
1 . N um erical in t e g r a t io n  tech n iq u e  used  to  e v a lu a te  th e  tr ip b  
in t e g r a t io n  o f  th e  e lem en t shown in  F ig .  1 by u s in g  a 
4 x 4 x 4  G aussian  mesh
2 . E ig en v a lu e  econom izer tech n iq u e  to  reduce th e  la r g e  s i z e  o f  th e  
mass and s t i f f n e s s  m a tr ic e s
3 . R o ta t io n a l  p e r io d ic i t y  and l in e a r  p e r io d ic i t y  o f  wave 
p r o p a g a tio n  tech n iq u e  to  o b ta in  th e  o v e r a l l  s t i f f n e s s  and mass 
m a tr ic e s  o f  th e  com p lete  sy ste m .
T h is chapter e x p la in s  and rev iew s th e  a n a ly t i c a l  work o f  th e se  th r e e  
t e c h n iq u e s .
3 .1  N um erical I n t e g r a t io n  Techniques
3 .1 .1  I n tr o d u c tio n
The g r e a t e s t  tedium  in  th e  u se  o f  th e  f i n i t e  e lem en t m ethod i s  th e  
le n g th y  a lg e b r a ic  m a n ip u la tio n s needed to  a r r iv e  a t  e x p l i c i t  s t i f f n e s s  
and i n e r t i a  e x p r e s s io n s .
Making u se  o f  n u m erica l in t e g r a t io n  a v o id s  t h i s  a lg e b r a  e n t i r e l y  
w ith  no p e n a lty  i n  com puting tim e . Z ie n k ie w icz  [93 ] c la im s t h a t  th e r e  
i s  no l o s s  o f  accu racy   ^ u s in g  f i v e  p o in t s  G aussian  in t e g r a t io n
fo r  th e  problem s he in v e s t ig a t e d .  In  i t s  o r ig in a l  form , th e  t h ic k  s h e l l  
and p la t e  e lem en ts  w ere too  s t i f f  in  r e p r e s e n t in g  b en d in g  d e fo rm a tio n s  in  
t h in  S h e l l  and p la t e  a p p l ic a t io n s .  Z ie n k ie w ic z  e t  a l  [9 7 ] , and Pawsey  
and Clough [98] had n o t ic e d  th a t  th e  o v e r s t i f f n e s s  o f  th e  e lem en t was due 
to  th e  d isp la c e m en t fu n c t io n  im posing u n r e a l i s t i c  r e s t r i c t i o n s  upon th e  
modes o f  d eform ation  o f  th e  e lem en t.
To m odify  th e  e le m en t, Z ie n k ie w icz  e t  a l  [97 ] p rop osed  a un iform  
low  o rd er  in t e g r a t io n  on a l l  s t r e s s  components w hereas Pawsey and Clough  
[98] used  a s e l e c t i v e  in t e g r a t io n  ord er  f o r  d i f f e r e n t  s t r e s s  com ponents.
When o n ly  reduced  in t e g r a t io n s  are  used  to  e v a lu a te  th e  s t r a in  
en ergy  o f  th e  e le m e n t, th e  s t i f f n e s s  m a tr ix  i s  s a id  to  be c a lc u la t e d  by  
a "Reduced I n t e g r a t io n  Technique" g iv e n  by th e  R efe re n c e s  [9 3 ,9 7  and 9 8 ] .  
However, when th e  s t r a i n  energy  i s  e v a lu a te d  p a r t ly  by red u ced  and p a r t ly  by  
c o r r e c t  in t e g r a t io n ,  th e  s t i f f n e s s  m a tr ix  i s  s a id  to  be c a lc u la t e d  by a 
'S e le c t iv e  I n t e g r a t io n  Technique*.'
The advantage o f  th e  un iform  r e d u c tio n  over th e  s e l e c t i v e  r e d u c tio n  
l i e s  i n  th e  f a c t  th a t  i t  does n o t r e q u ir e  any a d d it io n a l  e f f o r t  in  
programming and red u ces the com p u ta tion a l tim e due to  th e  l e s s e r  number o f  
in t e g r a t io n  p o i n t s .
F o llo w in g  a proced u re s im i la r  to  th e  one th a t  D oherty e t  a l  [9 9 ]  
em ployed, t h a t  i s  by red u c in g  th e  ord er  o f  in t e g r a t io n ,  i t  was p o s s ib le  
to  r e la x  th e  o v e r s t i f f n e s s  o f  th e  e le m e n t. The accu racy  o f  th e  reduced  
n u m erica l in t e g r a t io n  i n  f i n i t e  e lem en ts  i s  d is c u s s e d  by Ir o n s  [ 1 0 0 ,1 0 1 ,1 0 2 ] .  
The p o in t  he em p h asises i s  t h a t  th e  con vergen ce i s  g u a r a n te ed , p ro v id e d  
th a t  th e  d eterm in an t o f  Jacob ian  does n o t change s ig n  in  the dom ain, and 
t h a t  th e  volume o f  th e  e lem en t i s  c a lc u la t e d  a c c u r a te ly .  Pawsey [103  ] 
agreed  th a t  th e  e ig h t  node q u a d r a tic  e lem en t can be in te g r a t e d  u s in g  
u n ifo rm ly  reduced  in t e g r a t io n  p o in t s .  V ib r a t io n a l  a p p l ic a t io n  o f  the  
m o d if ie d  e lem en t u s in g  uniform  r e d u c tio n  was r e p o r te d  i n  R efe re n c e s  [1 0 4 , 
1 0 5 ] . In  a l l  a p p l ic a t io n s  b u t o n e , th e  e lem en t perform ed v e r y  w e l l .  Only 
i n  th e  c a se  o f  a tu r b in e  b la d e , was i t  found t o  be o v e r f l e x i b l e .  The 
re a so n  was th e  h ig h  cu rva tu re  a c r o ss  th e  w id th  o f  th e  b la d e . The e f f e c t  
o f  r o t a t io n  was a l s o  s tu d ie d .
The S e l e c t iv e  I n te g r a t io n  T echnique has b een  s u c c e s s f u l l y  u sed  to  
im prove th e  su p er -p a ra m etr ic  s h e l l  e lem en t by Pawsey [1 0 6 ] . The e lem en t  
was a p p lie d  to  th e  s t a t i c  and dynamic a n a ly s is  o f  t h in  and th ic k  s h e l l s .
Making u se  o f  Reduced I n te g r a t io n  T ech n iq u e, M ota-Soares and Thomas 
[ l0 7 ]  have e v a lu a te d  th e  s t r a i n  en ergy  o f  su p e r -p a ra m e tr ic  s h e l l  e lem en t  
r e p r e s e n ta t io n  o f  p r e - s t r e s s e d  and r o ta t io n  s h e l l s .  The same te c h n iq u e  
has been  u sed  f o r  Iso p a ra m etr ic  e lem en ts  by Z ie n k iw ic z  and H in ton  [108]
The a ccu ra cy  o f  th e  a p p l ic a t io n  o f  Reduced I n t e g r a t io n  T echnique in  f i n i t e  
e lem en t has been  d is c u s s e d  by Sandhu and S ingh  I l 0 9 ] . The two d im e n s io n a l.
iso p a r a m e tr ic  e lem en t has been  em ployed by B ic a n ic  and H in ton  [1 1 0 ] .
They in d ic a t e d  th e  ty p e  o f  mesh i n s t a b i l i t i e s  w hich can d eve lop  when th e  
Reduced or S e l e c t iv e  I n t e g r a t io n  Technique was used  w ith  l in e a r  fo u r  
noded and q u a d r a tic  e ig h t  and n in e  noded iso p a r a m e tr ic  q u a d r i la te r a l  
e le m e n ts .
More r e c e n t ly ,  Abdulrahman[ 1 1 1 ] has used  th e  same tech n iq u e  a p p lie d  
by M ota-Soares and Thomas [1 0 7 ]. The f i n i t e  e lem en t m odel o f  e ig h t  noded  
su p erp a ra m etr ic  s h e l l  e lem en t has b een  em ployed w ith  th e  u se  o f  Reduced 
I n t e g r a t io n  Technique to  p r e d ic t  th e  v ib r a t io n  c h a r a c t e r i s t i c s  o f  h o llo w  
tu r b in e  b la d e s .
3 .1 .2  The G aussian  Q uadrature
In  norm al a p p l ic a t io n s  o f  f i n i t e  e lem en t m ethod, th e  u se  o f  n u m erica l 
in t e g r a t io n  i s  recommended, w ith  v i r t u a l l y  no a d d it io n a l  e f f o r t ,  as i t  
a llo w s  any d e s ir e d  fu n c t io n  to  be in c lu d e d  in  th e  s t r u c tu r e  d e s c r ip t io n .
For in s t a n c e ,  w ith  th e  program w r it t e n  f o r  n u m erica l in t e g r a t io n  u s in g  
G aussian  m ethod, o n ly  one s ta te m e n t w ould have to  be changed to  ta k e  acco u n t  
o f  th e  v a r ia t io n s  in  th e  th ic k n e s s  o f  the d i s c .
In  the p r e s e n t  a n a ly s is  a computer program i s  d ev e lo p ed  u s in g  G au ssian  
Q uadrature mesh to  o b ta in  th e  v ib r a t io n  c h a r a c t e r i s t i c s  o f  u n iform  and 
v a r ia b le  th ic k n e s s  s t r u c t u r e s .  The c o n f ig u r a t io n  o f  th r e e -d im e n s io n a l,  
c y l i n d r i c a l  e lem en t i s  shown in  F ig .  1 . S in c e  th e  s i z e  o f  th e  e lem en t
avxed.
m a tr ic e s  i s  to o  la r g e  and th e  tim e consumed i n  tra n sm ittin g ;^ th e  program , 
u s in g  a lg e b r a ic  in t e g r a t io n  i s  to o  la r g e ,  > _ ot; program  i s  d ev e lo p ed  
fo r  n u m erica l in t e g r a t io n  by u s in g  th e  G aussian  Q uadrature. The a lg e b r a ic  
c a lc u la t io n  o f  th e  t r i p l e  in t e g r a t io n  c a r r ie d  o u t o v er  th e  e le m e n t’ s 
volum e fo r  s t i f f n e s s  and mass m a tr ic e s  i s  a l s o  o b ta in e d .
A su rvey  o f  t r i a l  o f  many a p p l ic a t io n s  u s in g  th e  G aussian  Q uadrature  
w ith  v a r io u s  p o in t s  o f  in t e g r a t io n  are  c a r r ie d  o u t to  d e c id e  th e  b e s t  
c h o ic e  o f  o rd er  o f  in t e g r a t io n  f o r  th e  e le m e n ta l v a lu e .  A mesh o f  
4 x 4 x 4 in t e g r a t io n  i s  e v e n tu a lly  ch osen  f o r  e v a lu a t in g  th e  s t i f f n e s s  
and mass m a tr ic e s  in t e g r a t io n  o f  th e  e lem en t shown in  F ig .  1 .
The in t e g r a t io n  o f  th e  e lem en t o f  a volume v  sh o u ld  be done i n  th r e e  
d ir e c t io n s  in  th e  p o la r  c o -o r d in a te  as
jT dv = f  f . f  dz dé dr ( 3 .1 )
•'V
In  th e  f i n i t e  e lem en t a n a ly s i s ,  th e  com plex c a lc u la t io n s  g iv e n  by 
Z ie n k ie w ic z  [ 9 3 ] ,  are  in v o lv e d  i n  d eterm in in g  th e  v a lu e s  o f  ^  fu n c t io n  
t o  be in t e g r a t e d .  Thus th e  G aussian  p r o c e ss  r e q u ir in g  th e  l e a s t  number 
o f  such  e v a lu a t io n s  is  -Used. I t  i s  g iv e n  a s :
^  ^  S t  f(p  f z   ^ r ) dz dé dr ( 3 .2 )
w hich can be w r i t t e n  a s :
I  = m L j L  J l  « i  « j  \   ^ (= ! '  *j> "m) (2 .3 )
where n i s  th e  number o f  p o in ts  u sed  in  each  d ir e c t io n  and 
H^, H j, a re  th e  w e ig h t c o e f f ic ie n t s .
G aussian  Q uadrature g iv e s  e x a c t  r e s u l t s  f o r  any p o ly n o m ia l
f u n c t io n  h a v in g  a d egree  l e s s  than or  eq u a l to  Çln-1) ( 3 .4 )
For s t i f f n e s s  m a tr ix  ^ ] and mass m a tr ix  [M] g iv e n  by e q u a t io n  (2 .4 0 )  
and e q u a tio n  ( 2 .4 4 )  i n  Chapter 2 , one can o b serv e  t h a t  th e  h ig h e s t  d egree  
o f  th e  m a tr ic e s  [FX] and [f ] a re  th r ee  i n  th r e e  d i r e c t io n s .  Thus a f t e r  
m u lt ip l i c a t io n  each  fu n c t io n  becomes o f  th e  order o f  s i x .  For e x a c t  
s o lu t io n  th e  number o f  p o in t s  used  i n  each  d ir e c t io n  i s  ta k e n  to  be  
fo u r , th a t  i s  to  say  n = 4 .
By s u b s t i t u t in g  th e  n = 4 in t o  e q u a tio n  ( 3 .4 )  g iv e s  th e  a ccu ra cy  o f  
o rd er  se v en  w hich  i s  more than s i x ,  thus the v a lu e  o f  n  = 4 i s  a c c e p ta b le .
However, i f  th e  number o f  in d ep en d en t r e la t io n s  in tr o d u c e d  a t  a l l  
th e  in t e g r a t io n  p o in ts  i s  l e s s  than th a t  o f  th e  d eg rees  o f  freedom  
a v a i la b le ,  th en  s in g u la r i t y  o ccu rs  a t  th e  end o f  in t e g r a t io n  p r o c e s s .
As th e  m a tr ix  [f] d e f in e s  o n ly  th r ee  in d ep en d en t r e la t io n s  nam ely  
Û , V , w a t  each  p o in t ,  and n in e ty  s i x  d eg rees  o f  freedom  a r e  a v a i la b l e ,
3
th e r e fo r e  (n) x  3 = 192 fo r  n = 4 . H ence, 192 > 96 g iv e s  n = 4 a c c e p ta b le  
o rd er  a g a in .
S o , fo u r  p o in ts  in  each  d ir e c t io n  g iv e s  a t o t a l  o f  64 p o in t s  u sed  
i n  a mesh o f  4 x  4 x  4 to  e v a lu a te  th e  t r i p l e  in t e g r a t io n  o f  s t i f f n e s s  
and mass m a tr ic e s . N e v e r th e le s s ,  even  i f  i t  i s  d ec id ed  to  s a c r i f i c e  the  
accu racy  to  some e x te n t  to  reduce th e  com p u ta tion a l t im e , i t  i s  n o t  
p o s s ib le  to  do th e  in t e g r a t io n  a t  3 x  3 x  3 p o in t s  due to  s i n g u l a r i t y .
However, th e  in t e g r a t io n  o f  3 x  3 x  4 p o in t s  can be done w ith o u t  c a u s in g  
s in g u la r i t y  b u t i t  w ould have d i f f e r e n t  a c c u r a c ie s  in  ea ch  o f  th e  
c o -o r d in a te  d i r e c t io n s .  The in t e g r a t io n  o f  4 x  4 x  4 mesh i s  th e n  
p r e fe r r e d  and em ployed in  the p r e s e n t  a n a ly s i s .
For n = 4 th e  a b s c is s a e  A and th e  w e ig h t  c o e f f i c i e n t s  H o f  th e  
G aussian  Q uadrature form ula are g iv e n  by Z ie n k ie w icz  [9 3 ]as :
A b sc is sa e  A W eight c o e f f i c i e n t  H
+0.8611363115  
+ 0 .3399810435  
-0 .3 3 9 9 8 1 0 4 3 5  
-0 .8 6 1 1 3 6 3 1 1 5
0 .3 4 7 8548451
0 .6521 4 5 1 5 4 8
0 .6 5 2 1 4 5 1 5 4 8
0 .3478548451
3 .1 .3  R e p e t i t iv e  Use o f  Elem ent M atr ices
U sing  a r e g u la r  m esh, makes i t  e a s y  to  produce th e  in p u t  d a ta  and 
a ls o  h e lp s  to  reduce th e  com p u ta tion a l t im e . Elem ent m a tr ic e s ,  i f  th ey  
w ere c a lc u la t e d  in  a l o c a l  c o -o r d in a te  sy stem  h a v in g  th e  same o r ie n t a t io n  
w ith  r e s p e c t  to  th e  e lem en t geom etry , w ould be th e  same f o r  s im i la r  
e le m e n ts . Once th e  m a tr ic e s  f o r  one e lem en t a re  e v a lu a te d , th e  same m a tr ic e s  
can be used  f o r  s im i la r  su b -e lem en ts  f o r  a ssem b ly , p r o v id e d  th a t  th e  
n e c e ss a r y  c o -o r d in a te  tra n sfo r m a tio n  i s  perform ed . I f  th e  s im i la r  e le m e n ts  
have th e  same o r ie n t a t io n  w ith  r e s p e c t  to  th e  g lo b a l  sy s te m , th en  th e  
e lem en t m a tr ic e s  need n o t be tran sform ed  and cou ld  be u sed  r e p e t i t i v e l y  
to  assem b le  th e  w h ole  sy stem .
I t  can a l s o  be n o ted  th a t  i n  th e  c a se  o f  d i s c s ,  s e v e r a l  e q u a l r a d ia l  
su b -e le m en ts  over  the ra d iu s o f  th e  d is c  are  em ployed , w h er e a s , i n  th e  
c a se  o f  s h a f t s  or  c y lin d e r s  s e v e r a l  e q u a l le n g th  su b -e le m en ts  o v e r  th e  
le n g th  are  em ployed and assem bled  b e fo r e  u s in g  th e  wave p r o p a g a t io n  
te c h n iq u e .
3 .2  E ig e n v a lu e  Econom izer T echnique
3 .2 .1  In tr o d u c t io n
In  a dynamic and v ib r a t io n  a n a ly s is  o f  a com plex s tr u c tu r e  u s in g  th e  
f i n i t e  e lem en t method v e r y  la r g e  m a tr ic e s  are  d e r iv e d . The f i n i t e  
e lem en t i d e a l i z a t i o n  o f  a s tr u c tu r e  y i e l d s  a r e p r e s e n ta t io n  w ith  a 
la r g e  number o f  d eg rees  o f  freedom . As th e  s i z e  o f  th e  e lem en ta ry  
m a tr ic e s  i s  to o  la r g e  i t  i s  n o t p o s s ib le  to  assem b le  th e  m a tr ic e s  f o r  
th e  w h ole  s tr u c t u r e  w ith in  th e  s to r a g e  c a p a c ity  o f  many o f  th e  com p u ters. 
H owever, th e  e ig e n v a lu e  s o lu t io n  o f  a m a tr ix  o f  la r g e  s i z e  w ould r e q u ir e  
a g r e a t  d e a l o f  computer tim e and s to r a g e  c a p a c it y .  F o r tu n a te ly , t h e s e  
req u irem en ts  may be reduced  by a c a r e f u l  s e l e c t i o n  o f  a reduced  number o f  
d e g rees  o f  freedom  w hich i s  s u f f i c i e n t  to  g iv e  a c c e p ta b le  r e s u l t s  i n  th e  
s o lu t io n  o f  th e  dynamic p rob lem s.
The r e d u c tio n  o f  th e  m a tr ic e  s i z e ,  t h e r e f o r e ,  i s  v ery  n e c e s s a r y
due to  com puter s to r a g e  and b eca u se  o f  th e  exp en se  o f  s o lv in g  a la r g e
e ig e n v a lu e  prob lem .
For la r g e  e ig e n v a lu e  p rob lem s, Guyan [1 1 2 ]and Iro n s [113] p ro p o sed
a method w hich  i s  commonly used  and r e fe r r e d  to  as e ig e n v a lu e  e c o n o m iz a tio n ,
mass c o n d e n sa tio n , or  s in p ly ,  r e d u c t io n . The method i s  b ased  upon 
r e t a in in g  a sm a ll p r o p o r tio n  o f  th e  unknown n od a l d e f l e c t i o n s  and th e s e  
a r e  c a l l e d  "m asters'*. The rem ain in g  d e f l e c t io n s  known as " slaves'*  a r e  
red u ced  o u t .  Hence th e  o rd er  o f  th e  e ig e n v a lu e  problem  i s  red u ced . W ith  
a c a r e f u l  c h o ic e  o f  m a ste r s , th e  low er n a tu r a l fr e q u e n c ie s  a r e  p r e s e r v e d  
and found w ith  good a ccu ra cy . The e ig e n v a lu e s  c a lc u la t e d  a re  a lw ays  
in c r e a s e d  by th e  r e d u c tio n  p r o c e ss . W ithout c a r e fu l  c h o ic e  o f  m a s te r s , some 
o f  th e  low  fr e q u e n c ie s  in  the e ig e n  spectrum  can be l o s t .  The m ethod h as  
a l s o  b een  in v e s t ig a t e d  by W right and M iles  [114] who s u g g e s te d  th e  s e t  
o f  optimum v a r ia b le s  and an e r r o r  i n v e s t i g a t i o n  was g iv e n  by G eradin  [115] .
S e v e r a l p u b l ic a t io n s  p r e s e n te d  m ethods f o r  th e  s o lu t io n  o f  e ig e n v a lu e  
p rob lem s, bu t no one p ro v id es  an e f f i c i e n t  econ om ica l s o lu t io n .  H owever, 
B athe and W ilson  [116] used  su b sp ace in t e r a c t io n  tech n iq u e  to  s o lv e  la r g e  
e ig e n  v a lu e  m a tr ic e s  and th e  method was c o n s id e r e d  o n ly  e f f i c i e n t  to  
c a lc u la t e  th e  lo w e s t  mode. L ater  th e y  (117] u sed  in t e r a c t io n  te c h n iq u e  to  
s o lv e  m a tr ic e s  o f  la r g e  order and o f  sm a ll band w id th  and th e  m ethod was 
c o n s id e r e d  to  be e f f i c i e n t .
H enshe11 and Ong [118] p r e se n te d  an au to m a tic  tec h n iq u e  f o r  
s e l e c t i n g  th e  optimum v a r ia b le s  to  be k e p t  as m asters u s in g  th e  
e c o n o m iza tio n  m ethod, th e  rem ain ing v a r ia b le s ,  " s la v e s "  are  e l im in a t e d .
S te e r  [119] p o in te d  o u t th a t  th e  c o n s tr a in e d  e ig e n v a lu e  r a t i o  u sed  
by H e n se ll  and Ong [118] can be used  to  e s t im a te  bounds on th e  e r r o r  
in tr o d u ce d  by th e  c o n d e n sa tio n . More r e c e n t ly ,  Thomas [120] c o n s id e r e d  
t h e o r e t i c a l ly  th e  e r ro r  in tro d u ced  i n  th e  e c o n o m iza tio n  p r o c e ss  u s in g  an 
a lg e b r a ic  approach and was a b le  to  s t a t e  an a b s o lu te  e r r o r  bound 
to g e th e r  w ith  an approxim ate e r r o r  bound.
In  th e  p r e s e n t  a n a ly s i s ,  th e  m ethod due to  Iro n s  [113] i s  u sed  
b eca u se  o f  i t s  advantage o f  perform in g  th e  e l im in a t io n  p r o c e ss  d u rin g  
assem b ly .
3 .2 .2  The C on densation  P ro cess
The e q u a tio n  r e s u l t s  from a f i n i t e  e lem en t a n a ly s is  o f  a s t r u c t u r e  
u n d ergoin g  sm a ll o s c i l l a t i o n s  i s :
( [K] -  0)^ [M] ) {X} = 0 ( 3 .5 )
where [k] and [M] are  th e  s t i f f n e s s  and mass m a tr ic e s  r e s p e c t iv e ly  
{X} i s  a column o f  th e  n od al d isp la c e m en t  
(jo i s  the rad ian  freq u en cy
The stan d ard  eco n o m iza tio n  p roced u re i s  b r i e f l y  reproduced  h e r e .
I t  in v o lv e s  p a r t i t io n in g  { X} , [K] and [M ]as:
[K]
where th e  s u b s c r ip t s  m, and _s r e f e r  to  m a ster  and s la v e  r e s p e c t iv e l y .
In  order to  e l im in a te  th e  s la v e s  i t  i s  o b serv ed  th a t  f o r  low  
fr e q u e n c ie s  the e f f e c t s  o f  i n e r t i a  f o r c e s  on th e  s la v e  d isp la c e m e n ts  are  
sm a ll compared w ith  th e  e f f e c t s  o f  s t a t i c  f o r c e s .  T h erefo re  we ch o o se  
to  ig n o r e  th e  i n e r t i a  term s w hich a r i s e  in  th e  low er p a r t i t i o n  o f  
e q u a tio n  ( 3 . 5 ) .  Hence
V  + ( 2 . 6)
'  Kmm
» [M]
' mmm *ms
Ksm ^ ss  _ Msm *‘s s _
E quation  ( 3 .6 )  im p lie s  a c o n s tr a in t  on th e  unknowns w hich can be w r it t e n  
a s ;
-1
= -  P g ,]  . [ W  ( V  (3 .7 )
By u s in g  e q u a tio n  ( 3 .7 )  i n  th e  e x p r e s s io n  fo r  s t r a in  and k i n e t i c  e n e r g ie s
th e se  q u a n t i t ie s  can be w r i t t e n  in  term s o f  {X } a s ; -m
Ü = i P * ]  {X^} ( 3 .8 )
T = J [M*] {X^> (3 .9 )
By an a logy  w ith  th e  u su a l e x p r e s s io n  o f  U and T;
[K*] and [M*] are  th e  reduced  s t i f f n e s s  and mass m a tr ic e s  g iv e n  by:
[K*] = [ K J  -  (3 .1 0 )
and
[M*] = [ M j  -  [K ^ ] t e  J  -  [M ^] i K , , ] - !  [kJ
+ K J  ■ ( 2 . 11)
In  p r a c t ic e  th e  v a r ia b le s  are  e lim in a te d  one a t  a tim e u s in g  a 
f r o n t a l  approach w ith  m o d if ic a t io n s  to  a llo w  fo r  mass m a tr ic e s .
3 .2 .3  The A utom atic C hoice o f  M asters
In  th e  p r e s e n t  i n v e s t ig a t io n  th e  tw e lv e  d eg rees  o f  freedom  d e f in e d  
a t  each  node are d iv id e d  in t o  two su b -g r o u p s , nam ely m a ster  and s la v e  
d eg rees  o f  freedom .
When e q u a tio n  ( 3 .6 )  i s  u sed  i t  i s  assumed th a t  th e  mass term s
co rresp o n d in g  to  s la v e  d isp la c e m e n ts  have n e g l ig i b l e  e f f e c t s  on th e  mode
sh a p e . T h is im p lie s  th a t  th e  term s i n  M^^  are  sm a ll or  a l t e r n a t iv e ly
th a t  th e  term s are l a r g e .  The c r i t e r i o n  fo r  the c h o ic e  o f  a m a ster
can th e r e fo r e  be based  upon th e  r a t i o  o f  th e  K to  M term s. A lso  i ns s  s s
c h o o s in g  th e  m aster , th e  d e g rees  o f  freedom  are  a l lo c a t e d  to  s e c t i o n s  
s u f f i c i e n t  to  d e s c r ib e  th e  mode sh ap es i n  v ib r a t io n  prob lem . The s e l e c t i o n  
sh o u ld  be such  th a t  th e  m is s in g  freq u en cy  v a lu e s  w ould be among th e  h ig h e r  
o n e s , s in c e  th e  low er fr e q u e n c ie s  are  much more c r i t i c a l  f o r  p r a c t i c a l  
p ro b lem s.
As th e  id e a l  s e l e c t i o n  w ould change from one c a se  to  a n o th er  and s in c e  
i t  i s  n o t p o s s ib le  to  s o lv e  th e  prob lem  o f  com plex s tr u c tu r e s  w ith  and 
w ith o u t  econom izer to  compare th e  r e s u l t s ,  th e  computer program  i s  
d ev e lo p ed  by th e  au thor u s in g  econ om izer  tec h n iq u es  to  e n a b le  th e  u se r  
to  choose any m aster  from th e  12 d e g r e es  o f  freedom  d e f in e d  fo r  each  node 
w h ile  d e v lo p in g  th e  e le m en t.
3 .3  Wave P ro p a g a tio n  T echnique
3 .3 .1  I n tr o d u c tio n
Many s tr u c tu r e s  en cou n tered  i n  p r a c t ic e  c o n s is t  o f  a s e r i e s  o f  
i d e n t i c a l  s u b -s tr u c tu r e s  l in k e d  to g e th e r  i n  id e n t i c a l  ways to  form  th e  
com p lete  s tr u c t u r e .  The dynamic b eh a v io u r  o f  such s tr u c tu r e s  may be  
d e sc r ib e d  by a c h a r a c t e r i s t i c  " p ro p a g a tio n  c o n sta n t" . For a p e r io d ic  
s tr u c tu r e  i t  i s  e a s ie r  to  a n a ly s e  i t s  b eh a v io u r  u s in g  a wave p r o p a g a tio n  
approach r a th e r  than  th e  u su a l m odel te c h n iq u e s .
There a r e  many e n g in e e r in g  s t r u c t u r e s  f u l f i l l i n g  th e  req u irem en ts  
f o r  a p e r io d ic  s t r u c t u r e .  The number o f  a p p l ic a t io n s  i s  l a r g e .  A common 
f e a t u r e  o f  s e v e r a l  o f  th e  a p p l ic a t io n s  i s  th a t  th e  p e r io d ic  s t r u c tu r e  
form s an e s s e n t i a l  p a r t  o f  an en ergy  c o n v e r t in g  sy ste m . As su ch  th ey  a re  
m ost o f t e n  h ig h ly  load ed  by s t a t i c  f o r c e s ,  and fo r  some c a se s  th e  dynam ic  
fo r c e s  are  la r g e .  I r r e g u l a r i t i e s  i n  th e  s t a t i c  lo a d  le a d  to  a prob lem  o f  
dynamic lo a d in g . Thus, th e re  are  s e v e r a l  r ea so n s  to  c o n s id e r  th e  
dynam ics o f  th e  s t r u c t u r e s ,  and i t  i s  n e c e ssa r y  to  have a good knovfedge 
o f  th e  n a tu r a l f r e q u e n c ie s .
The stu d y  o f  v ib r a t io n s  i n  p e r io d ic  s tr u c tu r e s  has a f a i r l y  lo n g  
t r a d i t io n .  As i s  o f te n  th e  c a se  th e  t h e o r e t i c a l  and e x p e r im en ta l  
i n v e s t ig a t io n s  w ere i n i t i a t e d  by v ib r a t io n  problem s o f  r e a l  s t r u c t u r e s .
The dynamic b eh av iou r o f  p e r io d ic  sy stem s u s in g  th e  f i n i t e  e lem en t  
method are  s tu d ie d  by many in v e s t ig a t o r s  by c o n s id e r in g  th e  d isp la c e m e n t  
mode a s  a wave p ro p a g a tio n  i n  th e  sy ste m . O rr is  and P e t y t  [121] d is c u s s e d  
th e  wave p ro p a g a tio n  tech n iq u e  i n  l i n e a r ly  or  lo n g it u d in a l ly  p e r io d ic  
s tr u c t u r e s  such  as lon g  ch a in s o f  i d e n t i c a l  s u b s tr u c tu r e s . L a te r  Thomas 
[ 122 , 123] a p p lie d  th e  same tec h n iq u e  to  a n a ly s e  th e  r o t a t i o n a l l y  p e r io d ic  
s t r u c t u r e s ,  w hich  i s  a l s o  known as c y c l i c  symmetry. Mead and Sen pup ta  
[ l2 4 ]  have a p p lie d  wave p r o p a g a tio n  te c h n iq u e s  to  th e  stu d y  o f  th e  
f r e e  and fo r c e d  v ib r a t io n  o f  p e r io d ic  s k in - r ib  s t r u c t u r e s .  M e a d  [1 2 5 ,1 2 6 ]
has s tu d ie d  wave p ro p a g a tio n  and n a tu r a l modes i n  mono- and m u lt i ­
cou p led  sy stem s w ith  and w ith o u t  dam ping. In  th e  p ap ers r e fe r r e d  to  
e x a c t  harm onic s o lu t io n s  have b een  found f o r  th e  e q u a tio n s  o f  m otion  o f  
th e  p e r io d  sy s te m . The p u b lic a t io n s  by Mead [127] and Abrahams on [ 128] 
a re  n otew orth y  b eca u se  th ey  u n d e r lin e  th e  u se  o f  approxim ate n u m erica l 
te c h n iq u e s  to  th e  wave p r o p a g a tio n  in  p e r io d ic  s t r u c t u r e s .  N e lso n  [129] 
has a p p lie d  th e  r o t a t io n a l  p e r io d ic  s tr u c tu r e  to  in v e s t i g a t e  th e  
v ib r a t io n  c h a r a c t e r i s t i c s  o f  c o o lin g  tow ers w ith  le g - s u p p o r t s . A n o v e l  
a lg o r ith m  used  to  compute th e  s t i f f n e s s  and mass m a tr ic e s  o f  doub ly  
curved s h e l l  f i n i t e  e lem en ts  has been  d e r iv e d  to  s o lv e  th e  prob lem .
In  th e  d e s ig n  o f  tu rb om ach in es, th e  p r e d ic t io n  o f  th e  dynam ic 
b eh av iou r  o f  b la d ed  d is c s  i s  one o f  many a p p l ic a t io n s  u s in g  th e  wave 
p ro p a g a tio n  te c h n iq u e . M ota-Soares and P e ty t  [130] a p p lie d  th e  su p e r ­
p a ra m etr ic  t h ic k  s h e l l  f i n i t e  e lem en t to  in v e s t ig a t e  th e  dynam ic c h a r a c t e r i s t i c s  
o f  b lad ed  d i s c  h av in g  87 b la d e s  and one shroud . The e ig e n v a lu e  econ om izer  
has b een  u sed  to  reduce th e  la r g e  s i z e  o f  th e  mass and s t i f f n e s s  m a tr ic e .
The d is c s  w ere c o n s id er e d  to  be un iform  and v a r ia b le  th ic k n e s s  p r o f i l e  and 
m o d elled  by u s in g  both  an n u lar  and s e c t o r  e le m e n ts . L a ter  th e  s e c t o r  
e lem en t u sed  was the one d ev e lo p ed  by M ota-S oares, P e ty t  and Salama [ 1 3 1 ] .
The a n a ly s is  o f  th e  e lem en t b a sed  upon M in d lin 's  th ic k  p l a t e  th e o ry  w ith  
la r g e  d eg rees  o f  freedom . In  o rd er  to  overcom e the d i f f i c u l t y  o f  h a v in g  
to  s o lv e  la r g e  e ig e n v a lu e  p rob lem s, th e  wave p r o p a g a tio n  tec h n iq u e  
d ev e lo p ed  by Salam a, P e ty t  and M ota-Soares [132] fo r  r o t a t i o n a l l y  p e r io d ic  
s t r u c t u r e s ,  was u sed . In  t h e ir  p a p er , th ey  [132] c o n s id e r e d  th a t  th e  
s i z e  o f  th e  e ig e n v a lu e  problem  can be reduced  by a p p ly in g  th e  wave 
p r o p a g a tio n  tech n iq u e  cf p e r io d ic  s t r u c t u r e s .  Even w ith  t h is  r e d u c t io n ,  th e  
t o t a l  number o f  d eg rees  o f  freedom  o f  s e c t o r  m odels o f  d i s c s  a r e  a t  l e a s t  
tw ic e  th e  number o f  d eg rees  o f  freedom  o f  corresp on d in g  an n u lar  m o d e ls .
However, th e  s e c t o r  m odels o f f e r  c e r t a in  advantages when a n a ly z in g  
b lad ed  d i s c s  or shrouded b la d ed  d i s c s .  P e ty t  and Abde1 -Rahman [133 ] have  
a ls o  u sed  th e  wave p r o p a g a tio n  tech n iq u e  o f  p e r io d ic  s t r u c t u r e s  to  s tu d y  
th e  c o u p lin g  betw een  the d is c  and b la d e  and betw een b la d e  and shroud  f o r  
a t i g h t  c a s e .  Thomas and Sabunca [ 88] d eve lop ed  th e  m ethod to  a n a ly s e  
th e  dynamic c h a r a c t e r i s t i c s  o f  a com p lete  b la d e d -d is c  sy s te m . W ildheim  
[1 3 4 ,1 3 5 ] has in tr o d u ce d  an e x c e l l e n t  r e v ie w  reg a rd in g  th e  dynam ic 
beh av iou r  o f  r o t a t io n a l ly  p e r io d ic  s t r u c t u r e s .
More r e c e n t ly  a f i n i t e  e lem en t s t r u c t u r a l  a n a ly s is  i s  u sed  by  
E lc h u r i e t  a l  [136] to  a n a ly se  th e  fo r c e d  v ib r a t io n  o f  a c y c l i c  
s tr u c tu r e  r o t a t in g  about i t s  a x is  o f  symmetry in c lu d in g  th e  e f f e c t  o f  
C o r io l i s  f o r c e .  Henry and F e r r a r is  [137] used  th e  wave p r o p a g a tio n  
tec h n iq u e  f o r  a r o t a t io n a l ly  p e r io d ic  s tr u c tu r e  to  in v e s t i g a t e  th e  dynamic 
b eh av iou r  o f  an im p e lle r  o f  a gas tu r b in e  e n g in e , u s in g  a s in g le  s e c t o r  
e lem en t to  r e p r e s e n t  the w hole s tr u c t u r e .
The v ib r a t io n s  o f  a co n tin u o u s beam r e s t in g  on an i d e n t i c a l  number o f  
u n ifo rm ly  su p p orts  in  a l in e a r ly  p e r io d ic i t y  are  d eterm in ed  by M ile s  [1 3 8 ] .  
Wave p r o p a g a tio n  a lo n g  an i n f i n i t e ,  p e r io d ic a l ly  su p p orted  beam i s  
d is c u s s e d  by u s in g  th e  w ell-know n d i f f e r e n c e  eq u a tio n  te c h n iq u e . L in  and 
M cDaniel [139] used  th e  t r a n s f e r  m a tr ix  method to  a n a ly s e  t h i s  ty p e  o f  
l i n e a r ly  p e r io d ic  s t r u c t u r e s .  Sen-G upta [1 4 0 ,1 4 1 ] has a l s o  p r e s e n te d  
m ethods o f  f in d in g  th e  n a tu r a l fr e q u e n c ie s  o f  f i n i t e ,  su p p o rted  beam  
s tr u c t u r e s  from th e  c h a r a c t e r i s t ic  p ro p a g a tio n  c o n s ta n t . The n a tu r e  o f  the  
p r o p a g a tin g  waves and t h e ir  p o s s ib le  in t e r a c t io n  w ith  a c o u s t i c  w aves  
has a l s o  been  d is c u ss e d  by Mead [ l4 2 ] .  Eshleman [ l4 3 l  s tu d ie d  th e  f r e e  
t o r s io n a l  v ib r a t io n  o f  a heavy s te p p e d -s h a f t  w ith  d i s c r e t e  i n e r t i a s .
L a te r  P a tn a ik  [ l4 4 ]  a p p lie d  th e  l in e a r ly  p e r io d ic i t y  o f  wave p r o p a g a tio n  
tec h n iq u e  to  in v e s t ig a t e  th e  f l e x u r a l  and t o r s io n a l  n a tu r a l  f r e q u e n c ie s  
o f  a m u lt i - s p a n -s h a f t  w ith  a p e r io d ic a l ly  un iform  su p p o rt. More r e c e n t ly  
M a llik  e t  a l  [145] have em ployed th e  method f o r  in v e s t i g a t i n g  th e  
p e r io d ic a l ly  supp orted  p ip e  w ith o u t  and w ith  th e  dynamic a b so r b e r s  e f f e c t .  
N um erical r e s u l t s  are  p r e se n te d  f o r  s in g le  and d o u b le -sp a n  p ip e s .
3 .3 .2  F orm ulation  o f  th e  F in i t e  E lem ent E x p ress io n  f o r  th e  P r o p a g a tio n  
C onstant
In  a n a ly s in g  th e  dynamic c h a r a c t e r i s t i c s  o f  a s u b - s tr u c tu r e  h a v in g  
an i d e n t i c a l  e le m en t, th e  sy stem  w i l l  be in  th e  se n se  th a t  each  p e r io d ic  
e lem en t i s  con n ected  to  th e  a d ja c e n t  one a re  r e la t e d  by a c o n s ta n t  
p ro p a g a tio n  r e la t io n s h ip .  A g e n e r a l t h e o r e t i c a l  a n a ly s is  o f  harm onic  
wave p ro p a g a tio n  has bean p r e se n te d  i n  r e fe r e n c e  [ l 2 l ]  and [ l 22 ] .
When th e  p e r io d ic  s u b -s tr u c tu r e  v ib r a te s  h a r m o n ic a lly  t h i s  le a d s  to  
th e  fo l lo w in g  eq u a tio n  o f  m otion:
( [K] -  [M] ) {q} = {P} ( 3 .1 2 )
where [K] and [M] are  th e  s t i f f n e s s  and mass m a tr ic e s  o f  th e  s u b - s tr u c tu r e  
r e s p e c t iv e ly .
The column m a tr ix  o f  n od a l d egrees  o f  freedom  o f  a s u b -s tr u c tu r e  
{q} can be c l a s s i f i e d  in to  th r e e  grou p s, nam ely th o se  on th e  l e f t  boundary  
{q ^ }, in t e r n a l  freedom s (q^) and th o se  on th e  r ig h t  hand boundary {q ^ }.
S im ila r ly  th e  g e n e r a liz e d  fo r c e s  corresp o n d in g  to  each  n od al
d isp la cem en t a re  c l a s s i f i e d  in t o  {F } ,  {F^.} and {F_}L i  K
For f r e e  v ib r a t io n  F^ i s  z e r o . Thus i f  th e  node num bering seq u en ce
o f  th e  s u b -s tr u c tu r e  i s  i d e n t i c a l ,  th en  th e  r e la t io n s h ip  betw een  th e  n o d a l
c o -o r d in a te s  {q^} o f  th e  l e f t  boundary and th e  n od al c o -o r d in a te  {q }
L  R
o f th e  r ig h t  boundary are  e x p r e sse d  a s:
{Qr } = e" {q^} ( 3 .1 3 )
and th e  co rresp o n d in g  g e n e r a lis e d  f o r c e s  th en  become
{Fr } = -e^  {F^} ( 3 .1 4 )
S u b s t i tu t in g  eq u a tio n  (3 .1 2 )  in to  e q u a tio n s  (3 .1 3 )  (3 .1 4 )  y i e l d s :
[K (y ) -  w M (y ) ]| =  0 ( 3 .1 5 )
where y i s  th e  com plex wave p r o p a g a tio n  c o n s ta n t .
[K (V )] =
%LL + %RR + %RL I
I K.I I
[M ( y ) ]  =
“ lL + ÜRR + e" %LR + «RL «RI
P m I M
^IL + %IR I I
( 3 .1 6 )
( 3 .1 7 )
The m a tr ic e s  [K (y )]  and [M (y ) ]  are r e a l  fu n c t io n s  o f  th e  com plex  
v a r ia b le  y , and e ig e n v a lu e  œ may be found corresp on d in g  to  a g iv e n  v a lu e  
o f  y . S in ce  th e  p r o p a g a tio n  c o n s ta n t  y i s  a com plex, i t  can be w r i t t e n  
as:
y = y f  + j y^ (3 ,1 8 )
I f  y i s  p u r e ly  im aginary th en  [K (y ) ] and [M ( y ) ]  become H erm itian  
m a tr ic e s , th e r e fo r e :
[K ( u ) ]  = [k’  ^ + j k’-]
[K ( y ) ]  = [ t f  + j N^] ( 3 .1 9 )
r r  in= [q + J q J
S u b s t i tu t in g  e q u a tio n  (3 .1 9 )  in t o  e q u a tio n  (3 .1 5 )  and s e p a r a t in g  r e a l  
and im aginary p a r ts  g iv e s :
-K^
-Ü)
i f
=  0 ( 3 .2 0 )
where;
[ KT] =
+ Krr + cos  y (Krr + V  1
Ktt cos y 1IL IR 1 I I
s in j -Kr i  s in  y
1
K ir s in  y 1 0
( 3 .2 1 )
(3 .2 2 )
and [M^  ] are  g iv e n  s im i la r ly ,  i f  [K (y) ] and [M (y )  ] a r e  H erm itian
i i  T
m a tr ic e s  i n  e q u a tio n s  (3 .1 6 )  and (3 .1 7 )  then  [K ] = -  [ k ] and
[M^] = .
Thus E quation  (3 .2 2 )  becomes a r e a l  sym m etric e ig e n v a lu e  problem . 
The s o lu t io n  o f  a r e a l  sym m etric e ig e n v a lu e  problem  i s  e a s ie r  and more 
e f f i c i e n t  than th e  complex e ig e n v a lu e  problem  a lthou gh  the s i z e  o f  the  
m atrix  i s  d ou b le .
3 .3 .3  R o ta t io n a lly  P e r io d ic  S tru c tu res
In the c a se  o f  c y c l i c  symmetry o f  a s u b -s tr u c tu r e , the e lem en ts  
in tro d u ced  have no in te r n a l  n o d es, and thus h a l f  o f  the nodes l i e  on 
th e  l e f t  boundary and the o th er  h a l f  l i e  on the r ig h t  boundary o f th e  
elem en t geom etry. T his p rop erty  s t i l l  rem ains a fter  th e  assem bly o f  
th e  s e c t o r ia l  s u b -s tr u c tu r e s . T h erefore  a f t e r  n e g le c t in g  th e  in te r n a l  
n od es, th e  mass m atr ix  [M] and s t i f f n e s s  m atr ix  [K] can be reduced and 
w r it t e n  as a fu n c tio n  o f  such th a t:
K (y ) =
K
L K
-K
K
where
= R
K =
^RL^
(3 .2 3 )
and
M (y) =
M
- i f  1
M
where
=
M =
Ny
( 3 .2 4 )
For a sta n d in g  wave the r e la t io n s h ip  e = 1  must be s a t i s f i e d .  Thus 
the s t i f f n e s s  m atr ix  [K] and mass m atr ix  [M] can be w r it te n  in  term s o f  
r e a l  v a lu e s  o f K^, K^, and î f  w ith  no d ou b lin g  in  th e  order o f  the  
m a tr ic e s . However the tim e taken to  s o lv e  th e  r e s u l t in g  e ig e n v a lu e  
problem  i s  l e s s  than th ose  taken to  s o lv e  a complex e ig e n v a lu e  problem  
o f  the o r ig in a l  ord er .
The r e s u l t in g  e ig e n v a lu e  problem  would be o f  the form: 
r  K ( y )  -  w^M ( y ) j
^r
9%
=  0 (3 .2 5 )
In th e  p r e sen t a n a ly s is ,  both  s h a f t  and d is c  are c o n s id er e d  to  
be made up to  N s e c to r  s u b -s tr u c tu r e  each w ith  a s e c to r  a n g le  o f  
6 = 2tt/N, as shown in  F ig . 12, where N i s  the number o f  the i d e n t i c a l  
s u b -s tr u c tu r e s  in  the c ir c u m fe r e n t ia l  or ta n g e n t ia l  d ir e c t io n  v  form ing  
a c lo s e d  r in g  s tr u c tu r e . The s tr u c tu r e  i s  co n sid ered  to  have a r o t a t io n a l  
s ta n d in g  wave d e s c r ib in g  the dynamic m otion . Hence the im aginary  
p r o p a g a tio n  c o n sta n t  w i l l  be g iv en  as:
f  = n. ( 2 Ti/N) , p*"*- o (3 .2 6 )
where n i s  an in te g e r  number l e s s  than N.
There are N independent v a lu e s  o f  the im aginary p a r t o f  y betw een  
-7T and -Hi .
Thus fo r  even  N th e se  are:
2-rr (N /2 -  1 ) /N  , -------- -4  tt/N , - 2 tt/N , 0 ,  2 tt/N , 4tt/N . . .
. . .  2 tt (N /2 -1 ) ,  tt (3 .2 7 )
and fo r  odd N they are:
- 2 i t  (N -1 )/2N , . . .  2 i t / N ,  0 ,  2 t t / N ,  4 t t / N ,  . . .  2 t t ( N - 1 ) / 2 N  (3 .2 8 )
3 .3 ,4  L in e a r ly  P e r io d ic  S tru c tu res
In the ca se  o f l in e a r ly  p e r io d ic  s t r u c tu r e s ,  the system  c o n s is t s  o f  
a number o f  id e n t ic a l  span jo in e d  to g e th e r  in  such a manner o f  en d -to -e n d  
to  form th e  com plete N^-span s h a f t  supported  on i d e n t i c a l  b ea r in g , A 
m u lt ip le  span s h a f t  ca rry in g  s e v e r a l  d is c s  can be con sid ered  to  be made 
up o f  s u b -s tr u c tu r e s  each c o n s is t in g  o f  a d is c  and a s h a f t  supported a t  
i t s  ends in  an id e n t ic a l  way, as shown in  F ig . 14.
The in te r n a l  nodes then e x i s t  in  the system  and must be taken in to  
a cco u n t. Thus eq u a tio n s ( 3 .2 0 ) ,  (3 .2 1 )  and (3 .2 2 )  must be con sid ered  
and s u b s t i t u t e d  in  the mass and s t i f f n e s s  m a tr ic e s . A double s i z e  o f
o r ig in a l  m a tr ices  w i l l  occur in  the a n a ly s is  o f  l in e a r ly  p e r io d ic
s t r u c t u r e s .
I t  may be noted  th a t one need to  c o n s id er  on ly  th e  primary v a lu e  o f  the
im aginary p a r t o f  the p rop agation  c o n s ta n t  y^. T his primary v a lu e  l i e s
in  the range 0 y^ < n . The q u a n tity  y^ i s  r e fe r r e d  to  as the phase  
c o n s ta n t . In the p rop agation  zones v a r ie s  c o n t in u o u s ly , whereas in  
th e  a t t e n .u a t io n  zones y  ^ rem ains c o n sta n t  e i t h e r  a t  0 or a t  it
The n a tu r a l fr e q u e n c ie s  o f  an f i n i t e ,  p e r io d ic  s tr u c tu r e  can 
be e a s i ly  o b ta in ed  from the v a lu es  o f  the p ro p a g a tio n  co n sta n t y fo r  an 
o th e rw ise  id e n t i c a l  i n f i n i t e  s t r u c tu r e . Out o f  ev ery  n a tu ra l fr e q u e n c ie s  
in  a c lu s t e r ,  (N  ^ -  1) l i e  in  the p rop agation  zones and are o b ta in ed  
corresp on d in g  to  th e  v a lu e s  o f  y g iv e n  a s :
= 0 (3 .2 9 )
(3 .3 0 )
= m. (ir/Ng)
where y^ in d ic a t e s  the r e a l  p a r ts  o f y , i s  the number o f  id e n t i c a l
span a lon g  the s h a f t  len g th  and m i s  an in t e g e r ,  (m = 0 , 1 , » ^s)'
I t  can, th e r e fo r e , be concluded  th a t  fo r  th e  N^-span s h a f t ,  sim ply  
supported  a t  both  en d s, can have on ly  c e r ta in  d is c r e t e  v a lu e s  
g iv e n  by eq u ation  (3 .3 0 )  and th e  n a tu r a l fr e q u en c ie s  o f  th e  N^-span
s h a f t  w i l l  be the fr e q u en c ie s  a t  which y^ s a t i s f i e s  th e  above
eq u a tio n . B efore  p roceed in g  any fu r th e r , eq u ation  (3 .3 0 )  i s  s a t i s f i e d
by any in te g r a l  v a lu e  o f  m and, th e r e fo r e , th ere  seems to  be no 
rea so n  why th e  t o t a l  number o f  n a tu r a l fr e q u e n c ie s  in  each p rop agation  
zone should  be equal to  th e  number o f  sp an s. However, in  each  
p rop agation  zon e, has a maximum and minimum v a lu e  o f  (it) and (0 ) ,  
r e s p e c t iv e ly .  By r e w r it in g  th e  secon d  p a rt o f  eq u ation  (3 .3 0 )
m = y  ^ (N /tt) (3 .3 1 )
the maximum in te g e r  v a lu e s  o f  (m) w i l l  be governed by the maximum 
v a lu e s  o f  y  ^ which i s  ir . T h erefore:
= b ' '  Lax •(»/’')= «  ( 3 . 3 2 )
M oreover, (m = 0) corresponds to  (y^ = 0) which i s  a s s o c ia te d  w ith  
clam ped-clam ped frequ en cy o f  th e  in d iv id u a l  spans in  th e  " f i r s t  
p ro p a g a tio n  zon es" . S in ce  th e  extrem e ends o f  th e  s h a f t s  c o n s id er e d  
in  the p r e se n t  in v e s t ig a t io n  are sim ply  su p p orted , t h is  cannot be a 
p o s s ib le  n a tu r a l freq u en cy  o f  th e  m u lt i-sp a n  s h a f t .  Thus, in  the  
" f i r s t  p rop agation  zone", m sh o u ld  have v a lu e s  from (1 to  N^) g iv in g  
Ng d i s c r e t e  v a lu e s  o f  y^ and co rresp o n d in g ly  d is c r e t e  n a tu r a l
fr e q u e n c ie s  in  th e  f i r s t  group. H ence, m = corresponds to  y^ = 
which p r e d ic t s  th a t the frequ en cy  o f  v ib r a t io n  o f  a sim ply  su pp orted  
s h a f t  sh ou ld  be a v a l id  s o lu t io n  fo r  th e  N^-span s h a f t .
In  the "second p ro p agation  zone" , a s l i g h t l y  d i f f e r e n t  s i t u a t io n   ^
e x i s t s .  The c o n d it io n  m = 0 now g iv e s  a v a l id  s o lu t io n ,  s in c e  y^ = 0 
now correspond s to  the s im p ly -su p p o rted  mode o f  the in d iv id u a l  sp a n s , 
m = Ng g iv e s  y ^  = t t  which i s  now a s s o c ia te d  w ith  th e  clam ped-clam ped  
mode o f  in d iv id u a l  sp an s. Thus, in  the second  zon e, m v a r ie s  from  
(0  to  Ng -  1) ,  a g a in  p r e d ic t in g  th a t  th e  t o t a l  number o f  d i s c r e t e  
v a lu e s  o f  y  ^ and corresp on d in g  n a tu r a l fr e q u e n c ie s  in  t h is  zone must 
be equal to  th e  t o t a l  number o f  sp a n s . S im ila r ly ,  i t  can be shown 
th a t in  each  odd-numbered p ro p a g a tio n  zone (m) v a r ie s  from (1 to  N ^), 
and in  each even-numbered p ro p a g a tio n  zone (seco n d , fo u r th , e t c . )
(m) v a r ie s  from (0 to  -  1) i n  u n it  s t e p s .
In  th e  p r e se n t  a n a ly s is  both  r o t a t io n a l ly  and l in e a r ly  p e r io d ic  
s tr u c tu r e  tech n iq u es  are used to  in v e s t ig a t e  the dynamic behaviour  
o f  m u lt i-sp a n  s h a f t s  ( s e c t io n  4 .6 ) ,  and m u lt i span s h a f t -m u lt i  d is c  
system s ( s e c t io n  5 .4 ) .
The dynamic m otion o f  m u l t i - s p a n  s h a f t  -  m u l t i  d i s c  s t r u c t u r e  can 
be d e s c r ib e d  by a r o t a t i o n a l  s ta n d in g  wave in  the  t a n g e n t i a l  d i r e c t i o n  
V and by a lo n g i tu d in a l  s ta n d in g  wave a long  th e  le n g th  o f  th e  s h a f t  
i n  th e  a x i a l  d i r e c t i o n  z to  form th e  whole system .
CHAPTER FOUR 
ACCURACY OF THE ELEMENT
The m ain o b j e c t iv e  o f  th e  work r e p o r te d  i n  t h i s  ch a p te r  i s  to  
i l l u s t r a t e  th e  accu racy  w hich  can be e x p e c te d  from  th e  t h ic k ,  t h r e e -  
d im en sio n a l e lem en t shown in  F ig ,  1 . A number o f  v ib r a t io n a l  a p p l ic a t io n s  
f o r  v a r io u s  c ir c u la r  c y l in d r ic a l  s tr u c tu r e s  a re  p r e s e n te d . The dynam ic 
b eh a v io u ro f un iform  and v a r ia b le  th ic k n e s s  d i s c s ,  s e c t o r  p l a t e s ,  
c y l in d r ic a l  s h e l l s ,  s h a f t s  and c y l in d e r s  are  in v e s t ig a t e d  s e p a r a t e ly .
The r e s u l t s  are  compared w ith  th o se  o f  e x i s t in g  r e s u l t s  g iv e n  by p r e v io u s  
s tu d ie s  and w ith  e x p e r im en ta l r e s u l t s .  A computer program  i s  d e v e lo p ed  
and a p p lie d  to  exam ine th e  v a l i d i t y  o f  th e  v ib r a t io n  c h a r a c t e r i s t i c s  o f  
such  s t r u c t u r e s ,  in c lu d in g  th e  in f lu e n c e  o f  r a d i i  r a t io  b /a ,  th ic k n e s s  
param eter h /a ,  th ic k n e s s  v a r ia t io n  3, ip and Ah, r a t i o  o f  mean r a d iu s  to  
th e  th ic k n e s s  o f  th e  c y lin d e r  R ^/1 , le n g th  o f  s h a f t  and o th e r  p a r a m ete r s .  
The perform ance o f  th e  e lem en t i s  a s s e s s e d  a g a in s t  problem s w h ich  have  
an a n a ly t i c a l  s o lu t io n  and problem s f o r  w h ich  o n ly  e x p e r im e n ta l r e s u l t s  
e x i s t .  The f i n i t e  e lem en t s o lu t io n  fo r  th e  v ib r a t io n  c h a r a c t e r i s t i c s  
o f  th e  e lem en t a p p l ic a t io n s  has been  d e r iv e d  i n  g e n e r a l d e t a i l  in c lu d in g  
th e  e f f e c t  o f  sh ear  d eform ation  and r o ta r y  i n e r t i a ,  w h ile  th e  m ethod i s  
p a r t ic u la r ly  s u i t a b le  fo r  f r e e  v ib r a t io n  o f  th in  and t h ic k  c y l i n d r i c a l  
s tr u c tu r e s  w ith  v a r io u s  boundary c o n d it io n s .
In  th e  p r e s e n t  in v e s t i g a t i o n ,  the r o t a t i o n a l l y  p e r io d ic i t y  o f  th e  
s tr u c tu r e s  and wave p ro p a g a tio n  tech n iq u e  are  u sed . The s u b - s tr u c t u r e s  
made up o f  an i d e n t i c a l  c y l in d r ic a l  segm ent such  as d i s c s ,  c y l in d e r s  and 
s h a f t  a re  sy m m e tr ic a lly  arranged w ith  a s e c t o r i a l  a n g le  6 = 2ir/N, w here N 
i s  th e  number o f  s u b -s tr u c tu r e s  in  th e  t a n g e n t ia l  d ir e c t io n  form in g  a 
c lo s e d - r in g .  Each s u b -s tr u c tu r e  c o n ta in s  s e v e r a l  su b -e le m en t d iv id e d  in  
th e  r a d ia l  d ir e c t io n  r .  The c y c l i c  symmetry tech n iq u e  i s  th en  a p p lie d  
to  o b ta in  th e  v ib r a t io n  o f  a com p lete  s t r u c t u r e .
The l in e a r ly  p e r io d ic  s tr u c tu r e  o f  wave p r o p a g a tio n  te c h n iq u e  i s  
a ls o  em ployed a lo n g  the s h a f t  le n g th  in  th e  a x i a l  d i r e c t io n .  The 
a p p l ic a t io n  o f  t h i s  tech n iq u e  w i l l  be g iv e n  l a t e r  in  S e c t io n  4 .6  to  
show th e  a ccu racy  o f  th e  e lem en t used  in  th e  a n a ly s is  o f  m u lt i - s p a n  s h a f t  
v ib r a t io n .
The e ig e n v a lu e  econom izer tech n iq u e  i s  a l s o  used  u n le s s  o th e r w ise  
s t a t e d .
R e s u lts  a r e  p r e se n te d  f o r  th e  n a tu r a l fr e q u e n c ie s  o f  f r e e  v ib r a t io n  
a s  a n g u la r  fr e q u e n c ie s  w in  r a d ia n  per secon d  or f r e q u e n c ie s  f  i n  H e r tz ,  
or i t  co u ld  be n o n -d im en sio n a l freq u en cy  param eters X.
C orresponding mode shapes a re  p r o v id ed  in c lu d in g  h ig h e r  m odes. 
R e s u lts  a re  o b ta in e d  i n  b oth  g r a p h ic a l and ta b u la r  form . T a b les  are  
u s e f u l  fo r  in d ic a t in g  th e  a ccu ra cy  o f  th e  r e s u l t s ,  w hereas graphs g iv e  
some in d ic a t io n  o f  g e n e r a l tren d s  and mode sh a p e s .
Furtherm ore, a t h in , tw o -d im en sio n a l annu lar e lem en t i s  a l s o  
: ■ 3 r o a p p lie d  to  i n v e s t ig a t e  th e  v ib r a t io n  c h a r a c t e r i s t i c s  o f  a 
t h in  d is c  and s e c t o r  p l a t e .  The c o n f ig u r a t io n  o f  th e  e lem en t i s  shown 
in  F ig .  2 and th e  m ath em atica l d e r iv a t io n  o f  s t i f f n e s s  and m ass m a tr ic e s  
i s  g iv e n  i n  Appendix A.
The c a lc u la t e d  r e s u l t s  a re  o b ta in e d  fo r  a hom ogeneous, i s o t r o p i c
and l in e a r ly  e l a s t i c  s t e e l  m a te r ia l  w ith  th e  p r o p e r t ie s  mass d e n s i ty  
. 3 .p = 0 .2 8 5  I b r / in  » P o is s o n 's  r a t i o  v = 0 .3  and modulus o f  e l a s t i c i t y  
6 2E = 30 X 10 I b ^ / in  , u n le s s  o th e r w ise  s t a t e d .
4 .1  R ig id  Body Modes
The c o n f ig u r a t io n  o f  th e  e lem en t i s  shown in  F ig .  1 . The e lem en t  
h as e ig h t  n o d es , each  w ith  tw e lv e  d eg rees  o f  freedom . Making u se  o f  
one e le m en t, fr e q u e n c ie s  o f  a p o r t io n  o f  a c y l in d r ic a l  segm ent w ith  
f r e e  end c o n d it io n s  are  i n v e s t ig a t e d .  In  T ab le 1 th e  f i r s t  s i x  
e ig e n v a lu e s  are  shown to  be zero  w ith  th e  co rresp o n d in g  modes in d ic a t in g  
r ig i d  body m otion . T r e a tin g  th e  same problem  w ith  su b d iv id e d  m eshes  
produced in  e v ery  c a se  s i x  n u m e r ic a lly  ze ro  e ig e n v a lu e s .  T ab le  1 
shows th e  f i r s t  s ix t e e n  e ig e n v a lu e s  o f  a c y l i n d r i c a l  e lem en t o b ta in e d  by  
u s in g  th e  a lg e b r a ic  and G aussian  m ethods o f  e v a lu a te  th e  t r i p l e  in t e g r a t io n  
o f  th e  e lem en t m a tr ic e s . The agreem ent betw een  th e  two s e t s  o f  r e s u l t s  
i s  ex tr e m ely  good. The d i f f e r e n c e  betw een  them are  v e r y  sm a ll and co u ld  
be n e g le c t e d .  - - . Econom izer
tech n iq u e  a re  used  to  o b ta in  th e  r e s u l t s  shown in  T able 1.
4 .2  .V ib r a t io n  C h a r a c t e r is t ic s  o f  Uniform  T h ick n ess  D is c s
The n a tu r a l fr e q u e n c ie s  o f  t r a n s v e r s e ,  r a d ia l  and t o r s io n a l  
v ib r a t io n  o f  a un iform  th ic k n e s s  d i s c  a re  in v e s t ig a t e d  f o r  s p e c i f i c  
v a lu e s  o f  th e  r a d i i  r a t i o  (b /a )  and, th ic k n e s s  to  th e  o u te r  r a d iu s  
r a t io s  ( h /a ) .  The c a lc u la t io n s  co v er  th e  modes o f  v ib r a t io n  w h ich  can  
be c h a r a c te r iz e d  a s  h a v in g  n od al c i r c l e s  s and n od al d iam eter  n
N on -d im en sion al freq u en cy  param eters
X =  Ù) (p  h/D )2 ( 4 .1 )
a re  o b ta in ed  and compared w ith  a v a i la b le  c l a s s i c a l ,  e x a c t  a n d ex p er im en ta l
r e s u l t s  where D i s  th e  f le x u r a l  r i g i d i t y  o f  th e  d is c  o f  a mass d e n s i t y  p 
and th ic k n e s s  h g iv e n  as
D = E .h ^ /(1 2  -  v^) ( 4 .2 )
The m a tr ix  e q u a tio n s  d ev e lo p ed  are  a p p lie d  to  stu d y  th e  v ib r a t io n  
c h a r a c t e r i s t ic s  o f  un iform  th ic k n e s s  d is c s  fo r  f i v e  d i f f e r e n t  c a s e s :
4 .2 .1  Free C ir c u la r  P la te  V ib r a t io n s
The f i r s t  a p p l ic a t io n  ch osen  i s  a c o u p le te  f r e e  c ir c u la r  p l a t e .  
The dynamic b eh av iou r  o f  such  a p l a t e  i s  g iv e n  in  T ab les 2 and 3 . The 
p l a t e  i s  m od elled  w ith  the t h ic k ,  th r e e -d im e n s io n a l e lem en t u s in g  f i v e  
annu lar su b -e lem en ts  divided in  th e  r a d ia l  d i r e c t io n .  O nly an n u lar
e le m en ts  are  u sed  h a v in g  v ery  sm a ll h o le  a t  th e  c e n tr e .  T ab le  2 
shows th e  com parison  o f  th e  n o n -d im en sio n a l freq u en cy  p aram eter X fo r  
a f r e e  c ir c u la r  p la t e  w ith  r a d iu s  r a t io  b /a  = 0 .0 0 0 1 . The p r e s e n c e  o f  
th e  c e n tr a l  h o le  i s  s e e n  to  have v e r y  l i t t l e  e f f e c t  on th e  fre q u en cy  
o f  v ib r a t io n .  In  f a c t ,  th e  r e s u l t s  o b ta in e d  fo r  b /a  = 0 .0 1  and 
b /a  = 0 .1  X 10 are  th e  same. T able 2 a l s o  shows th a t  th e  p r e s e n t  
r e s u l t s  are  low er than  th o se  g iv e n  by th e  c l a s s i c a l ,  t h in  p l a t e  th e o r y  
o b ta in ed  by L e is s a  [5] . T h is i s  due to  th e  e f f e c t  o f  sh ea r  d e fo rm a tio n  
and r o ta r y  i n e r t i a  w hich i s  n o t in c lu d e d  i n  th e  t h in  p l a t e  th e o r y .
T ab le 3 shows an o th er  com parison made betw een  th e  p r e s e n t  r e s u l t s  
and th e  e x a c t  r e s u l t s  o b ta in e d  by I r i e  e t  a l  [15] who a p p lie d  t h ic k  
p la t e  th e o ry  b ased  upon M in d lin ’ s th e o r y . Good agreem ent i s  shown 
b etw een  th e  two sets  o f  r e s u l t s .  From T ab le 3 one can a l s o  s e e  t h a t  th e  
freq u en cy  p aram eters X d ec r ea se  as h /a  in c r e a s e s  due to  th e  e f f e c t  o f  
r o ta r y  i n e r t i a  and sh ear  d eform ation  w hich  i s  a ccou n ted  f o r  i n  th e  
t h ic k  p la t e  th e o r y .
The in f lu e n c e  o f  r o ta r y  i n e r t i a  and sh ea r  d efo rm a tio n  on th e  d i s c s  
f r e q u e n c ie s  w i l l  be d is c u s s e d  l a t e r  i n  s e c t io n  4 .2 .3 .  on F ig .  1 9 .
4 .2 .2  F r e e -F r e e  Annular D is c s  V ib r a t io n s
A nother c a se  c o n s id er e d  i s  th e  v ib r a t io n  o f  a d i s c  h a v in g  f r e e  
boundary a t  b o th  in n e r  and o u te r  r a d iu s .
T able 4 shows a com parison betw een  th e  fr e q u e n c ie s  o f  such a d i s c  
o b ta in e d  by th ic k  p la t e  th eo ry  and th o s e  o b ta in e d  by th in  p l a t e  th e o r y .
Good agreem ent i s  shown w ith  th e  r e s u l t s  o b ta in e d  by Sabuncu [ 8] f o r  
th e  c a se  o f  t h in  p la t e  th e o r y . The a p p l ic a t io n  o f  t h ic k ,  th r e e -d im e n s io n a l  
e lem en t g iv e s  more a c c u r a te  r e s u l t s  w ith  l e s s  e lem en ts  u se d . The e le m en t  
i s  d iv id e d  in t o  f i v e  r a d ia l  su b -e le m en ts  to  g iv e  mass and s t i f f n e s s  
m a tr ic e s  o f  ord er  tw enty  fo u r  when an e ig e n v a lu e  econ om izer te c h n iq u e  
i s  u se d .
T ab le 5 shows a c a lc u la t e d  freq u en cy  o f  t r a n s v e r s e ,  r a d ia l  and 
t o r s io n a l  v ib r a t io n  o b ta in ed  w ith o u t u s in g  e ig e n v a lu e  econ om izer  
te c h n iq u e . I t  can be se e n  th a t  o n ly  a s m a lle r  number o f  e le m en ts  i s  
r e q u ir e d  when t h ic k ,  3 -d im e n sio n a l e lem en t i s  a p p lie d  to  o b ta in  a c c u r a te  
r e s u l t s .  The r a te  o f  con vergen ce o f  th e  fr e q u e n c ie s  o f  v ib r a t io n  o b ta in e d
from  th e  f i n i t e  e lem en t m odels i s  se en  to  be v e r y  r a p id  as shown in  
F ig .  16 . F ig . 17 shows th e  co rresp o n d in g  mode shape o f  th e  d isp la c e m e n ts  
u , V , w p lo t t e d  s e p a r a te ly  f o r  th e  c a s e  o f  ax isym m etr ic  mode o f  
v ib r a t io n  n = 0 . The tr a n s v e r s e  or  a x ia l  d isp la c e m en t u i n  th e  
a x i a l  d ir e c t io n  z i s  th e  l a r g e s t  compared w ith  th e  t a n g e n t ia l  d isp la c e m e n t  
V and r a d ia l  d isp la cem en t w as  w ould be e x p e c te d . The d isp la c e m e n ts  
a r e  n orm alized  by d iv id in g  th e  w hole s e t  o f  d e f l e c t io n  by th e  maximum 
v a lu e .
T ab le 6 shows a f a i r l y  good agreem ent betw een  th e  p r e s e n t  r e s u l t s  
and th o se  o b ta in ed  by I r i e  e t  a l  [15] f o r  th e  c a se  o f  t h ic k  p l a t e  
th e o r y , and w ith  L e is s a  [5] f o r  th e  c a se  o f  t h in  p la t e  th e o r y . The 
r e s u l t s  c a lc u la t e d  by th e  t h ic k  p la t e  th eory  are  l i k e l y  to  be more 
a c c u r a te  s in c e  th ey  are  low er compared w ith  the t h in  p l a t e  th e o r y .
I t  sh o u ld  be n o ted  th a t  l e s s  e lem en ts  are r e q u ire d  in  th e  p r e s e n t  
a n a ly s is  than w ith  o th e r  m ethods fo r  th e  same a c c u r a c y . The r e s u l t s  
o b ta in e d  by Rao and P rasad  [13] by approxim ate m ethods do n o t  show  
good agreem ent w ith  th e  p r e s e n t  r e s u l t s  and th a t  o f  I r i e  e t  a l  [ 1 5 ] .
4 . 2..3 Clam ped-Free D is c s  V ib r a t io n s
A d i s c  c o n s id er e d  to  be an an n u lar  p la t e  clam ped a t  i t s  in n e r  
r a d iu s  b and f r e e  a t  i t s  o u te r  r a d iu s  a i s  shown i n  F ig .  3 .
T ab le 7 shows a com parison  betw een th e  fr e q u e n c ie s  o f  t r a n s v e r s e  
v ib r a t io n  o f  th e  d is c  o b ta in ed , by th e  t h ic k  p la t e  th e o ry  and t h r e e -  
d im e n sio n a l e lem en t and th o se  o b ta in e d  by th in  p la t e  th e o ry  and tw o-
d im e n sio n a l e lem en t f o r  v a r io u s  v a lu e s  o f  th e  r a t io  b / a .  I t  can  be
se e n  th a t  th e  freq u en cy  param eters A o b ta in ed  by th ic k  p la t e  th e o ry  are  
low er  than  th o se  o b ta in e d  by th in  p l a t e  th e o r y . T h is i s  due to  th e  
in f lu e n c e  o f  sh ear  d efo rm a tio n  and r o ta r y  i n e r t i a  w h ich  i s  n o t a llo w e d  
f o r  in  th e  th in  p l a t e  th e o r y . In  g e n e r a l.  T ab le 7 shows e x c e l l e n t  
agreem ent betw een  th e  p r e s e n t  r e s u l t s  and th o se  o b ta in e d  by I r i e  e t  a l  [15]
and Guruswany and Young [14] fo r  th e  c a s e  o f  t h ic k  p la t e  th e o r y .
Good agreem ent i s  a l s o  shown w ith  the r e s u l t s  o b ta in e d  by V ogel and 
S k in n er  [ 4 ] ,  Shahab [9 ] and Mote [10] fo r  th e  c a s e  o f  t h in  p l a t e  
th e o r y . The r e s u l t s  c a lc u la t e d  by t h ic k ,  th r e e -d im e n s io n a l e le m en t are  
proved  to  be more a c c u r a te  in  com parison  w ith  o th e r  s o lu t io n s  and l e s s  
e le m en ts  are  r e q u ire d  to  o b ta in  a c c u r a te  r e s u l t s .  The e lem en t i s
i s  d iv id e d  in t o  f i v e  r a d ia l  su b -e le m e n ts , g iv in g  t o t a l  d e g r e es  o f  
freedom  o f  order 240 . A tw enty d eg rees  o f  freedom , c o n s is t in g  o f  
o n ly  a x i a l  d isp la c e m en t u , i s  th en  r e ta in e d  when an e ig e n v a lu e  
econ om izer  i s  em ployed. T able 7 a l s o  shows th a t  the r e s u l t s  o b ta in e d  
by Rao and P rasad  [13] are in c o r r e c t  due to  th e  a n a ly t i c a l  m is ta k e s  d u rin g  
th e  co m p u ta tio n a l p r o c e ss  as r e p o r te d  by I r i e  e t  a l  [ 1 5 ] ,  and con firm ed  
by th e  p r e s e n t  in v e s t ig a t io n .  T ab le  8 shows th e  e f f e c t  o f  r a d i i  r a t i o  
b /a  on th e  dynamic b eh aviou r o f  c la m p e d -fr e e  d i s c .  The r e s u l t s  a re  
c a lc u la t e d  by b o th  tw o -d im en sio n a l e lem en t and th r e e -d im e n s io n a l  
e lem en t f o r  v a r io u s  v a lu e s  o f  b /a  v a r y in g  from  0 .1  to  0 .9  i n  s t e p s  o f  
0 .2 .  I t  can be se en  th a t  th e  fr e q u e n c ie s  in c r e a s e  as b /a  in c r e a s e s ,  
t h i s  i s  due to  th e  e f f e c t  o f  d i s c  s t i f f n e s s  in c r e a s e  due to  th e  in c r e a s e  
i n  th e  in n e r  r a d iu s  b . F ig .  18 a l s o  shows th a t  th e  e f f e c t  o f  b /a  
in c r e a s e s  a s  th e  nodal d iam eter in c r e a s e s  as would be e x p e c te d . I t  
can be n o te d  th a t  no r e s u l t s  can be o b ta in e d  fo r  b /a  > 0 .7  i n  th e  
c a s e  o f  a p p ly in g  th e  t h in ,  tw o -d im en sio n a l e lem en t b e c a u se  o f  th e  
s in g u la r i t y  i n  th e  mass and s t i f f n e s s  m a tr ic e s  o c c u r r in g  f o r  b /a  > 0 .7 .  
However, b e t t e r  r e s u l t s  are o b ta in e d  by u s in g  t h ic k ,  th r e e -d im e n s io n a l  
e lem en t fo r  b /a  more than 0 ,9 .
The in f lu e n c e  o f  th e  th ic k n e s s  param eters h /a  i s  shown in  F ig .  1 9 .
The v a r ia t io n  o f  th e  freq u en cy  param eter r a t i o  in c r e a s e s  w ith  th e  
in c r e a s e  in  h /a  due to  th e  e f f e c t  o f  sh ea r  d eform ation  and r o ta r y  in e r t ia .
F ig .  19 shows th e  e f f e c t  o f  shear d efo rm a tio n  and r o ta r y  i n e r t i a  on
th e  d i s c  f r e q u e n c ie s .  The e f f e c t  d e c r e a s e s  as the d is c  becom es t h in n e r .  
When h /a  i s  0 .0 5  th e  fr e q u e n c ie s  o b ta in ed  by th ic k  p la t e  th e o ry  are  
a lm ost th e  same as th o se  o b ta in ed  by t h in  p la t e  th eory  f o r  low er  modes
o f  v ib r a t io n .  However th e  e f f e c t  o f  fehear d eform ation  and r o ta r y
i n e r t i a  in c r e a s e s  a t  h ig h er  v a lu e s  o f  n and s .  In  g e n e r a l th e  n a tu r a l  
fr e q u e n c ie s  in c r e a s e  as h /a  in c r e a s e s  due to  th e  in c r e a s in g  o f  d i s c  
s i t f f n e s s .  However, th e  n o n -d im en sio n a l freq u en cy  param eter X o b ta in e d  
by th ic k  p la t e  th eo ry  d e c r ea se s  as h /a  in c r e a s e s  w hereas i t  rem ains  
c o n s ta n t  i n  th e  c a se  o f  th in  p la t e  th e o r y  fo r  any v a lu e s  o f  th e  h /a  
r a t i o .
The d i f f e r e n c e  in  th e  fr e q u e n c ie s  v a lu e s  betw een  r e s u l t s  f o r  the  
t h in  and t h ic k  p la t e  th eo ry  a re  m ost pronounced a t  h ig h e r  modes and 
la r g e  v a lu e s  o f  b /a  and h /a  showing th e  im portance o f  u s in g  th e  th ic k  
p la t e  th eo ry  to  g e t  a c c u r a te  r e s u l t s .
F ig . 20 shows th e  d i f f e r e n c e  b etw een  th e  two s e t s  o f  fr e q u e n c ie s  
c a lc u la t e d  by th e  p r e s e n t  th r e e -d im e n s io n a l and tw o -d im en sio n a l  
e lem en ts  fo r  d i f f e r e n t  r a d i i  r a t i o  b /a  and h ig h  mode o f  v ib r a t io n  
fo r  n = 0 ,  1 and 2 .
T able 9 shows th e  com parison betw een  th e  p r e s e n t  a n a ly s is  r e s u l t s  
and th o se  o f  S o u th w ell membrane s o lu t io n  g iv e n  in  r e fe r e n c e  [ 3 ] .  The 
tr a n s v e r s e  fr e q u e n c ie s  have b een  found i n  term s o f  th e  n o n -d im e n sio n a l  
freq u en cy  param eters X f o r  v a r io u s  v a lu e s  o f  b /a .  The e r r o r  in  some 
r e s u l t s  a r e  due to  th e  membrane b e in g  t r e a t e d  by S o u th w ell [3 ] aa a 
t h in  an n u lar  p la t e  clamped by a c e n tr a l  hub i n  such  a manner th a t  r a d ia l  
but n o t  tr a n s v e r s e  d isp la cem en t c o u ld  o ccu r  a t  th e  hub. In  th e  p r e s e n t  
a n a ly s is  r i g i d l y  clam ped c o n d it io n s  a re  c o n s id e r e d  a t  th e  in n e r  
r a d iu s ,  hen ce th e  fr e q u e n c ie s  a t  b /a  = 0 .6 4 2  and 0 .8 2  a r e  more a c c u r a te  
r a th e r  th an  S o u th w e ll’ s r e s u l t s .
F urtherm ore, one can s e e  from T ab le 9 th a t  no r e s u l t s  can be  
o b ta in ed  fo r  b /a  > 0 .7  fo r  th e  c a se  o f  t h in ,  tw o -d im en sio n a l e le m e n t.  
However, c o r r e c t  r e s u l t s  can be o b ta in e d  by u s in g  th e  t h ic k ,  th r e e -  
d im en sio n a l e lem en t fo r  b /a  g r e a te r  than 0 .9 .
An e x p er im en ta l work i s  a l s o  c a r r ie d  o u t fo r  a c la m p e d -fr e e  d is c  
and compared w ith  th e  t h e o r e t ic a l  r e s u l t s  to  show th e  a ccu ra cy  o f  th e  
e lem en t u se d . T able 10 shows the com parison  betw een th e  v a lu e s  o f  
fr e q u e n c ie s  o b ta in ed  e x p e r im e tn a lly  by sand p a t te r n  method and th e  
t h e o r e t ic a l  v a lu e s  o b ta in ed  by b o th  th in  and t h ic k  p la t e  th e o r y . The 
d is c  i s  assumed to  be r i g i d l y  clamped a t  i t s  in n e r  r a d iu s  r  = b as  
shown in  F ig .  3 and h av in g  two d i f f e r e n t  clam ping r a t io  b /a  = 0 .1  and 
b /a  = 0 .2 .  The r e s u l t s  obtained by t h ic k  p la t e  th eo ry  a r e  shown to  be  
b e t t e r  than th o se  o b ta in ed  by th in  p l a t e  th eo ry  and are  i n  good agreem ent 
w ith  th e  ex p er im en ta l r e s u l t s .  The d i f f e r e n c e  betw een  th e  two s e t s  o f  
c a lc u la t e d  r e s u l t s  and th e  ex p e r im en ta l r e s u l t s  a re  w it h in  0.5% to  2.5% 
fo r  th e  c a s e  o f  th ic k  p la t e  th eory  and 2% to  4% fo r  th e  c a se  o f  t h in  
p la t e  th eo ry  f o r  m ost modes o f  v ib r a t io n  c o n s id e r e d .
4 .2 .4  Sim ply su p p o rted -F ree  D is c  V ib r a t io n s
The d i s c  i s  assumed to  be s im p ly  su p p orted  (h in g ed ) a t  i t s  in n e r  
r a d iu s  b and f r e e  a t  i t s  o u te r  r a d iu s  a .
T ab le 11 shows th e  com parison o f  th e  freq u en cy  param eter o f  th e  
s im p ly  s u p p o r te d -fr e e  d is c  betw een  th e  p r e s e n t  r e s u l t s  o b ta in e d  by 
u s in g  th r e e -d im e n s io n a l e lem en t and th o s e  r e s u l t s  o b ta in e d  by I r i e  
e t  a l  [15] u s in g  th ic k  p la t e  th e o ry  b a sed  upon M in d lin  th e o r y . A 
com parison  i s  a l s o  made w ith  th e  c l a s s i c a l  r e s u l t s  o b ta in e d  by L ie s s a  {5 ]  
u s in g  t h in  p la t e  th eory  to  show th e  a ccu racy  o f  th e  th ic k  p la t e  th e o r y  
and th e  e f f e c t  o f  sh ea r  d efo rm a tio n  and r o ta r y  i n e r t i a  on th e  n a tu r a l  
f r e q u e n c ie s .  A gain  good r e s u l t s  a r e  o b ta in e d  by th e  p r e s e n t  a n a ly s i s
In  t h is  a p p l ic a t io n ,  th e  e lem en t i s  d iv id e d  in t o  f i v e  su b -e le m e n ts  
in  r a d ia l  d i r e c t io n .  E ig en v a lu e  econ om izer  tech n iq u e  i s  u sed  to  red u ce  
th e  m a tr ic e s  to  tw enty  d egrees  o f  freedom  r e t a in in g  o n ly  th e  a x i a l  
d isp la c e m en t u.
4 .2 .5  Clamped-Clamped D isc  V ib r a tio n s
The d i s c  s tu d ie d  i s  an an n u lar  d i s c  w ith  th e  in s id e  and o u t s id e  
d iam eter  r i g i d l y  clam ped.
T able 12 shows a com parison made b etw een  th e  p r e s e n t  r e s u l t s  and 
•those o f  I r i e  e t  a l  [15] and L ie s s a  [ 5 ] .  In  th e  p r e s e n t  a n a l y s i s ,  
th e  tw e lv e  d eg rees  o f  freedom  a r e  assum ed to  have zero  v a lu e s  a t  th e  
clam ped nodes to  g e t  good r i g i d i t y .  For t h i s  r ea so n  some r e s u l t s  
r e p o r te d  are  s l i g h t l y  h ig h e r  than th o s e  o f  I r i e  e t  a l  [15] due to  th e  
in c r e a s in g  o f  th e  d is c  s t i f f n e s s .
The th r e e  d im en sio n a l e lem en t u sed  i n  th e  p r e s e n t  a n a ly s is  
th roughout a l l  a p p l ic a t io n s  r e p o r te d  h ere  shows to  be s u p e r io r  to  th e  
t h in  p la t e  th eo ry  and o th e r  m eth od s.
4 .3  V ib r a t io n  C h a r a c te r is t ic s  o f  V a r ia b le  T h ick n ess D is c s
The th r e e  d im en sio n a l e lem en t d ev e lo p ed  i n  t h i s  t h e s i s  i s  a p p l ie d  
to  stu d y  th e  dynamic b eh av iou r  o f  v a r ia b le  th ic k n e s s  d i s c  w ith  v a r io u s  
th ic k n e s s  p r o f i l e .  To a c h ie v e  th e  above o b j e c t iv e ,  a th r e e -d im e n s io n a l  
f i n i t e  e lem en t s o lu t io n  i s  a p p lie d  i n  c o n ju n c tio n  w ith  G aussian  
nu m erica l in t e g r a t io n  method fo r  d e v e lo p in g  a g e n e r a l program  in c lu d in g  
th e  e f f e c t  o f  th e  th ic k n e s s  v a r ia t io n .
In  th e  p r e s e n t  a n a ly s is  th r e e  ty p e s  o f  v a r ia b le  th ic k n e s s  d i s c s  
a r e  c o n s id e r e d ;  th e r e  are as f o l lo w s :
4 .3 .1  V ib r a t io n  o f  D isc s  w ith  H y p e r b o l i c ^ ,  T h ick n ess P r o f i l e
The d i s c  h a v in g  h y p e r b o lic  v a r ia t io n  th ic k n e s s  d e sc r ib e d  by e q u a t io n  ( l y l )  
and shown in  F ig . 4 , i s  c o n s id e r e d  to  be clamped a t  i t s  in n e r  r a d iu s  b
and f r e e  a t  i t s  o u te r  r a d iu s  a . For a c tu a l  d i s c s  h a v in g  h y p e r b o l ic  
v a r y in g  t h ic k n e s s ,  the e f f e c t  o f  3 on t h e ir  dynam ic c h a r a c t e r i s t i c s  i s  
o f  c o n s id e r a b le  p r a c t i c a l  im portance i n  th e  d e s ig n  o f  tu rb o m a ch in es.
The a n a l y t i c a l  m ethods are  seldom  ca p a b le  o f  a n a ly z in g  th e s e  d i s c s  and  
n u m erica l tec h n iq u es  must be u sed  to  p r e d ic t  th e  dynamic b e h a v io u r .
However, in  th e  p r e se n t  a n a ly s is  a f i n i t e  e lem en t program w ith  th e  
a id  o f  G au ssian  nu m erica l tech n iq u e  i s  d ev e lo p ed  f o r  a g e n e r a l  
problem  when th e  d is c s  have u n iform  or v a r ia b le  th ic k n e s s  p r o f i l e .
For 3 = 0 ,  th e  r e s u l t s  a re  i d e n t i c a l  to  th o s e  f o r  the u n iform  t h ic k n e s s  
d i s c s .  F ig .  21 shows th a t  as 3 in c r e a s e s  th e  assu m p tion  o f  t h in  p l a t e  
th eo ry  becom es in v a l id  and i t  i s  a n t ic ip a t e d  th a t  s o lu t io n  fo r  any v a lu e  
o f  3 g r e a te r  than  sa y  l . o  be regard ed  w ith  c a u t io n . For sm a ll v a lu e s  o f  
3 w hich i n  any c a s e  are more r e a l i s t i c ,  th e  s o lu t io n s  are  l i k e l y  to  b e  
s a t i s f a c t o r y .  T h erefore  i n  th e  c a se  o f  v a r ia b le  th ic k n e s s  d i s c  th e  
sh ea r  d eform ation  and r o ta r y  i n e r t i a  would have to  be in c lu d e d , e s p e c i a l l y  
i n  th e  r e g io n  o f  th e  in n e r  r a d iu s  b f o r  la r g e  v a lu e  o f  3 .
In  g e n e r a l,  th e  n a tu r a l fr e q u e n c ie s  o f  th e  d is c  in c r e a s e  as 3 
in c r e a s e s  as shown in  F ig .  22 . T h is i s  due to  th e  f a c t  th a t  w ith  
in c r e a s e  in  th e  v a lu e  o f  3 , th e  in n e r  th ic k n e s s  h^ a t  r  = b i n c r e a s e s ,  
thus an in c r e a s e  in  th e  d is c  s t i f f n e s s  w i l l  o c c u r .
F ig . 22 r e p r e s e n ts  th e  c a lc u la te d  f le x u r a l  fr e q u e n c ie s  o f  a u n iform  
th ic k n e s s  d i s c  when 3 = 0 ,  and d is c s  h a v in g  h y p e r b o lic  v a r ia b le  th ic k n e s s  
w ith  3 = 0 .9  and 3 = 1 .5 .  The n a tu r a l f r e q u e n c ie s  are  h ig h e r  in  th e  
c a se  o f  v a r ia b le  th ic k n e s s  d is c  than  fo r  th e  c o r resp o n d in g  un iform  
th ic k n e s s  d i s c .
T able 13 shows a com parison made b etw een  th e  p r e s e n t  i n v e s t i g a t i o n  
r e s u l t s  and th o s e  o b ta in ed  by Mote [ 1 0 ] .  The good agreem ent i s  o b ta in e d  
fo r  3 = 0 .9  and th e  s o lu t io n  i s  a g a in  s a t i s f a c t o r y .  N e v e r th e le s s ,  th e  
p r e se n t  r e s u l t s  a re  l i k e l y  to  be b e t t e r  th an  th e  r e s u l t s  o f  Mote as he  
used  th e  R itz  approach . T h is i s  due to  th e  sh e a r in g  e f f e c t s  w h ich  a re  
n o t in c lu d e d  in  h i s  a n a ly s is  and a ls o  as th e  R itz  method g iv e s  a h ig h e r  
r e s u l t .
T able 14 shows an o th er  com parison o f  th e  n o n -d im en sio n a l freq u en cy  
param eters o f  such  d is c s :
X = Ü) ( 4 .  p  a^ /E hg)^  ( 4 .3 )
betw een  th e  p r e s e n t  r e s u l t s  and th o se  o f  Sm ith [11] and Kennedy and 
Gorman [16] f o r  v a r io u s  v a lu e s  o f  3. Only 3 = 0 .5  has b een  u sed  by 
Kennedy and Gorman [16] b eca u se  th e  t h in  p la t e  th e o ry  was a p p lie d  and 
th a t  f o r  la r g e  v a lu e s  o f  3 th e  r e s u l t s  a r e  q u e s t io n a b le .  However, th e  
r e s u l t s  f o r  3 = 0 .5  a r e  i n  c lo s e  agreem ent. For 3 = 1 .5  and 3 = 2 . 5  
th e  r e s u l t s  g iv e n  by Sm ith [11] are  a l s o  n o t a c c e p ta b le .  In  h i s  t h e s i s .  
Smith pLl ] who a p p lie d  f i n i t e  e lem en t m ethod, u s in g  te n  t h in  an n u lar  
elem en ts recommended th a t  fo r  any v a lu e s  o f  3 g r e a te r  th an  tw o, th e  
r e s u l t s  sh o u ld  be regard ed  w ith  c a u t io n . T h is i s  due to  th e  assu m p tion  
o f  t h in  p la t e  th e o ry  made in  h is  a n a ly s i s .  However, th e  p r e s e n t  r e s u l t s  
a re  shown in  T ab le 14 to  be much b e t t e r  and s a t i s f a c t o r y  due to  th e  
r o ta r y  i n e r t i a  and sh ea r  d eform ation  w hich  a r e  ig n o red  in  th e  a n a ly s is  o f  
Smith [11] and Kennedy and Gorman [1 6 ].
For th e  v ib r a t io n  o f  th in  d i s c s  o f  v a r ia b le  th ic k n e s s ,h a v in g  
v a r io u s  v a lu e s  o f  3 , i t  was ob served  th a t  th e  method used  by Sm ith [11 ]  
and Kennedy and Gorman [16] rendered  n a tu r a l f r e q u e n c ie s .  Good agreem ent  
was o b ta in ed  w ith  t h e ir  r e s u l t s  and th o se  g iv e n  by P r e s c o t t  [17] fo r  
co m p a ra tiv e ly  sm a ll v a lu e s  o f  3 o n ly .
As th e  v a lu e s  o f  3 in c r e a s e  th e  th ic k n e s s  a t  in n e r  r a d iu s  h ^ in c r e a s e s  
as shown i n  F ig .  21. I t  w ould be i l l - a d v i s e d  to  em ploy th in  p l a t e  th e o ry  
fo r  v a lu e s  o f  3 g r e a te r  th an  sa y  1 .0 .  In  p r a c t i c a l  a n a ly s is  o f  v a r ia b le  
th ic k n e s s  d i s c  used  in  tu rb om ach in es, th e  sh ea r  d efo rm a tio n  and r o ta r y  
i n e r t i a  would have to  be in c lu d e d  e s p e c i a l ly  i n  th e  r e g io n  o f  th e  in n e r  
r a d iu s  fo r  la r g e  v a lu e s  o f  3 .
4 .3 . 2  V ib r a tio n s  o f  D isc s  o f  L in ear  T h ick n ess V a r ia t io n s
For th e  secon d  a p p l ic a t io n  o f  th e  dynamic a n a ly s is  o f  v a r ia b le  
th ic k n e s s  d i s c s ,  an an n u lar  c ir c u la r  p la t e  h a v in g  l in e a r ly  v a r y in g  
th ic k n e s s  as shown in  F ig .  5 and d e sc r ib e d  by:
h^^) = h^ [ l  -  ^ ( r / a ) ]  ( 4 .4 )
where ip i s  a c o n s ta n t  o f  th e  d is c  th ic k n e s s  v a r ia t io n  and h i s  th eo
th ic k n e s s  o f  th e  d i s c  a t  i t s  c e n tr e ,  i s  ch osen . T a b les  15 and 16 and 
F ig . 23 r e p r e s e n t  th e  r e s u l t s  o f  such  d i s c s .
As i t  i s  m entioned  i n  C hapter o n e , n o t much p u b lish e d  work i s  
a v a i la b le  on v ib r a t io n  a n a ly s is  o f  th e s e  d i s c s .  However, th e  n a tu r a l  
fr e q u e n c ie s  o f  th e  d i s c  a r e  in v e s t ig a t e d  and compared w ith  th e  r e s u l t s  
o f  Son i and Amba-Rao [19 ] who a p p lie d  a Chebyshev c o l l o c a t i o n  method  
in  th e  ab sen ce o f  in -p la n e  s t r e s s  e f f e c t s .  The r e s u l t s  o b ta in e d  in  
th e  p r e s e n t  a n a ly s is  a r e  compared w ith  th o se  o f  Son i and Amba Rao [19] 
and i s  shown in  T ab le 1 5 . Only th e  f i r s t  two ax isym m etr ic  modes o f  
v ib r a t io n  a re  g iv e n . I t  can be se en  th a t  w ith  th e  d e c r e a s e  o f  v a lu e  o f  
i|) and th e  in c r e a s e  o f  th e  r a d i i  r a t io  b /a ,  th e  freq u en cy  param eters X 
o f  th e  d is c  in c r e a s e .  T h is can be a t t r ib u t e d  due to  th e  f a c t  th a t  as  
Tp d e c r e a se s  and b /a  in c r e a s e s  th e  o v e r a l l  p la t e  s t i f f n e s s  in c r e a s e s ,  
b eca u se  o f  th e  in c r e a s e d  th ic k n e s s  o f  th e  p l a t e .  F ig .  5 a l s o  shows th e  
e f f e c t s  o f  ip on th e  d i s c  t h ic k n e s s .  The com parison o f  r e s u l t s  i n  T ab le  15 
shows th a t  th e  p r e s e n t  r e s u l t s  are b e t t e r  than  th o se  o b ta in e d  by r e fe r e n c e  
[ 1 9 ] .  The r e s u l t s  g iv e n  by Soni and Amba-Rao [19] fo r  h ig h e r  v a lu e s  
o f  Tp and b /a  are shown to  be n o t a c c u r a te  and h ig h e r  th an  th e  p r e s e n t  
r e s u l t s .  T h is i s  due to  th e  r o u n d in g -o ff  o f  term s and a c cu m u la tio n  o f  
e r r o r s  by u s in g  Chebyshev c o l lo c a t io n  m ethod. A lso  th e  in c lu s io n  o f  
sh ea r  d eform ation  and r o ta r y  i n e r t i a  i n  th e  p r e s e n t  a n a ly s i s  g iv e s  more 
a c c u r a te  r e s u l t s  than  o th e r  in v e s t ig a t o r s  who a p p lie d  t h in  p l a t e  th e o r y .  
Furtherm ore, when ip has a la r g e  v a lu e , th e  e f f e c t  o f  sh e a r  d e fo rm a tio n
and r o ta r y  i n e r t i a  have to  be in c lu d e d  e s p e c i a l ly  in  th e  r e g io n  o f  th e  
o u te r  r a d iu s  r=a . T h is can e a s i l y  be s e e n  in  Table 15 f o r  ip = - 0 .5  
and b /a  = 0 .5  and 0 .7  in  th e  c a se  o f  secon d  mode o f  v ib r a t io n .
T ab le 16 shows the co m p u ta tion a l r e s u l t s  o f  freq u en cy  p aram eters  
X f o r  v a r io u s  v a lu e s  o f  b /a  and \p v a lu e  o f  0 .5  and - 0 .5  f o r  p o s s ib le  
com parison .
F ig .  23 shows th e  mode sh ap es o f  a x ia l  d isp la cem en t u i n  z - d i r e c t i o n  
a r e  n o rm alized  by d iv id in g  th e  w h ole  s e t  o f  d e f le c t io n s  by th e  maximum 
v a lu e .  The n orm alized  d isp la c e m en ts  u are  p lo t t e d  fo r  th e  f i r s t  th r e e  
a x isy m m etr ic  modes o f  v ib r a t io n  fo r  th e  v a lu e  o f   ^ = 0 .5  and - 0 . 5 .
One can s e e  th a t  fo r  th e  same maximum d e f le c t io n  th e  d isp la c e m e n t  
f o r  = - 0 .5 )  i s  g r e a te r  near th e  in n e r  ra d iu s  and l e s s e r  n ear th e  
o u te r  r a d iu s  than th a t  fo r  (\p = 0 . 5 ) .  T h is can be e x p la in e d  by th e  f a c t  
t h a t ,  f o r  (ip =  - 0 . 5 ) ,  in s id e  and o u t s id e  d i s c  th ic k n e s s e s  a re  ( 1 .0 5  h^) 
and ( 1 .5  h^) r e s p e c t iv e ly ,  w hereas fo r  (ip =  0 .5 )  th e se  a r e  ( 0 .9 5  h^) 
and 0 .5  h^ . A ls o , w ith  th e  d e c r e a se  in  th e  v a lu e  o f  ip th e  n o d a l  
c i r c l e s ,  s ,  i s  s h i f t e d  towards th e  th in n e r  s id e .
4 .3 .3  V ib r a t io n  o f  Tapered D isc s
The programme i s  a l s o  a p p lie d  t o  a v a r ia b le  th ic k n e s s  d i s c  c o n s id e r e d  
to  be a ta p ered  d is c  shown i n  F ig .  6 and d e sc r ib e d  by;
b (r )  = ho [ 1  " ( r / f o )  ] ( 4 -5 )
w here h i s  th e  maximum th ic k n e s s  o f  th e  d is c  a t  i t s  c e n tr e  r  = 0 .  Botho
th e  th r e e -d im e n s io n a l and tw o -d im e n sio n a l f i n i t e  e lem en t a n a ly s i s  a r e  
a p p lie d  fo r  th e  dynamic a n a ly s is  o f  su ch  d is c s  to  o b ta in  th e  fre q u en cy  
i n  term s o f  (Hz) or  n on -d im en sio n a l freq u en cy  param eter;
X = Ü) (p h r ^/D )  ^ ( 4 .6 )o o o
w here D i s  th e  f le x u r a l  r i g i d i t y  o f  th e  d i s c  g iv e n  a s :
E .h  3
The fr e q u e n c ie s  o f  ta p ered  d i s c  a re  g iv e n  i n  Table 17 and a re  
compared to  th e  r e s u l t s  o b ta in ed  by K ovalenko [20] and Shahab [9 ] who 
c a r r ie d  o u t an a n a ly s is  u s in g  th e  R itz  approach w ith  a two term s s o l u t i o n .
T able 17 and 18 g iv e  th e  n a tu r a l fr e q u e n c ie s  o f  a ta p e re d  d is c  
f o r  v a r io u s  modes o f  v ib r a t io n  and r a d i i  r a t i o  b /a .  Good agreem ent i s  
shown betw een  th e  d i f f e r e n t  s e t s  o f  r e s u l t s .  The e f f e c t  o f  ta p e r  r a t i o  
Ah = hg/h^  on th e  fr e q u e n c ie s  o f  th e  d is c  i s  shown i n  T ab le 19 . I t  can  
be s e e n  th a t  th e  fundam ental freq u en cy  i s  la r g e r  th an  f o r  th e  co rresp o n d in g  
un iform  th ic k n e s s  d i s c .  The fundam ental f r e q u e n c ie s  f o r  a x isy m m etr ic  
mode o f  v ib r a t io n  (n  = s = 0 )  and f o r  asym m etric mode (n  = 1 , s = 0) 
d e c r e a se  as th e  ta p e r  r a t i o  in c r e a s e s .  The fr e q u e n c ie s  o f  h ig h e r  modes 
o f  v ib r a t io n  in c r e a s e  as th e  ta p e r  r a t i o  Ah in c r e a s e s .  F ig .  24 shows 
th e  a ccu racy  o f  th e  t h ic k ,  th r e e -d im e n s io n a l e lem en t over t h in ,  tw o-  
d im en sio n a l e lem en t fo r  th e  f i r s t  th r e e  fr e q u e n c ie s  o f  f l e x u r a l  
v ib r a t io n  o f  th e  d i s c  fo r  b o th  ax isym m etr ic  n = 0 and asym m etric  
n = 1 m odes. The com parison b etw een  th e  two s e t s  i s  shown w ith  
v a r io u s  r a d i i  r a t io  b / a .  I t  can be s e e n  th a t  th e  lo w e s t  f r e q u e n c ie s  
(s  = 0 ) fo r  a x isym m etr ic  and asym m etric modes o b ta in e d  a re  a lm o st th e  
same. The d i f f e r e n c e  betw een  th e  two s e t s  o f  r e s u l t s  o ccu r  fo r  h ig h e r  
modes o f  v ib r a t io n .  The r e s u l t s  o b ta in e d  by the t h ic k  p l a t e  th e o ry  are  
b e t t e r  th an  th o se  o b ta in ed  by the t h in  p la t e  th e o ry  as w ou ld  be e x p e c te d .
T ab le 20 shows th e  com parison  b etw een  th e  e x p e r im e n ta l and t h e o r e t i c a l  
r e s u l t s  f o r  a tap ered  d i s c .  The agreem ent b etw een  th e  t h e o r e t i c a l  r e s u l t s  
o b ta in e d  by th e  th r e e -d im e n s io n a l f i n i t e  e lem en t and th o s e  o b ta in e d  
e x p e r im e n ta lly  by Shahab [9 ] a re  ex tr e m ely  good. The d i f f e r e n c e  b etw een  
th e  two s e t s  o f  r e s u l t s  a re  w ith in  1% to  3% fo r  m ost modes o f  v ib r a t io n .
4 .4  V ib r a t io n  C h a r a c t e r is t ic s  o f  S e c to r  P la te s
In  t h i s  s e c t io n ,  th e  r e s u l t s  o f  n a tu r a l fr e q u e n c ie s  f o r  s e c t o r  
p la t e s  a r e  o b ta in ed  and compared. Programmes a r e  d ev e lo p ed  to  i n v e s t i g a t e  
th e  v ib r a t io n  c h a r a c t e r i s t i c s  o f  such  p la t e s  and show th e  a ccu ra cy  o f  
th e  e lem en t u sed .
In  th e  p r e s e n t  a n a l y s i s ,  a l l  s e c t o r  p la t e s  are  m o d elled  by d i f f e r e n t  
elem en t m eshes u s in g  b o th  t h in  and t h ic k  p la t e  e le m e n ts .
Three d i f f e r e n t  c a s e s  are  a n a ly s e d . In  th e  f i r s t  a p p l ic a t io n ,  a 
t h in  s e c t o r  p la t e  w ith  a l l  ed ges clam ped and r a d iu s  r a t io  b /a  = 0 .2 5  i s  
c o n s id e r e d . The r e s u l t s  fo r  th e  n o n -d im e n sio n a l f i r s t  mode fre q u en cy  
param eters v e r su s  s e c t o r i a l  a n g le  6 a re  p lo t t e d  in  F ig . 25 . I t  i s  
o b serv ed  th a t  the n a tu r a l fr e q u e n c ie s  d e c r e a se  as th e  a n g le  in c r e a s e s .
The r e s u l t s  o f  th e  f i r s t  mode freq u en cy  f o r  th e  s e c t o r  p la t e  w ith  
th ic k n e s s  to  o u te r  ra d iu s  r a t io  h /a  o f  1 /7 .5  and 0 .2  a re  a l s o  shown 
in  F ig .  25 .
The same tren d  th a t  th e  f i r s t  mode freq u en cy  d e c r e a se s  w ith  in c r e a s e  
in  s e c t o r i a l  a n g le  i s  o b serv ed . I t  i s  a l s o  o b served  th a t  th e  f i r s t  
mode freq u en cy  param eters X d e c r e a s e , s t e a d i l y  as th e  th ic k n e s s  o f  p l a t e  
i n c r e a s e s .
T ab le 21 shows th e  in f lu e n c e  o f  th e  s e c t o r i a l  a n g le  6 and th e  
th ic k n e s s  o f  th e  p la t e  fo r  e ig h t  mode f r e q u e n c ie s .  S e c t o r ia l  a n g le s  
from  30 to  150 d egrees a re  em ployed i n  b o th  two and th r e e -d im e n s io n a l  
e lem en ts  to  show th e  im portant u se  o f  t h ic k  p la t e  th eo ry  to  g e t  more 
a c c u r a te  r e s u l t s ,  e s p e c ia l ly  f o r  t h ic k  p l a t e s .
In  th e  secon d  c a s e ,  th e  same s e c t o r  o f  b /a  = 0 .2 5 ,  P o is s o n ’ s r a t i o  
V = 0 .0  and a n g le  6 = 90 d egrees  i s  c o n s id e r e d  and th e  r e s u l t s  a re  p r e s e n te d  
in  T ab le 22 . The th ic k n e s s  param eter h /a  o f  0 .3 ,  0 .2 ,  0 .1 3 3 ,  0 .1  and 0 .8  
a r e  u sed  and a s p e c ia l  c a se  o f  a t h in  p l a t e  i s  c o n s id e r e d . R e s u lt s  f o r  
freq u en cy  param eters X fo r  th e  f i v e  lo w e s t  modes o f  v ib r a t io n  a re  g iv e n .
The r e s u l t s  a re  a l s o  compared i n  T ab le 22 w ith  th e  r e s u l t s  o f  Cheung [23] 
who a p p lie d  th e  t h in  f i n i t e  s t r i p  m ethod. From T able 2 2 , one can  o b se r v e  
th a t  fo r  th e  c a s e  o f  th in  p l a t e ,  th e  freq u en cy  param eters rem ain  c o n s ta n t  
f o r  any v a lu e  o f  h /a ,  w hereas i n  th e  c a se  o f  t h ic k  p l a t e ,  th e  fr e q u e n c ie s  
d e c r e a se  s t e a d i l y  a s  th e  p la t e s  become t h ic k e r .  A lso  i t  can be s e e n  
th a t  f o r  th e  c a se  o f  th ic k  p la t e  th e o r y , th e  p r e s e n t  r e s u l t s  a re  i n  good  
agreem ent w ith  th o se  g iv e n  by Guruswamy and Yang [14] .
The mode shapes o f  th e  f i v e  lo w e s t  fr e q u e n c ie s  a re  p r e s e n te d  in^
F ig .  26 by p l o t t i n g  th e  nodal l i n e s .
In  th e  th ir d  c a s e ,  a t h in  s e c t o r  p la t e  w ith  a l l  ed ges clam ped and 
w ith  th ic k n e s s  o f  0 .4 9 4  mm, s e c t o r i a l  a n g le  o f  60 d eg rees  and d i f f e r e n t  
v a lu e s  o f  r a d i i  r a t io  b /a  i s  c o n s id e r e d  and th e  r e s u l t s  a r e  shown in  
T ab le 2 3 . R e s u lts  o f  th e  n a tu r a l fr e q u e n c ie s  w ith  d i f f e r e n t  modes o f  
n od al a r c , s ,  and nodal d ia m eter , n , a re  o b ta in e d  and compared w ith  th e  
ex p e r im en ta l r e s u l t s  o b ta in ed  by Karuyama and Ich iu om iya  [24] .
I t  can be s e e n  th a t  th e  p r e s e n t  r e s u l t s  are  i n  good agreem ent and 
th e  fr e q u e n c ie s  o b ta in ed  by th e  u se  o f  th r e e -d im e n s io n a l e le m en ts  are  
b e t t e r  than  th o se  o b ta in ed  by t h in  p l a t e  th e o r y .
4 .5  V ib r a t io n  C h a r a c t e r is t ic s  o f  C y l in d r ic a l  S h e l ls
The s i g n i f i c a n t  u se s  o f  t h ic k ,  th r e e -d im e n s io n a l e lem en t a re  
a p p lie d  to  i n v e s t i g a t e  th e  dynamic b eh a v io u r  o f  t h in  and t h ic k ,  c lo s e d  
and open c y l in d r ic a l  s h e l l s  a s shown i n  F ig .  8 and F ig .  9 r e s p e c t i v e l y .
The r e s u l t s  a re  d is c u s s e d  and compared w ith  o th e r  in v e s t i g a t o r s  
f o r  v a r io u s  boundary c o n d it io n s  to  i l l u s t r a t e  the a ccu racy  o f  th e  e lem en t  
shown i n  F ig .  1 .
In  th é  p r e s e n t  in v e s t i g a t i o n ,  th e  c y l i n d r i c a l  s h e l l s  a re  c o n s id e r e d
to  b e  t h in  When th e  r a t i o  o f  mean r a d iu s  to  th e  w a ll  th ic k n e s s  R / t  ^ 10m
fo r  a c o n s ta n t  w a l l  th ic k n e s s  t  and o f  a l in e a r ,  hom ogeneous, i s o t r o p i c  
m a te r ia l .  The c y l in d r ic a l  s h e l l s  a re  assum ed to  be th ic k  when R ^ /t  < 1 0 .
T ab le  24 shows a com parison  o f  n a t u r a l  f re q u e n c ie s  o f  a  t h i n ,  
sim ply  su p p o rte d  c i r c u l a r  c y l in d e r  w ith  R ^ /t  = 2 0 . The a x i a l  v i b r a t i o n  
^A* to r s io n a l  v ib r a t io n  f ^  and b en d in g  v ib r a t i o n  f^  a re  c l a s s i f i e d  
a c c o rd in g ly  to  t h e i r  maximum d isp la c e m e n ts  i n  term s o f u , v  and w 
r e s p e c t iv e l y .  The c i r c u l a r  c y l in d e r  i s  a n a ly se d  by th e  p r e s e n t  a n a ly s i s  
u s in g  th e  two cases  o f sim ply s u p p o r te d  boundary  c o n d it io n s  r e p r e s e n te d  
in  S e c tio n  2 .4  o f C hap ter tw o, t h a t  i s  to  say  when (a ) v  = w = 0 ,  and 
(b) when v = w = Bv/ae = B w /B 6  = Bv/Br = Bw/Br = 0 .
The p r e s e n t  r e s u l t s  are  compared w ith  th e  e x a c t  s o lu t io n  g iv e n  by  
Warburton [2 9 ], th e  r in g  f i n i t e  e lem en t s o lu t io n  o f  W ebster [30] and 
f i n i t e  e lem en t s o lu t io n  o f  Ross [3 5 ] . The c a lc u la t e d  r e s u l t s  o b ta in e d  by 
u s in g  c a se  b o f  boundary c o n d it io n  a re  shown to  be b e t t e r  and i n  good  
agreem ent w ith  th o se  o b ta in ed  by W arburton [2 9 ] . The s i n g l e  e le m en t  
s o lu t io n  o f  W ebster [30] g iv e s  more a c c u r a te  r e s u l t s  than m u lt i -e le m e n t  
s o lu t io n .  The s in g le  e lem en t s o lu t i o n  ap p ears to  be s a t i s f a c t o r y  f o r  th e  
low er m odes, a lth o u g h  some e r r o r s  appear f o r  h ig h e r  m odes. I t  s h o u ld  
how ever, be p o in te d  o u t th a t  W eb ster’ s s o lu t i o n  o n ly  used  tw en ty  d e g r e e s  
o f  freedom  in  s in g le  e lem en t s o lu t io n  and f o r t y  d egrees  o f  freedom  f o r  
m u lt i-e le m e n t  s o lu t io n .
For th e  f i n i t e  e lem en t s o lu t io n  o f  Ross [3 5 ], as th e  p r o p e r ty  o f  
symmetry about m id -len g th  o f  c y l in d e r  was u s e d , o n ly  th o se  modes w h ich  are  
sym m etr ica l about m id -le n g th  w ere o b ta in e d . T ab le 24 a l s o  shows t h a t  th e  
p r e s e n t  a n a ly s is  em ploying f i v e  e q u a l a x i a l  e lem en ts  o v er  th e  c y l in d e r  
le n g th  g iv e s  a l l  th e  mode o f  v ib r a t io n  i n  c a s e  o f  ax isym m etr ic  (n  = 0 )  and 
asym m etric (n  ^ 1) m odes, and compares fa v o u r a b ly  w ith  th e  r e s u l t s  o f  
W arburton [2 9 ] .
F urtherm ore, in  T able 24 n e i th e r  W arburton [2 9 ] , W ebster [30] nor  
R oss [35] s p e c i f i e d  th e  ty p e  o f  v ib r a t io n ,  t h a t  i s  to  sa y  w h eth er  f l e x u r a l ,  
a x i a l  and t o r s io n a l  or some com b in ation  o f  t h e s e .  The power o f  th e  p r e s e n t  
f i n i t e  e lem en t a n a ly s is  e n a b le s  us to  d i f f e r e n t i a t e  b etw een  th e  ty p e s  o f  
th e s e  v ib r a t io n s .  I t  a l s o  a llo w s  us to  p r e d ic t  th e  r e s u l t s  when th e  
c y lin d e r  i s  s u b je c te d  to  each  in d iv id u a l  ty p e  o f  freq u en cy  or t h e i r  
com b in ation  as shown i n  T able 24. I t  i s  c o n v e n ie n t to  i d e n t i f y  th e  n a tu r e  
o f  th e  co rresp o n d in g  mode shape and show th e  c o u p lin g  b etw een  th e s e  
f r e q u e n c ie s .  F ig . 27 shows th r ee  iflots s e c t i o n  o f  th e  mode shape f o r  th e  
f i r s t  th r e e  n od a l d iam eter n = 0 ,  1 and 2 . For th e  c a se  o f  a x isy m m etr ic  
mode o f  v ib r a t io n , n = 0 , th e  lo w e s t  mode i s  th e  pure t o r s io n a l  fre q u en cy  
f^  a s s o c ia t e d  w ith  la r g e  t a n g e n t ia l  d isp la c e m en t v .  T h is fo llo w e d  by  
th e  a x ia l  mode o f  v ib r a t io n  ,f^  a s s o c ia t e d  w ith  la r g e  a x i a l  d isp la c e m e n t  
u and combined w ith  sm a ll r a d ia l  d isp la c e m en t w . The th ir d  one i s  th e  
secon d  mode o f  th e  t o r s io n a l  v ib r a t io n  a s s o c ia t e d  w ith  la r g e  t a n g e n t ia l  
d isp la cem en t v  and zero  r a d ia l  and a x ia l  d isp la c e m e n t.
For th e  c a se  o f  beam typ e  v ib r a t io n ,  n = 1 , th e  lo w e s t  mode i s  th e  
f le x u r a l  f g  associa ted  w ith  la r g e  r a d ia l  d isp la c e m en t w and co u p led  w ith  
a t o r s io n a l  mode a s s o c ia t e d  w ith  la r g e  t a n g e n t ia l  d isp la c e m e n t. The seco n d  
and th ir d  modes are  shown to  be th e  seco n d  f le x u r a l  mode and th e  f i r s t  
a x ia l  mode o f  v ib r a t io n  r e s p e c t iv e ly .
For th e  c a s e  o f  o v a l l in g  mode, n = 2 , th e  f i r s t  th r e e  modes a r e  
f le x u r a l  (b en d in g) v ib r a t io n s  a s s o c ia t e d  w ith  la r g e  w -d isp la c e m en t and  
cou p led  w ith  th e  a x ia l  and t o r s io n a l  m odes.
F ig . 28 shows th e  freq u en cy  v a r ia t io n  o f  such  c y l in d e r  a g a in s t  th e  
n od a l d ia m e te r , n . I t  can be a l s o  s e e n  th a t  th e  lo w e s t  mode o f  th e  
bending v ib r a t io n  alw ays occu rs fo r  n = 2 .
F ig . 29 shows a p lo t  o f  th e  lo w e s t  b en d in g  fr e q u e n c ie s  v e r su s  th e
number o f  n o d a l d ia m eter , n , fo r  c y l in d e r s  o f  R ^ /t = 20 h a v in g  d i f f e r e n t
le n g th , L . The s e t s  o f  cu rves s e r v e  to  em phasize c l e a r ly  th a t  th e
minimum freq u en cy  fo r  a th in  w a l l  c ir c u la r  c y lin d e r  o f  g iv e n  le n g th  and
su p p orted  a t  b oth  ends occu rs fo r  n = 2 or g r e a te r  depending on i t s
le n g th . For th ic k  and lo n g  c y l in d e r s ,  th a t  i s  to  sa y  f o r  R ^ /t < 10  and
L/R > 1 0 ,  th e  lo w e s t  freq u en cy  o cc u r s  f o r  n = 1 , th e  beam -type m od es. m
I t  i s  a l s o  c le a r  th a t  the freq u en cy  in c r e a s e s  as th e  le n g th  d e c r e a s e s  f o r  
c o n s ta n t  R^. For sh o r t  le n g th  c y l in d e r ,  sa y  L/R^ = 0 .2 5 ,  th e  c y l in d e r  
i s  considered as a r in g  supp orted  a t  i t s  o u te r  r a d iu s .
T ab les 25 and 26 show a com parison  o f  th e  n a tu r a l f r e q u e n c ie s  o f
a th ic k  w a lle d  c y lin d e r  w ith  mean r a d iu s  to  th ic k n e s s  r a t i o  R / t  = 1 .0m
and v a r io u s  boundary c o n d it io n s .  The p r e s e n t  r e s u l t s  a r e  compared w ith  
th o se  o b ta in ed  by Cheung and Wu [3 2 ] , and are  shown to  be more a c c u r a te .
T ab le 25 shows a com parison o f  th e  fr e q u e n c ie s  f o r  th e  c y l in d e r  
sim p ly  su p p orted  a t  one end and d i f f e r e n t  boundary c o n d it io n s  a t  th e  
o th e r  are o b ta in e d . Once a g a in  th e  r e s u l t s  o b ta in e d  by u s in g  c a s e  (b) 
o f  s im p ly  su p p orted  boundary c o n d it io n  w ith  r e s t r a in t  o f  s i x  d e g r e es  o f  
freedom  i s  i n  v e r y  good agreem ent w ith  th a t  o b ta in e d  by c a s e  ( a ) .
From T ab les 25 and 26 , i t  sh o u ld  be n o ted  th a t  fo r  t h ic k  and s h o r t  
c y lin d e r ,  th e  in f lu e n c e  o f  boundary c o n d it io n s  on the f r e q u e n c ie s  
d e c r e a se s  as th e  c ir c u m fe r e n t ia l  wave or  number o f  n od a l d iam eter  
n in c r e a s e s .  I t  i s  thus r a th e r  i n t e r e s t i n g  to  n o te  th a t  a sm a ll number 
o f  fr e q u e n c ie s  fo r  th e  h ig h e r  c ir c u m fe r e n t ia l  mode shown in  T ab les  25 
and 26 v i o l a t e  th e  i n e q u a l i t i e s  f^^ < f^^  < f^^  < f^ ^ , and
^SF ^  ^SS ^ ^CS ^  ^CC*
In  T ab le 25 th é  com parison in  S-S c a se  has some e r r o r  f o r  th e  
lo w e s t  mode o f  v ib r a t io n ,  t h is  i s  p rob ab ly  due to  some co m p u ta tio n a l  
e r r o r s  and th e  m ath em atica l ap p rox im ation  u sed  by Cheon and Wu [3 2 ] .
T able 27 shows th e  e f f e c t  o f  th e  c y l in d e r  le n g th  on th e  v ib r a t io n
c h a r a c t e r i s t ic s  o f  a t h in ,  f r e e - f r e e  c ir c u la r  c y l in d e r  w ith  R / t  = 3 0 .3m
fo r  g iv e n  geom etry and v a r io u s  v a lu e s  o f  le n g th  to  mean r a d iu s  r a t i o
L/R^. In  g e n e r a l,  th e  fr e q u e n c ie s  o f  v ib r a t io n  d e c r e a se  as th e  le n g th
o f  th e  c y lin d e r  in c r e a s e s ,  fo r  c o n s ta n t  R^. The tab le  p r e s e n ts  th e  
b en d in g  fr e q u e n c ie s  co rresp o n d in g  to  th e  p red om in an tly  r a d ia l  modes o f  
v ib r a t io n  w, u s in g  th e  e ig e n v a lu e s  econ om izer  tec h n iq u e  to  g iv e  mass and
s t i f f n e s s  m a tr ic e s  o f  order 32 f o r  se v en  eq u a l le n g th  e le m e n ts , i n  th e
a x ia l  d ir e c t io n  z .
The m a te r ia l  p r o p e r t ie s  assumed f o r  th e  s t e e l  c y lin d e r s  a r e  g iv e n  
i n  th e  t a b le .  To f a c i l i t a t e  a p p l ic a t io n  o f  r e s u l t s  to  c y l in d e r s  w ith  
o th e r  m a te r ia l  p r o p e r t ie s ,  th e  n o n -d im en sio n a l freq u en cy  param eter:
X =  u  [ p  ( 1  - V  S / E ] ^  ( 4 . 8 )
w hich does n o t depend on th e  v a lu e s  o f  E and p i s  a l s o  p r e s e n te d  f o r  th e  
p r e s e n t  f i n i t e  e lem en t s o lu t io n .  P e r c e n t  d e v ia t io n s  a re  a l s o  p r e s e n te d .  
The r e s u l t s  a re  i n  good agreem ent w ith  th e  e x p e r im en ta l and t h e o r e t i c a l  
r e s u l t s  o b ta in ed  by Cunningham and Leanhardt [3 4 ]. The s e l e c t e d  mode
sh ap es o f  th e  fr e q u e n c ie s  o f  such  c y lin d e r  fo r  L/R = 20 and n od a lm
d iam eter  n = 2 a re  shown in  F ig .  3 0 . The r a d ia l  m otion  component w 
o f  mode sh ap e , ta n g e n t ia l  m otion  component v  and a x ia l  m o tio n  component 
u a r e  a l s o  shown in  th e  f ig u r e  fo r  th e  f i r s t ,  th ir d  and f i f t h  mode o f  
v ib r a t io n ,  m = 1 , 3 and 5 r e s p e c t iv e l y .
T ab le 28 shows th e  fr e q u e n c ie s  o f  c la m p e d -fr e e , t h in  c ir c u la r  
c y lin d e r  w ith  R ^ /t = 4 0 .  The c o n f ig u r a t io n  o f  th e  c y l in d e r  i s  shown 
i n  F ig . 7. The r e s u l t s  o b ta in e d  are  compared w ith  th o s e  g iv e n  by  
G i l l  [3 1 ], U cm aklioglu  [36] and W ilson  [3 7 ]  and t h e ir  e x p e r im en ta l  
r e s u l t s .  The p r e s e n t  r e s u l t s  a re  l i k e l y  b e t t e r  and much c lo s e r  to  th e  
ex p e r im en ta l r e s u l t s  r a th e r  than  o t h e r s .
S e le c te d  mode shapes o f  such  c a n t i l e v e r ,  c ir c u la r  c y l in d e r s  are  
shown in  F ig .  3 1 . I t  can be s e e n  th a t  th e  i n t e r s e c t io n  p o in t s  betw een  
th e  r a d ia l  d e f l e c t i o n  w curve and th e  t a n g e n t ia l  v  cu rve  a t  ze ro  l i n e  
a re  a t  a d is ta n c e  o f  0 .2 5  L, 0 .5  L and 0 .7  L and 0 .9  L, w h ile  u - d e f l e c t i o n  
cu rve has i t s  maximum v a lu e s  a t  th e s e  p o in t s  and v i c e  v e r s a .
The n e x t  c a se  c o n s id er e d  to  show th e  a ccu racy  o f  th e  p r e s e n t  f i n i t e
e lem en t s o lu t io n  i s  a cu rved -op en ed  t h in  c y l in d r ic a l  s h e l l  as shown in  
F ig .  9 . The r e s u l t s  o b ta in e d  by Walker [38] fo r  a u n iform  curved  b la d e  
a re  g iv e n  in  T able 29 and compared w ith  th e  p r e s e n t  r e s u l t s .
D if f e r e n t  m eshes a re  u sed  by th e  p r e s e n t  a n a ly s is  w ith o u t  u s in g  th e  
wave p r o p a g a tio n  te c h n iq u e . The con vergen ce  r a te  fo r  t h i s  b la d e  i s  n o t
r a p id  due to  th e  g r e a t  cu rv a tu re  o f  th e  I3ade u sed .
4 .6  V ib r a t io n  C h a r a c t e r is t ic s  o f  S in g le  and M u lti-S p a n .S h a fts
The th r e e -d im e n s io n a l f i n i t e  e le m e n t. F ig .  1 , used  f o r  in v e s t i g a t i n g
th e  s h a f t  v ib r a t io n s ,  has g iv e n  a c c u r a te  r e s u l t s  fo r  a s o l i d  or  h o llo w ,
t h in  or t h ic k  and sh o r t  or lo n g  c ir c u la r  s h a f t .  The s o l i d  s h a f t s  a re
m od elled  w ith  s e v e r a l  a x ia l  su b -e le m en ts  h av in g  v e r y  sm a ll h o le  a t  th e
c e n tr e ,  th a t  i s  to  sa y  when th e  r a t i o  o f  in n er  r a d iu s  to  th e  o u te r
r a d iu s  R , R ./R  ten d s  to  z e r o ,  o 1 o
In  th e  p r e s e n t  a n a ly s i s ,  th e  s h a f t  i s  c o n s id er e d  to  be t h in  when
th e  r a t io  o f  th e  s h a f t  le n g th  to  th e  mean r a d iu s , L/R^ ^ 25 and t h ic k
f o r  L/R < 2 5 .  m
A lthough th e  c l a s s i c a l  B e r n o u ll i-E u le r  th eo ry  p r e d ic t s  th e  f r e q u e n c ie s  
o f  f le x u r a l  v ib r a t io n  o f  low er modes o f  th in  s h a f t  q u it e  a c c u r a t e ly ,  i t  
becom es in a c c u r a te  a t  h ig h e r  modes or fo r  th ic k  s h a f t s  w here th e  e f f e c t  
o f  sh ear d efo rm a tio n  and r o ta r y  i n e r t i a  become s i g n i f i c a n t .  T ab le  30 
shows th e  c l a s s i c a l  n a tu r a l fr e q u e n c ie s  o b ta in ed  by th e  o n e -d im e n s io n a l  
B e r n o u ll i-E u le r  th e o ry  o f  f l e x u r a l  m otion s o f  e l a s t i c  beams c o n s id e r e d  
o n ly  by b end ing  d e f l e c t i o n s ,  w h ile  th e  e f f e c t s  o f  sh ea r  d e fo rm a tio n  and 
r o ta r y  i n e r t i a  w ere b e in g  n e g l i g i b l e .  Note th a t  th e  f i r s t  mode, m = 1 , 
does n o t  appear f o r  th e  f r e e - f r e e  and f r e e - s im p ly  su p p orted  s h a f t  b e c a u se  
r i g i d  body m otion  i s  p e r m itte d  in  th e s e  c a se s  and t h i s  makes th e  c l a s s i ­
f i c a t i o n  o f  th e  f r e e - f r e e  Timoshenko beam fr e q u e n c ie s  q u i t e  d i f f i c u l t .
In  th e  p r e s e n t  i n v e s t ig a t io n  th e  fr e q u e n c ie s  o f  a t h ic k  s h a f t
in c lu d in g  th e  e f f e c t  o f  sh ea r  d eform ation  and r o ta r y  i n e r t i a  i s  a n a ly s e d -
No p r e v io u s  in v e s t i g a t i o n  to  th e  au thor^ s know ledge i s  a v a i la b l e ,  b u t a
com parison w ith  th o s e  r e s u l t s  o b ta in e d  by u s in g  Timoshenko beam i s  made.
In  T ab les 31 and 32 , a c a n t i l e v e r  and a sim p ly  su p p o rte d -s im p ly  su p p o rted
2s h a f t  a r e  a n a ly se d  h a v in g  a r o ta r y  i n e r t i a  param eter R = (0 .0 8 )  . The 
v a lu e s  o f  th e  n o n -d im en sio n a l freq u en cy  param eter
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o b ta in e d  f o r  th e  f i r s t  f i v e  f le x u r a l  or  bend ing modes o f  a t h ic k  s h a f t  
h a v in g  a d i v i s i o n  o f  fou r  eq u a l su b -e lem en ts  in  th e  a x ia l  d i r e c t io n  
a lo n g  i t s  le n g th .
T ab les 31 and 32 show e x c e l l e n t  r e s u l t s  and are  computed f o r  a l l  
c a s e s .  A com parison  w ith  th e  m ethods o f  Thomas and Abbas [60] and 
Bhashyam e t  a l  [62] shows th a t  f o r  th e  l e s s  number o f  e le m e n ts , th e  
p r e s e n t  r e s u l t s  a r e  b e t t e r ,  e s p e c i a l ly  fo r  h ig h  modes o f  v ib r a t io n  due 
to  th e  e f f e c t  o f  fehear d efo rm a tio n  and r o ta r y  i n e r t i a .
The c o r r e c te d  g r a p h ic a l r e p r e s e n ta t io n  o f  ( ve r s us  th e  
r o ta r y  i n e r t i a  param eter fo r  th e  f i r s t  f i v e  modes o f  a f i n i t e  c a n t i l e v e r  
s h a f t  i s  shown in  F ig . 32 fo r  th e  la r g e  range o f  ( / r) from  ze ro  to  0 .1 2 .
In  T ab les  30 , 31 and 32 , o n ly  th e  b end ing  o r  f l e x u r a l  modes o f  
v ib r a t io n  w ith  bending d e f l e c t i o n  and i t s  s lo p e s  are  l i s t e d .  The 
p r e s e n t  r e s u l t s  a re  shown f o r  n od a l d iam eter n = 1 , th e  b eam -type m o tio n , 
a s s o c ia t e d  w ith  la r g e  r a d ia l  d e f l e c t i o n  w.
The f l e x u r a l ,  t o r s io n a l  and a x ia l  modes w ith  d i f f e r e n t  n o d a l  
d ia m e te r , i s  th e  s u b je c t  o f  c o n s id e r a b le  im portance in  th e  s h a f t  
v ib r a t io n  in  th e  p r e s e n t  i n v e s t i g a t i o n .  S in ce  th e  c y c l i c  symmetry 
o f  wave p ro p a g a tio n  tec h n iu q e  i s  u se d , th e  r e s u l t s  o f  v a r io u s  n o d a l  
d ia m e te r s , n , are  e a s i l y  o b ta in e d  f o r  in v e s t ig a t in g  th e  dynam ic 
b eh av iou r  o f  th e  s h a f t .
T ab les 33 and 34 g iv e  th e  fr e q u e n c ie s  o f  v ib r a t io n  o f  s im p ly  
su p p o rted -s im p ly  su p p orted  and c lam ped-sim ply  su p p orted  s o l i d  s h a f t s  
h a v in g  d i f f e r e n t ,  t o t a l  le n g th s  L and v a r io u s  n od a l d ia m eters  n . In  
T able 3 3 , f o r  th e  c a se  o f  ax isym m etr ic  mode n = 0 , th e  lo w e s t  mode 
i s  th e  f i r s t  pure t o r s io n a l  v ib r a t io n  f^ a s s o c ia t e d  w ith  la r g e  
t a n g e n t ia l  d isp la cem en t v .  T h is i s  fo llo w e d  by freq u en cy  o f  a x i a l  
v ib r a t io n  f^  a s s o c ia t e d  w ith  la r g e  a x ia l  d e f l e c t i o n  u . The t h ir d  
and fo u r th  modes a r e  th e  secon d  and t h ir d  freq u en cy  o f  v ib r a t io n  fr^ 
a s s o c ia t e d  w ith  la r g e  t a n g e n t ia l  d e f l e c t i o n .  For th e  c a s e  o f  n % 1 
th e  modes are  m o stly  bend ing v ib r a t io n  a s s o c ia t e d  w ith  la r g e  r a d ia l  
d isp la c e m e n t, w.
In  T able 34 , th e  s o l i d  s h a f t  i s  c o n s id er e d  to  be clam ped a t  one  
end and s im p ly  supported  a t  th e  o th e r . For th e  c a se  o f  n = 0 , th e  
lo w e s t  mode i s  th e  f i r s t  a x ia l  fre q u en cy . T his i s  fo llo w e d  by th e  
f i r s t  and secon d  modes o f  t o r s io n a l  freq u en cy  a s s o c ia t e d  w ith  la r g e  
t a n g e n t ia l  d isp la c e m en t, v .  The fo u r th  mode corresp on d s to  th e  seco n d  
a x ia l  mode o f  v ib r a t io n ,  fo llo w e d  by th e  th ir d  t o r s io n a l  fr e q u e n c y .
A l l  modes o f  v ib r a t io n  f o r  modes o f  n > 1 are  f le x u r a l  v ib r a t io n  
a s s o c ia t e d  w ith  a la r g e  r a d ia l  d isp la c e m e n t, w, fo r  a l l  th e  c a s e s  o f  
le n g th  v a r ia t io n  c o n s id e r e d .
The in f lu e n c e  o f  th e  r a t io  o f  in n e r  r a d iu s  o f  th e  s h a f t  to  th e  
o u te r  r a d iu s  R^/R^ on th e  freq u en cy  o f  v ib r a t io n  o f  th e  s h a f t  i s  
in v e s t ig a t e d  and and i s  shown in  F ig .  33 to  36 . In  g e n e r a l ,  one can  
s e e  from th e s e  f ig u r e s  th a t  fo r  th e  c a se  o f  n = 0 , th e  r e s u l t s  o b ta in e d  
in c lu d e  b oth  t o r s io n a l  and a x ia l  v ib r a t io n  throughout a l l  r a t i o s  o f  R^/R^ 
from  0 to  1 .0 .
F ig .  33 and F ig .  34 show th e  f i r s t  th r e e  modes o f  a x i a l  and
t o r s io n a l  fr e q u e n c ie s  f o r  a s im p ly -su p p o r te d  th ic k  s h a f t  v e r s u s  d i f f e r e n t
r a t i o s  o f  R^/R_ r e s e p c t i v e l y . The v a r ia t io n  o f  th e  r a t i o  o f  mean
r a d iu s  to  th e  w a l l  th ic k n e s s  R / t  o f  th e  s h a f t  fo r  th em
ty p e  o f  s h a f t  c o n s id e r e d  i s  a l s o  shown in  b o th  f ig u r e s .  For a s o l i d
s h a f t ,  R ^ /t i s  c o n s ta n t  and e q u a l t o  0 . 5 .  The r a t io  in c r e a s e s  when
th e  s h a f t  becomes h o llo w  and ten d s to  be a t h in  c y l in d e r .  In  th e
p r e s e n t  i n v e s t ig a t io n  R ^ /t i s  assum ed to  be ^ 2 .0  f o r  a h o llo w  s h a f t ,
^10 fo r  a th in  c y lin d e r  and 2 < (R ^ /t)<  10 f o r  a th ic k  c ir c u la r  c y l in d e r .
F ig .  33 and 34 a l s o  show th a t  th e  fr e q u e n c ie s  o f  a x ia l  and t o r s i o n a l
v ib r a t io n  fo r  th e  low er m odes, when n = 0 , are  n o t s i g n i f i c a n t l y  a f f e c t e d
by R^/R^ r a t i o s .  In  th e  c a s e  o f  n = 1 th e  s h a f t  modes a r e  f a i r l y
a d e q u a te ly  d e sc r ib e d  by o r d in a r y  beam -type th eory  w hich  a s s o c i a t e  w ith
a la r g e  bending mode o f  v ib r a t io n  and are  c lo s e d  to  ea ch  o th e r  w ith  th e
R^/R^ r a t io s  v a r ia t io n ,  as shown i n  F ig .  35 and 3 6 . F ig .  35 shows th a t
th e  lo w e s t  freq u en cy  in  s o l i d  s h a f t  o c c u r s  when n = l w h ereas i n  th e
c a s e  o f  t h in  c y l in d e r  o ccu rs  w here n = 2 . F ig .  36 shows th e  f i r s t
th r e e  modes o f  b end ing  v ib r a t io n  o f  a s im p ly  su p p orted  s h a f t  w ith  v a r io u s
r a t i o s  o f  R ./R  . The i n t e r s e c t i o n  p o in t  i s  where n = 1 f o r  a l l  th e  
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th r e e  s e t s  o f  f r e q u e n c ie s .
For th e  c a se  o f  n ^ 2 , a l l  modes a re  a lm o st b en d in g  or  f l e x u r a l  
v ib r a t io n  and a re  s i g n i f i c a n t l y  a f f e c t e d  by r a t i o s .  I t  can  be
s e e n  th a t  th ey  d e c r e a se  a s  R^/R^ in c r e a s e s .
F ig .  37 g iv e s  th e  fr e q u e n c ie s  o f  th e  f i r s t  s i x  modes o f  b e n d in g ,  
t o r s io n a l  and a x ia l  v ib r a t io n  f o r  a t h ic k ,  s im p ly -su p p o r te d  ends s h a f t  
f o r  th e  ca se  o f  n = 0 and n = l .
The dynam ic b eh av iou r  o f  m u lt i-s p a n , s o l i d  and h o llo w  s h a f t s  w ith  
extrem e ends s im p ly  su p p orted  i s  now c o n s id e r e d  to  in v e s t i g a t e  th e  
a ccu racy  o f  th e  t h ic k ,  th r e e -d im e n s io n a l c y l in d r ic a l  e lem en t a s  shown 
in  F ig .  1 .
As e x p la in e d  i n  S e c t io n  3 .3 .2 ,  th e r e  i s  a c o n s ta n t  r a t i o  b etw een  
th e  am p litu d e o f  th e  m otion  in  one s u b s tr u c tu r e  and t h a t  a t  th e  
corresp o n d in g  p o in t  in  th e  a d ja c e n t  s u b s tr u c tu r e , th e  am p litu d e  r a t i o  
i s  eq u a l to  e^ w here y i s  th e  com plex p r o p a g a tio n  c o n s ta n t .
In  th e  p r e s e n t  a n a ly s i s ,  a s e c t o r  o f  a s h a f t  o f  N c y l i n d r i c a l  sub­
s tr u c tu r e s  each  w ith  a c o n s ta n t  v a lu e  o f  R and R. and sm a ll s e c t o r i a lo 1
a n g le  ( 6  =  2 it/ N )  i s  em ployed to  have a r o t a t io n a l  p r i o d ic i t y  to  form  
th e  c lo s e d - r in g  c ir c u la r  s h a f t  o f  a s in g le  span w ith  le n g th  L , Thus 
th e  im aginary  p ro p a g a tio n  c o n s ta n t  i s  eq u a l to  n .(2m /N ) as shown in  
e q u a tio n  ( 3 .2 6 ) .
When a number o f  id e n t i c a l  spans are  jo in e d  to g e th e r  e n d -to -e n d  
t o  form a m u lt i-s p a n  s h a f t ,  th en  th e  l in e a r  p r io d ic t y  i s  u sed  to  
o b ta in  th e  o v e r a l l  dynamic s t i f f n e s s  and mass m a tr ic e s  o f  a com p lete  
s t r u c tu r e  h a v in g  a t o t a l  le n g th  o f  (N ^ .L ), where i s  th e  number o f  
th e  i d e n t i c a l  sp a n s .
The mode o f  v ib r a t io n  o f  N^-span s h a f t  in  each  p r o p a g a tio n  z o n e , 
may be changed a c c o r d in g ly  to  th e  number o f  su p p o rts  a t  w hich th e  
im aginary p r o p a g a tio n  c o n sta n t s a t i s f i e s  e q u a t io n  ( 3 .3 0 ) .  The
in c r e a s e  in  th e  number o f  su p p o rts  in c r e a s e s  th e  v a lu e s  o f  th e  n a tu r a l  
fr e q u e n c ie s  o f  th e  bend ing v ib r a t io n .
As e x p la in e d  in  S e c tio n  ( 3 . 3 . 4 ) ,  th a t  in  each  odd p ro p a g a tio n  zone  
( f i r s t ,  t h ir d ,  . .  e t c . )  th e  v a lu e s  o f  in t e g e r  number m v a r ie s  from  
(1 to  Ng) in  u n i t  s t e p s ,  w hereas in  each  even  p r o p a g a tio n  zone m 
v a r ie s  from  (0  to  -  1 )  in  u n it  s t e p s .  The p e r m is s ib le  v a lu e s  o f  
y  ^ in c r e a s e s  by eq u a l s te p s  o f  w/N^. T h is i s  a c c e p ta b le  s in c e  th e  
extrem e ends a re  sim p ly  su p p o rted .
T ab le 35 shows a com parison o f  th e  n a tu r a l f r e q u e n c ie s  o f  a f i v e -  
span s o l i d  s h a f t  in  th e  f i r s t  zone o f  f r e e  p r o p a g a tio n . The p r e s e n t  
r e s u l t s  a r e  n o t  in  good agreem ent w ith  th e  c l a s s i c a l ,  t h in  beam th e o ry  
r e s u l t s  s p e c i a l l y  f o r  th ic k  s h a f t  o f  L/R^ = 8 .5 .  T h is i s  due to  th e  
e f f e c t  o f  th e  r o ta r y  i n e r t i a  and sh ea r  d eform ation  w hich  i s  n o t  a llo w e d  
fo r  in  th e  th in  beam th e o ry . The in f lu e n c e  o f  sh ea r  d efo rm a tio n  and
r o ta r y  i n e r t i a  i s  to  reduce the n a tu r a l fr e q u e n c ie s  depending upon
2th e  i n e r t i a  fr a c tu r e  I/AL or the r a t io  o f  L/R and P o isso n * sm
r a t io  V .  However, the com parison betw een th e  t h in  beam r e s u l t s  and 
th e  p r e se n t  r e s u l t s  fo r  L/R^ = 2 5 .7  are in  good agreem ent. Moreover 
T ab le 36 shows th e  c l a s s i c a l  r e s u l t s  o f  th e  n o n -d im en sio n a l freq u en cy  
param eter X o f  a m u lt i-sp a n  th in  beam o b ta in ed  by Gorman [56] u s in g  
th e  B e r n o u lli-E u le r  beam th e o r y .
T able 37 shows the p r e se n t  r e s u l t s  o f  X f o r  a t h ic k ,  s o l i d  
s h a f t  w ith  le n g th  to  mean ra d iu s  r a t io  L/R^ = 8 .5 .  The r e s u l t s  
o b ta in ed  fo r  th e  f i r s t  s i x  span show ing th e  sym m etrica l arrangem ent 
about th e  mode o f  X = 7 .7 2 6 . F ig .  38 shows th e  f i r s t  two zones o f  
th e  f r e e  p r o p a g a tio n s , o f  a sim ply  su p p orted  s h a f t  o f  N -sp a n .
The modes shape and th e  n a tu r a l fr e q u e n c ie s  a re  o b ta in ed  when b o th  
th e  r o t a t io n a l  and l in e a r  p r io d ic i t y  o f  th e  wave p r o p a g a tio n  tec h n iq u es  
a re  a p p lie d . Only fou r a x ia l  e le m en ts , a lo n g  a s in g le  span le n g th  L, 
a re used  to  s o lv e  th e  problem .
I t  i s  e v id e n t  th a t  th e  fundam ental m odeshape, r e g a r d le s s  o f  th e  
number o f  span Ng , i s  e q u iv a le n t  to  th e  fundamental modeshape o f  
s in g le - s p a n  s h a f t  o f  le n g th  L. S im ila r ly ,  th e  (1 + N ) mode i s  e q u iv a le n t  
to  th e  secon d  mode o f  th e  s in g le - s p a n  c a s e ,  the (1+2N^) mode i s  : e q u iv a le n t  to  
th e  th ir d  o f  the s in g le - s p a n  s h a f t ,  and so  on as shown in  F ig .  3 8 .
Symmetry t e l l s  us th a t  th e  second  mode fo r  th e  tw o-span  c a s e , h av in g  
o n ly  one support a t  th e  mid p o in t  o f  th e  s h a f t ,  i s  e q u iv a le n t  to  th e  
fundam ental o f  a s in g le - s p a n  s h a f t  w ith  one end clamped and th e  o th er  
s im p ly  supp orted  o f  le n g th  L.
In th e  ca se  o f  th r e e  spans s h a f t ,  th e  secon d  mode has a s ta t io n a r y  
i n f l e c t i o n  p o in t  a t  th e  m id -p o in t o f  th e  s h a f t ;  th e  mode i s  e q u iv a le n t  
to  th e  fundam ental o f  a tw o-sp an , sim ply  su p p orted  s h a f t ,  w ith  one span  
o f  len gth . L and th e  o th e r  o f  len g th  L /2 . A reduced  e q u iv a le n t  to  th e  
th ir d  mode e x i s t s  b u t i t  i s  n o t o f  much p r a c t i c a l  i n t e r e s t .
In  th e  ca se  o f  a s h a f t  w ith  fo u r -sp a n , th e  th ir d  mode correspond s  
to  th e  second  mode o f  th e  tw o-span s h a f t  w ith  ends sim p ly  su p p orted . 
Furtherm ore th e  secon d  and fo u r th  modes co rresp on d , r e s p e c t iv e l y ,  to  
th e  fundam ental and secon d  modes o f  a tw o-span  s h a f t  w ith  one extrem e  
end clamped and th e  o th er  sim p ly  su p p orted , as shown in  F ig .  38 .
T ab le 38 shows th e  c a lc u la t e d  n a tu r a l f r e q u e n c ie s  o f  a tw o-sp an  
h o llo w , t h in  c y l in d e r  w ith  L/R^ = 2 and v a r io u s  n o d a l d ia m eter  n . 
The r e s u l t s  o f  n a tu r a l fr e q u e n c ie s  a r e  c a lc u la t e d  f o r  th e  f i r s t  fo u r  
p r o p a g a tio n  z o n e s . In  each  z o n e , th e r e  a re  two s e t s  o f  f r e q u e n c ie s ,  
ea ch  co rre sp o n d in g  to  th e  s im p ly  su p p o r te d -s im p ly  su p p o rted  c y l in d e r  
and sim p ly  su p p orted -c lam p ed  c y lin d e r  r e s p e c t iv e l y .  I t  can a l s o  
be s e e n  th a t  th e  t o r s io n a l  mode g iv e n  f o r  n = 0 a r e  n o t  a f f e c t e d  by  
number o f  su p p o rts  thus th ey  are  th e  same i n  each  p r o p a g a tio n  z o n e .
T ab les  39 and 40 show th e  com parison b etw een  th e  e x p e r im e n ta l and 
t h e o r e t i c a l  r e s u l t s  o f  s o l i d  and h o llo w  s h a f t  r e s e p c t i v e l y .  The 
d i f f e r e n c e  b etw een  th e  two s e t s  i s  w it h in  2% to  4% f o r  a l l  c a s e s  cf 
boundary c o n d i t io n s .  The agreem ent b etw een  th e  e x p e r im e n ta l and 
t h e o r e t i c a l  r e s u l t s  i s  very  good .
4 .7  C o n clu sio n s
The t h ic k ,  th r e e -d im e n s io n a l, iso p a r a m e tr ic , f i n i t e  e lem en t i s  
d ev e lo p ed  and shown to  be v e r y  e f f i c i e n t ,  a c c u r a te  and v e r s a t i l e  
to  a n a ly s e  th e  dynamic b eh a v io u r  o f  t h in  and t h ic k  an n u lar  d i s c s ,  
s e c t o r  p l a t e s ,  c y l in d r ic a l  s h e l l s  and s in g le  and m u lt i-s p a n  s h a f t s .
Throughout th e  a p p l ic a t io n s  p r e s e n te d  i n  t h i s  c h a p te r , th e  f i n i t e  
e lem en t d eve lop ed  gave v ery  good r e s u l t s  fo r  th e  i n v e s t i g a t i o n  o f  th e  
v ib r a t io n  c h a r a c t e r i s t ic s  in  c o n ju n c tio n  w ith  th e  wave p r o p a g a tio n  
te c h n iq u e  and in  com b ination  w ith  G aussian  Q uadrature. R ed u ctio n  i n  
s i z e  o f  th e  o v e r a l l  mass and s t i f f n e s s  m a tr ic e s  by th e  u se  o f  th e  
e ig e n v a lu e  econom izer tech n iq u e  g iv e  good r e s u l t s  fo r  th e  n a tu r a l  
f r e q u e n c ie s  o f  such, s t r u c t u r e s .
U sin g  th e  th ic k  p la t e  th e o r y , th e  th r e e -d im e n s io n a l elem ent.' 
g iv es  more a c c u r a te  r e s u l t s  and i s  s u p e r io r  to  th e  t h in  p l a t e  th e o r y .
The im proved e f f i c i e n c y  o f  t h ic k  p la t e  th eory  i s  more e f f e c t i v e  w ith  
t h ic k  s t r u c t u r e s  and a t  th e  h ig h e r  modes o f  v ib r a t io n .  The n a tu r a l  
f r e q u e n c ie s  o f  a x i a l ,  bending and t o r s io n a l  v ib r a t io n  a re  s i g n i f i c a n t l y  
a f f e c t e d  by th e  in f lu e n c e  o f  r o ta r y  i n e r t i a  and sh ear  d e fo rm a tio n  
w hich  i s  n o t  a llo w ed  fo r  in  th e  t h in  p la t e  th e o r y .
For th e  c a se  o f  c ir c u la r  d i s c  and s e c t o r  p l a t e s ,  th e  n a tu r a l  
fr e q u e n c ie s  are  s i g n i f i c a n t l y  a f f e c t e d  by th e  th ic k n e s s  o f  th e  p l a t e s .
The n o n -d im en sio n a l freq u en cy  param eter X o b ta in ed  by t h ic k  p l a t e  th e o r y  
d e c r e a s e s  as h /a  in c r e a s e s  w hereas i t  rem ains c o n sta n t  in  th e  c a s e  o f  
th in  p la t e  th eo ry  fo r  any v a lu e s  o f  th e  h /a  r a t i o .  The v a r ia t io n  b etw een  
th e  r e s u l t s  o b ta in ed  by th e  th ic k  p l a t e  th eo ry  and th o se  o b ta in e d  by  
th e  th in  p la t e  th eo ry  in c r e a s e s  as h /a  in c r e a s e s  fo r  any p a r t ic u la r  mode. 
In  th e  c a se  o f  ta p ered  d i s c ,  th e  fundam ental fr e q u e n c ie s  o f  b o th  n  = 0 
and n = 1 d e c r e a se  as th e  ta p er  r a t i o  Ah = hg/h^ in c r e a s e s .  H owever, 
th e  fr e q u e n c ie s  o f  th e  h ig h e r  modes in c r e a s e  as th e  ta p e r  r a t i o  Ah 
i n c r e a s e s .
In c r e a se  in  th e  v a lu e s  o f  3 and d e c r e a se  in  th e  v a lu e s  o f  f o r  
th e  c a s e  o f  v a r ia b le  th ic k n e ss  d i s c s  cau se  in c r e a s e s  in  th e  f r e q u e n c ie s  
o f  a l l  modes o f  v ib r a t io n .  I t  i s  a n t ic ip a t e d  th a t  f o r  la r g e  v a lu e s  o f  
(+3) and th e  e f f e c t  o f  sh ea r  d efo rm a tio n  and r o ta r y  i n e r t i a  w ould
have to  be c o n s id e r e d , e s p e c i a l ly  i n  th e  r e g io n  o f  th e  in n e r  and o u te r  
r a d iu s  o f  th e  d is c  r e s p e c t iv e ly .
The n a tu r a l fr e q u e n c ie s  o f  c y l in d r ic a l  s h e l l s  and s h a f t s  a re
s i g n i f i c a n t l y  a f f e c t e d  by th e  r a t i o s  o f  R^/R^, L/R^ and R ^ /t f o r  a l l
modes o f  v ib r a t io n .  The h o llo w  s h a f t  and c y lin d e r s  w ere assumed to
be t h in  fo r  R / t  % 10 and t h ic k  f o r  R / t  < 10 . m m
In  th e  c a se  o f  m u lt i-sp a n  s h a f t ,  s im p ly  su p p orted  a lo n g  i t s  l e n g t h ,  
th e  n a tu r a l fr e q u e n c ie s  and th e  mode shape would change as th e  number 
o f  su p p orts in c r e a s e s .
Good agreem ent was shown betw een  th e  t h e o r e t ic a l  and e x p e r im e n ta l  
r e s u l t s  fo r  th e  fr e q u e n c ie s  and mode sh a p e s .
I t  can be con clu d ed  th a t  th e  th r e e -d im e n s io n a l e lem en t g iv e s  
a c c u r a te  r e s u l t s  w ith  a r a p id  co n v erg en ce , and shows to  be s u p e r io r  to  
th e  o th e r  m ethods w hich can make fu r th e r  a p p l ic a t io n  p o s s ib le  w ith  sm a ll  
number o f  e lem en ts r e q u ir e d  to  o b ta in  good r e s u l t s .
T a b l e  1
N a tu ra l fr e q u e n c ie s  o f  v ib r a t io n  (Hz) o f  a f r e e  c y l i n d r i c a l  
segm ent as shown in  F ig .  1 . R e s u lts  o b ta in e d  f o r  R  ^ = 7 i n . ,  
BU = 3 i n . ,  c = 2 in  and 0 = 60 (d e g re e )
Mode A lg e b r a ic  C a lc u la t io n (4x4x4) Gauss Quad.
1 0 .0 0 .0
2 0 .0 0 .0
3 0 .0 0 .0
4 0 .0 0 .0
5 0 .0 0 .0
6 0 .0 0 .0
7 8 9 9 6 .3 8 8 9 9 6 .3 3
8 1 0 1 8 8 .4 5 1 0 1 8 8 .1 7
9 145 9 1 .5 1 14 5 9 0 .5 7
10 1 7 3 4 7 .1 2 1 7 3 4 7 .0 4
11 18 2 2 1 .3 5 1 8 2 2 1 .0 1
12 1 8 6 6 5 .7 4 1 8 6 6 5 .5 2
13 2 0 1 6 1 .8 8 2 0 1 6 1 .1 9
14 22 6 4 4 .5 5 2 2 6 4 3 .0 1
15 - 2 3 4 6 0 .2 2 3 4 5 8 .2 3
16 237 6 0 .0 9 2 37 5 9 .1 5
T a b l e  2
Comparison o f  th e  n o n -d im en sio n a l freq u en cy  param eters  
2 i
X = w a (ph/D ) f o r  uniform  t h ic k n e s s ,  c o m p le te ly  f r e e  
c ir c u la r  d i s c  w ith  a = 8 .0  i n ,  b = 0 .0 0 0 8  i n ,  b /a  -  0 .0  
and h /a  = 0 .0 4
Nodal V alu es o f  X fo r  n od al d iam eter  n o f : -
C ir c le n = 0 n = 1 n = 2 n = 3
s P r e sen t
A n a ly s is
L e is s a
[5]
P r e se n t
A n a ly s is
L e is s a
[5]
P r e se n t
A n a ly s is
L e is sa
[5 ]
P r e se n t
A n a ly s is
L e is s a
[5 ]
0 - - - - 5 .1 4 5 .2 5 1 1 .9 5 1 2 .2 3
1 8 .9 9 9 .0 8 1 9 .9 2 2 0 .5 2 3 4 .0 1 3 5 .2 5 5 0 .9 4 5 2 .9 1
2 3 7 .9 1 3 8 .5 5 5 8 .3 3 5 9 .8 6 8 1 .0 8 3 .9 1 0 8 .2 1 1 1 .3
3 8 4 .5 0 8 7 .8 115 .2 2 1 1 9 .0 1 4 5 .7 1 54 .1 1 8 2 .1 1 9 2 .1
4 1 4 9 .0 7 1 5 7 .0 1 8 9 .7 4 1 9 8 .2 2 3 0 .6 2 4 2 .7 2 7 1 .9 2 9 0 .7
5 2 3 9 .2 3 2 4 5 .9 2 8 2 .3 296 .9 3 3 3 .2 3 5 0 .8
.
377 4 0 8 .4
n = 4 n = 5 n = 6
s P r e se n t
A n a ly s is
L e is s a
[5]
P r e se n t
A n a ly s is
L e is s a
[5]
P r e se n t
A n a ly s is
L e is s a
[5]
0 2 0 .9 5 2 1 .6 3 2 .1 3 3 3 .1 4 5 .4 8 4 6 .2
1 6 9 .6 2 7 3 .1 9 2 .0 8 9 5 .8 117 121
2 1 3 4 .9 7 1 4 2 .8 1 6 6 .6 1 7 5 .0 1 9 8 .8 2 1 0 .3
3 2 1 8 .4 2 3 2 .3 2 5 9 .2 2 74 .6 2 9 9 .9 3 1 9 .7
4 3 17 .41 3 4 0 .4 3 6 6 .4 392 .4 4 1 2 .9 4 4 7 .3
5 4 2 5 .6 4 6 7 .9 4 8 8 .3 5 2 9 .5 5 7 7 .3 5 9 3 .9
-  In th e  ca se  o f  f r e e - f r e e  d i s c s :
n = 0 ,  s =0 correspond s to  r ig id  body t r a n s la t io n  
n = 1 , 8 = 0  corresp on d s to  r ig i d  body r o t a t io n  about d ia m eter
T a b l e  3
2 iN on -d im en sion a l freq u en cy  p aram eters X = ü) a (p h /D ) o f  
u n iform  c ir c u la r  p la t e  u s in g  t h ic k  an n u lar  p la t e
Mode h /a = 0 .1 h /a  = 0 .3
P resen t r e s u l t s R e f. [15] P r e se n t r e s u l t s R ef . [15 ]
 ^ 1 
b/a=O .0  1 b /a = 0 .0 1 b /a = 0 .0  ' b /a = 0 .0 1 b /a = 0 .0 b /a = 0 .0 1 b /a = 0 .0  1b /a = 0 .0 1
0
1
............... 1”
8 .7 6  1 8 .7 6 8 .8 7  1 8 .8 7 7 .9 9 7 .9 9 8 .0 1  I 8 .0 1
2 3 3 .4  •
1
3 3 .3 8 3 6 .0 4 3 6 .0 3 2 6 .6 3 2 6 .5 4 2 6 .2 8  1
..........................j
2 6 .2 8
1
1
1 9 .4 5  1 19 .4 5 1 9 .7 1  1 1 9 .7 1 1 5 .8 7 1 5 .8 7 1 5 .9 8  1 1 5 .9 8
1 2 5 3 .9 6  1 
1
5 3 .9 5 5 4 .2 6 5 4 .2 5 3 7 .5 0 3 7 .4 8 3 5 .9 8  i 
........- 1-
3 5 .9 7
0
r
5 .1 9  1 5 .1 9 5 .2 8  1 5 .2 8 4 .7 7 4 .7 7 4 .8 9  I 4 .8 9
2
1 3 2 .5 6  I
1
32 .5 6 3 3 .0 3  1
1
3 3 .0 3 2 4 .2 9 2 4 .3 0 2 4 .3 2  1
-------------------------L.
2 4 .3 2
T a b l e  4
Comparison o f  tr a n sv e r s e  n a tu r a l fr e q u e n c ie s  (Hz) o f  t h in ,  f r e e - f r e e  
d i s c  o f  a = 8 .0  i n . ,  b = 1 .2 8  i n . ,  h = 0 .3 4  i n .  The e ig e n v a lu e  
econ om izer  tech n iq u e  i s  used  r e t a in in g  u -d isp la c e m e n t o n ly .  
S u b str u c tu re  made up o f  10° segm en ts .
Nodal
D iam eter
n
Nodal
C ir c le s
s
P r e se n t  3-d im . e lem en t T h in , 2-d im . f i n i t e  e lem en t (7 ,4 8 )
(5 , 288 , 2 4 )* P r e se n t  a n a ly s is Sabuncu [8]
0 - - —
1 438 441 441
0 2 2020 2050 2051
3 4821 4963 4975
4 8879 9318 9374
5 13997 15175 15202
0 - — —
1 998 1033 1032
1 2 2798 2940 2940
3 5514 5853 5873
4 9447 10077 10166
5 14710 15825 15855
0 258 271 272
1 1711 1760 1761
2 4042 4171 4156
2 3 7148 7527 7530
4 11109 11937 12054
5 16274 17639 17872
0 615 645 649
1 2591 2692 2692
2 5407 5587 5579
3 3 9017 9365 9319
4 13412 14136 14041
5 18781 19985 20531
T a b l e  4  ( c o n t . )
0 1081 1135 1144
1 3583 3733 3733
4 2 6871 7140 7148
3 10970 11445 11391
4 15897 16586 16252
5 21704 22594 22978
0 1656 1745 1760
1 4688 4887 4884
2 8431 8753 8775
5 3 13000 13535 13566
4 18446 19210 19045
5 24699 25599 25368
0 2337 2473 2499
1 5908 6165 6148
2 10110 10462 10477
6 3 15151 15789 15711
4 21083 22200 22225
5 27624 28425 28240
(*) (Number o f  e lem en ts  u sed . T o ta l  d eg ree s  o f freed o m . M aste r 
r e ta in e d  by th e  econom izer te c h n iq u e )
T a b l e  5
C onvergence o f  th r e e  d im en sio n a l f i n i t e  e l  ment m odels o f  th e  n a tu r a l  
fr e q u e n c ie s  (Hz) o f  tr a n s v e r s e , t o r s io n a l  and r a d ia l  v ib r a t io n  o f  
a f r e e - f r e e  an n u lar  d is c  w ith  a = 8 .0  i n . ,  b = 1 .2 8  in  and h = 0 . 3 4  in
Nodal
diam.
n
*
N atu ra l fr e q u e n c ie s  (Hz) o b ta in ed  f o r  v a r io u s  
(Number o f  e le m e n ts . T o ta l d eg rees  o f  fr e e d o m .)
( 2 ,1 4 4 ) (3 ,1 9 2  ) ( 5 ,2 8 8 ) ( 7 .3 8 4 ,) ( 9 ,4 8 0 ) (1 1 ,5 7 6 )  /
"o 0 0 0 0 0 0
Vo 0 0 0 0 0 0
^1
442 441 440 440 440 440
^2
2031 2031 2023 2023 2023 2023
"3 5771 4831 4813 4804 4802 4801
0 w
0
7902 7898 7897 7897 7897 7897
"4 11731 10207 8838 8774 8770
8768
11746 11744 11744 11744 11744 11744
"5 19565 17245
13900 13812 13753 13750
"0
0 0 0 0 0 0
\ =w^ 0 0 0 0 0 00 0
1009 1002 999 998 998 998
^2
2870 2830 2802 2795 2794 2794
1
°3 6679
5562 5511 5488 5480 5479
6794 6794 6794 6794 6794 6794
^4 12394 10845 9397
9312 9291 9290
- - 14342 14248 14178 14171
15512 15509 15509 15509 15509 15509
^2
16476 16469 16465 16465 16465 16465
* Predom inant d ir e c t io n  o f  the modal d isp la cem en t
T a b l e  5  ( c o n t . )
uo 261 259 258 258 256 256
'^ 1
1728 1718 1712 1711 1711 1711
"2 4497 4077 4042 4035 4034 4034
4739 4723 4712 4710 4709 4709
2 8783 7436 7134 7099 7090 7088
^1 10097 10090 10086 10085 10085 10085
14984 12616 11014 10885 10852 10848
- - 15786 15595 15501 15499
16587 16558 16540 16536 16536 16536
^2
21077 21075 21067 21067 21066 21066
T a b l e  6
Comparison o f  n o n -d im e n s io n a l  freq u en cy  param eters  
2 1
X = 0) a (p h/D) o f  f r e e - f r e e ,  uniform  t h ic k n e s s ,  
annular d i s c s ,  f o r  h / a  = 0 .2
R ad ii Mode V alues  o f  X o b ta in ed  by :
R a t io Thick P l a t e  Theory Thin P l a t e  Theory
b / a n s P r e sen tA n a ly s i s
I r i e  e t  a l  
[15]
Rao & Prasad  
[13]
P r e s e n t
A n a ly s i s
L e i s s a
[5]
0 1 8 .1 0 8 .3 0 6 .8 5 8 .7 7 8 .7 7
0. 2 30 .01 3 1 .2 3 - 3 8 .2 6 3 8 .2 0
0 . 1
1 1 17 .35 1 7 .7 5 19 .6 4 2 0 .3 2 2 0 .5
1 2 4 2 .66 4 2 .9 3 5 8 .7 9 5 9 .0 0
2 0 4 .8 6 5 .0 3 4 .8 5 5 .3 5 5 .3 0
2 1 2 7 .7 5 28 .3 9 28 .1 6 3 4 .6 8 3 4 .9
0 1 7 .01 7 .8 9 6 .8 2 8 .3 5 8 .3 6
0 2 3 6 .0 3 9 .5 7 - 5 0 .3 6 5 0 .4 0
1 1 1 4 .5 3 1 5 .1 3 17 .6 1 3 1 8 .2 7 1 8 .3 0
0 . 3 1 2 4 3 .3 1 4 3 .1 7 - 5 8 .6 9 5 8 .3
2 0 4 .4 6 4 .6 1 4 .3 0 4 .9 1 4 .9 1
2 1 2 5 .8 2 6 .6 3 31 .086 3 2 .8 0 3 3 .0
0 1 8 .11 8 .5 5 7 .3 3 9 .3 1 9 .3 2
0 2 5 8 .0 6 4 .0 1 9 2 .3 3 9 2 .3 0
1 1 13 .3 1 1 3 .7 7 15 .0 8 17 .1 9 1 7 .2 0
0 .5 1 2 68 .06 6 5 .3 2 - 9 6 .0 6 9 6 .3 0
2 0 3 .9 8 4 .0 0 3 .15 4 .2 7 4 .2 8
2 1 2 2 .8 1 2 3 .6 4 29 .20 31 .0 9 3 1 .1
T a b l e  7
Frequency param eters  X = m a^ (p h/D)^ o f  uniform  t h i c k n e s s ,  
c la m p ed -free  d i s c  f o r  v a r io u s  r a t i o s  o f  b / a ,  and h / a  = p . 2
Ratio
Mode Thick Plate Theory Thin Plate Theory
of
b/a n S Present Ref [15] Ref [14] Ref [13] Present Ref [9] Ref [4] Ref Do]
Analysis Thin F E
( î M
0 0 3.94 3.92 3.94 4.12 4.24 4.32 4.23 4.247
1 19.32 19.05 25.09 25.30 25.30 25.36
0.1 1 0 2.90 2.84 2.893 2.899 3.44 3.48 3.14 3.504
1 21.306 21.31 26.244 27.56 27.3 27. 76
2 0 5.15 5.22 5.164 5.243 5.62 5.81 5.62 5.64
1 28.61 29.13 27.70 36.64 37.0 37.49
0 0 6.20 6.14 6.465 6.66 6.92 6.66 6.66
1 30.05 29.76 37.124 42.62 42.6 42.79
0.3 I 0 5.80 5.74 5.721 6.53 6.54 6.33 6.55
I 31.30 31.20 42.93 44.57 44.6 44.76
2 0 6.75 6.89 6.678 7.92 8.22 7.96 7.99
1 35.46 35.68 47.021 56.70 50.9 51.95
0 0 11.70 11.46 11.655 9.927 13.02 13.21 13.0 13.02
1 50.2 49.27 61.59 85.06 85.1 85.017
0.5 I 0 11.52 11.43 11.737 10.94 13.27 13.45 13.3 13.29
I 51.16 50.25 62.90 86.65 86.7 86.77
2 0 12.08 12.14 12.706 13.508 14.66 14.90 - 14.7 14.71
1 53.8 53.15 81.99 91.47 91.7 92.69
. 0 0 28.51 28.05 23.218 37.10 37.43 37.0 36.95
1 104.08 93.37 218.07 240.8 239.0 239.05
0.7 1 0 28.58 28.13 _ 23.50 37.58 37.88 37.5 37.49
1 104.7 93.96 222.34 241.6 241.0 241 .1
2 0 28.81 28.63 25.54 39.115 39.80 39.0 39.3
1 106.7 95.71 226.96 244.0 246.0 245.4
0 0 138.4 351.5
1 308.0 970.0
0.9 1 0 138.6 _ _ _ 345.0 _
1 307.0 " ■ 2189
C a lc u la te d  n a tu r a l  f r e q u e n c ie s  (KHz) o f  c la m p e d -fr e e  un iform  
t h ic k n e s s  d i s c  o b ta in e d  by th e  th r e e  d im en sio n a l  e lem en t  
(upper v a l u e s ) , and t h i n  p l a t e  th e o r y  ( low er  v a l u e s ) . R e s u l t s  
o b ta in ed  f o r  a = 3 .5  i n ,  h / a  = 0 . 2  and v a r io u s  r a d i i  r a t i o  b / a  o f i
b / a  = 0 . 1
n = 0 1 2 3 4 5
s = 0
2 .2 0
2 .3 5
1 .629
1 .9 1 1
2 .8
3 .1 2
6 .0 6
6 .9 6 2
10 .09
12 .229
1 4 .6 7
1 8 .7 9
s = 1
1 0 .7
14 .0 4
1 1 .8 2
15 .29
15 .8 5
2 0 .3 3 7
2 1 .7
2 9 .3 0 8
2 8 .2
4 0 .404
3 4 .9 9
5 2 .9 3
s = 2
2 6 .8
4 1 .15
2 8 .3
4 2 .95
3 3 .0 2
4 9 .5 9 8
4 0 .0
6 1 .9 7
4 7 .8 9
77 .85
5 6 .1 3
9 5 .3 7 2
s = 3
4 6 .3
8 1 .9
4 8 .0 3
84 .202
5 3 .0
91 .8 5
6 0 .6
1 0 6 .2 5
6 9 .5 7
126 .114
7 9 .0 3
1 4 8 .3 4
s = 4
6 9 .3
1 3 7 .2 3
70 .98
139 .77
7 5 .9 3
148 .031
8 3 .7 7
16 3 .375
9 3 .4 9
1 8 5 .8 8
1 0 4 .0
2 1 2 .4 9 8
s = 5
9 5 .6
2 0 7 .7 8
97 .1 6
210 .56
10 1 .9
219 .26
1 0 9 .6
2 3 4 .4 0 6
119 .75
25 8 .2 3
1 3 0 .9 9
2 8 7 .3 8
b / a  = 0 . 3
s = 0 3 .4 6 0
3 .696
3 .2 5 8
3 .6 3
3 .7 5
4 .3 9 8
6 .2 9
7 .3 7
10 .145
12 .2 9 8
1 4 .6 7
1 8 .7 4 1
s = 1
1 6 .6 8
2 3 .6 6
1 7 .4
24 .742
1 9 .6 8
2 8 .1 3 8
2 3 .6 4
3 4 .1 3 7
2 8 .9 8 3
42 .8 5 7
3 5 .2 5
5 4 .1 0 2
s = 2 4 0 .0 2  
. 6 8 .6 2
4 0 .6 8
69 .835
42 .7 5
7 3 .5 8
4 6 .3 5 4
8 0 .1 0 2
5 1 .4 5 8
8 9 .653
5 7 .8
1 0 2 .3 7 2
s = 3
67 .7 5
1 3 6 .112
68 .412
137.389
7 0 .4
14 1 .2 7
7 3 .7 4
14 7 .8 9
78 .413
157 .462
8 4 .3 7
1 7 0 .1 6 4
s = 4
1 0 0 .6
2 2 7 .2 3
101 .22
22 8 .5 2
1 0 2 .9 8
23 2 .9 4
1 0 6 .0
2 3 8 .9 4
110 .107
24 8 .2 8
11 5 .45
2 6 0 .5 6 6
s = 5
13 7 .27
343 .21
137 .81
34 4 .48
13 9 .4 0
348 .315
1 4 2 .0 3 4
3 5 4 .7 4 6
145 .740
363 .84
1 5 0 .4 9
3 7 5 .6 7
T able  8 ( c o n t . )  
b / a  = 0 .5
n = 1 0 1 2 3 4 5
s = 0
6 .4 9 7
7 .229
6 .4 3 0
7 .369
6 .7 3 0
8 .1 3 8
8 .1 8
1 0 .2 7
11.135
14 .182
1 5 .1 5 7
1 9 .8 3 8
s = 1
2 7 .9
47 .2 1 1
2 8 .4
48 .0 9
29 .9 5
5 0 .7 7
3 2 .5
55 .2 5 5
36 .1
6 1 .5 9
4 0 .5 8
6 9 .8 3 7
s = 2
6 6 .0 7
1 3 5 .43
66 .4 5
1 36 .28
6 7 .6
138 .86
6 9 .5 6
1 4 3 .212
72 .38
149 .378
7 6 .0 5 3
15 7 .4 2 6
s = 3
110 .666
267 .742
111 .025
268 .545
112 .103
27 0 .9 6 0
113 .899
275 .025
116 .410
280 .76
1 1 9 .6 2 7
2 8 8 .2 2 2
s = 4
171 .864
44 6 .2 5
168 .377
44 6 .9 7 7
1 6 9 .0 0
44 9 .1 4 4
1 7 1 .257
4 5 2 .7 7 7
174 .37
45 7 .9 0 8
1 7 7 .5 6 7
4 6 4 .5 8 0
s = 5
214 .626
6 7 3 .2 3 4
21 4 .87
673 .85
21 5 .604
675 .705
2 1 6 .8 4
6 7 8 .8 1 7
21 8 .5 8
683 .216
2 2 0 .8 3 0
6 8 8 .9 4 6
b / a  = 0 . 7
n = 1 0 1 2 3 4 5
s = 0
1 5 .8 5 0
20 .605
15 .866
2 0 .8 5 8
1 6 .0 2
2 1 .7 1
1 6 .6 8
23 .3 9 8
18 .16
2 6 .212
2 0 .6 2
3 0 .3 9
s = 1
5 7 .7 7
133 .66
5 8 .1 4
134 .108
59 .2 6
135 .46
6 1 .0 9 8
137 .795
6 3 .6
141 .19
6 6 .7 9
1 4 5 .7 7
s = 2
13 8 .5 6
379 .597
1 3 8 .77
379 .094
139 .41
377 .667
1 40 .5
3 7 5 .5 1 4
142.06
372 .98
14 4 .1 1 2
3 7 0 .4 8
s = 3
23 8 .484  
748 .361
2 3 8 .60
745 .114
23 9 .01
735 .76
24 0 .2 5
72 1 .3 7
242 .17
703.45
2 4 4 .7 4
6 8 3 .7 0
s = 4
3 1 3 .1 8
1 0 1 7 .82
313 .30
1007 .122
31 4 .033
97 6 .6 3 8
3 1 5 .4 2
93 0 .5 5
317.45
8 7 4 .16
3 2 0 .1 1 8
8 1 2 .4 7
s = 5
396 .571
12 4 5 .2 0
396 .471
1232 .68
397 .056
1198 .114
3 9 8 .3 4 8
11 4 8 .3 2 3
400 .235
1090 .36
4 0 2 .6 6
1 0 2 8 .8
T a b l e  8  ( c o n t . )
b / a  = 0 .8
n = 0 1 2 3 4 5
s = 0 2 9 .80 2 9 .8 3 2 9 .9 7 30 .375 3 1 .2 4 3 2 .7 2 5
s = 1 1 0 7 .2 1 0 7 .5 108 .354 1 0 9 .7 4 1 1 1 .666 1 1 4 .1 1
• s  = 2 231.85 2 3 2 .006 232 .476 233 .26 2 3 4 .3 6 8 2 3 5 .7 9 6
s = 3 34 3 .7 7 3 4 3 .8 8 344 .235 3 4 4 .82 3 4 5 .6 3 3 4 6 .6 6
s = 4 444 .312 4 4 4 .4 4 4 4 4 .8 0 4 4 5 .402 4 4 6 .2 2 3 4 4 7 .2 4 3
s = 5 5 5 5 .7 8 8 5 5 5 .9 0 5 5 6 .2 3 5 5 6 .7 6 5 5 7 .5 5 5 8 .3 4 3
b / a  = 0 .9
n = 0 1 2 3 4 5
s = 0 76 .862 7 6 .9 4 7 77 .20 77 .694 7 8 .4 3 79 .4 7 7
s = 1 253 .115 2 5 3 .4 2 2 5 4 .3 3 2 55 .86 2 5 7 .9 7 7 2 6 0 .6 7 2
s = 2 4 5 1 .55 4 5 1 .6 4 5 2 .016 4 52 .59 4 5 3 .3 7 4 5 4 .3 4 4
s = 3 611 .75 6 1 1 .9 0 4 612 .266 61 3 .1 2 6 1 4 .1 4 4 6 1 5 .4 1 2
s = 4 769 .84 770 .05 770 .686 771 .75 773 .26 775 .236
s = 5 847 .498 8 47 .95 849 .27 85 1 .4 0 - 8 5 4 .1 8 7 8 5 7 .5 4
T a b l e  9
Uniform t h ic k n e s s  membrane freq u en cy  param eters  X, 
Membrane i s  clamped a t  i t s  c e n tr e  p o in t  and th e  r e s u l t s  
o b ta in e d  f o r  zero  noda l c i r c l e  ( s = 0 ) ,  and v = 0 . 3
Nodal
Dia
(n)
r a d i i
r a t i o
b /a
v a lu e s  o f  X = 0) a^ (p h/D)  ^ o b ta in e d  by:
P r e s e n t  3 -D .F .E  
( 5 ,2 4 0 ,2 0 )
P r e s e n t  t h in  p l a t e  
a n a l y s i s  ( 7 ,  42)
S o u th w e l l  approx.
[3]
0 .2 7 5 6 .1 2 6 .2 4 6 .2 5
0 0 .6 4 2 2 5 .4 8 2 5 .7 7 2 5 .0
0 .8 4 0 1 2 8 .2 1 - 8 1 .0
0 .0 6 2 .7 0 1 2 .9 0 5 2 .8 2
0 .3 9 7 8 .7 7 8 .9 9 7 9 .0
1 0 .6 0 3 2 0 .8 2 2 1 .2 2 2 1 .2
0 .6 3 4 2 4 .8 6 2 5 .0 4 2 5 .0
0 .7 7 1 6 2 .3 — 6 4 .0
0 .8 2 7 11 1 .5 - 1 2 1 .0
0 .1 8 6 6 .0 5 6 .2 5 6 6 .2 5
0 .3 4 9 8 .7 7 8 .9 7 9 .0 0
2 0 .5 2 2 15 .70 1 5 .9 1 1 6 .0
0 .7 6 9 63 .4 9 - 6 4 .0
0 .8 1 9 2 .3 3 - 100 .
0 .4 3 15 .516 1 5 .6 7 7 1 6 .0
0 .5 9 2 4 .2 7 2 4 .7 8 2 5 .0
3 0 .7 1 4 4 .0 0 - 4 9 .0
0 .8 2 105 .556 - 1 0 0 .0
T a b l e  1 0
E xp er im en ta l  and t h e o r e t i c a l  n a t u r a l  f r e q u e n c ie s  o f  c la m p e d - fr e e  d i s c s  o f  
uniform  t h ic k n e s s  h * 0 .1 8 7 5  in  and o u te r  r a d iu s  a » 3 .5  i n ,  v » 0 .3
Mode o f
T ransverse  n a t u r a l  f r e q u e n c ie s  (Hz) fo r  b /a  o f  : -
V ib r a t io n
b /a  = 0 .1 b /a  *= 0 .2
n S Exper, T h e o r e t ic a l  r e s u l t Exper. T h e o r e t i c a l  r e s u l t s
R e s u l t s 2 dim 
F.E
3 -d im e n s io n a l  
f i n i t e  
e lem ent
R e s u l t s
2 . dim F.E 3 . dim F.E
0 618 630 625 - 770 755
0 1 3760 3762 3758 4770 4803 4783
2 - L1022 10682 13450 14012 13432
0 510 511 509 710 712 717
1 1 4050 4093 4048 5045 5115 5044
2 - 11487 11075 - 14385 13746
0 797 835 798 860 952 916
2 1 5150 5430 5236 5480 6169 5968
2 12800 13222 12604 - 15596 14796
0 1780 1863 1770 1830 1880 1789
3 1 7500 7814 7431 7650 8110 7731
2 15520 16470 15508 16750 17827 16770
0 3000 3274 3095 3080 3270 3097
4 1 10265 10756 . 10154 10300 10834 10228
2 20632 19243 — 21143 19739
T a b l e  1 1
2 iComparison o f  n o n -d im en s io n a l  freq u en cy  param eters  X *= a w (p h /D )  ^
o f  a s im p ly  supported  -  f r e e  t h ic k  d i s c  f o r  v a r io u s  v a lu e s  o f  b / a  and h / a
Mode v a lu e s o f  X f o r  b / a  and h / a  o f
(b /a  = 0 . 1 ) (b /a  = 0 .3 )
n
h /a  = 0 .2 h / a  = 0 . 3 L e i s s a h / a  = 0 . 2 h /a  = 0 . 3 L e i s s a
s
* Ref
[15]
* -R ef
[15 ]
[5] * Ref
[15]
* R e f .
[15]
[5]
0 0 3 .2 9
3 .2 6 3 .0 8 3 .0 7 3 .4 5 3 .3 4 3 .3 3 3 .2 3 3 .2 2 3 .4 2
1 1 7 .35 1 7 .35 1 4 .3 1 4 .8 1 2 0 .8 2 5 .6 1 25 .89 2 1 .5 2 1 .8 7 3 1 .6
0 1 .3 4 2 .1 8 1 .0 2 .0 2 2 .3 0 2 .6 7 3 .2 3 2 .2 6 3 .0 9 3 .3 2
1 1 19 .4 4 2 0 .2 9 1 6 .9 17 .5 5 2 4 .1 2 7 .1 3 2 7 .8 7 2 2 .0 0 2 3 .4 4 3 4 .5
0 5 .0 4 5 .1 6 4 .8 2 4 .9 4 5 .4 2 5 .0 4 5 .7 4 4 .6 5 .4 5 6 .0 8
2 1 28 .66 2 8 .9 3 2 4 .4 5 2 4 .4 9 3 5 .8 3 2 .3 3 3 .5 2 2 6 .3 4 2 7 .7 8 4 3 .0
3 0 1 1 .3 4 - 10 .4 4
- 1 2 .4 1 1 .2 - 1 0 .2 7 - 1 2 .6
1 4 0 .3 3 - 33 .1 8 - 5 3 .0 4 1 .0 - 3 3 .3 2 - 5 6 .7
b /a = 0 .5 b /a = 0 . 7
n
h /a  = 0 . 2 h /a = 0 . 3 L e i s s i h /a = 0 .1 h /a = 0 . 2 L e i s s a
* R e f .
[15]
* R e f . 
[15]
[5 ] * R e f .
[15]
* R e f .
[15 ]
[5]
0 4 .0 2 4 .0 1 3 .8 7 3 .8 8 4 .1 1 6 .1 1 6 .1 0 5 .8 7 5 .8 6 6 .1 8
0
1 4 2 .7 7 4 4 .6 4 3 5 .46 3 5 .44 6 1 .0 13 2 .7 134 .41 1 0 9 .8 1 9 2 .3 9 1 7 0 .0
0 4 .0 5 4 .6 5 4 .3 2 4 .4 6 4 .8 6 7 .6 8 .0 9 6 .6 5 7 .6 3 8 .3 4
1
1 4 4 .6 8 4 5 .8 5 36 .11 36 .3 0 6 3 .3 13 3 .4 1 3 5 .5 1 1 2 .1 1 9 2 .9 9 1 7 2 .0
0 6 .1 3 7 .4 2 6 .8 6 6 .9 7 7 .9 8 1 1 .7 3 12 .79 9 .1 8 1 1 .7 9 1 3 .4
2
1 4 7 .7 4 9 .3 5 3 8 .7 2 38 .79 6 9 .7 136 .76 1 3 8 .71 1 1 9 .26 9 4 .7 8 177
3 0 1 1 .39
- - - 1 4 .0 17 .4 5 - 1 3 .7 7 - 2 0 .5
1 5 1 .8 5 - - - 8 0 .3
-----------
1 4 0 .0
-----------
- 128 .9 - 185
* p r e s e n t  r e s u l t  u s in g  the  th ic k  t h r e e - d im e n s io n a l  e lem en t
T a b l e  1 2
IFrequency param eters  X = w a (p h/D) f o r  c lam p ed -c lan p ed  
c i r c u l a r ,  uniform  th ic k n e s s  d i s c s .  The r e s u l t s  g iv e n  f o r  
r a d iu s  r a t i o  b / a  = 0 .1  and t h ic k n e s s  d iam eter  h / a  = 0 . 2
Mode o f v i b r a t i o n
V alu es  o f  (X) o b ta in e d  by
T h ick , 3 -d im e n s io n a l  e lem en t T hin  p .T .
n s P r e s e n t  a n a l y s i s  ( 7 ,2 8 8 ,2 4 )
I r i e  e t  a l  
[15]
L e i s s a
[5]
0
0 2 0 .2 1 9 .8 4 2 7 .3 0
1 4 5 .1 7 4 4 .9 1 7 5 .3 0
0 2 1 .3 2 1 .1 8 2 8 .4 0
1 1 4 7 .2 7 4 7 .5 9 7 8 .6
0 2 7 .3 2 7 .4 4 3 6 .7 0
2 1 5 4 .6 5 5 .5 3 9 0 .5
T a b l e  1 3
F le x u r a l  f r e q u e n c ie s  o f  c la m p e d -fr e e  d i s c  o f  v a r i a b l e  t h ic k n e s s  
w ith  p r o f i l e  h *= h2 ( r / a )  R e s u l t s  o b ta in e d  f o r  B *= 0 . 9  and 
s = 0 .  The f i n i t e  e lem ent model o f  the  p r e s e n t  r e s u l t s  i s  ( 8 , 3 8 4 ,3 2 )
4 o 1
v a lu e s  o f  X = w (4pa /E .h ^  ) f o r :
r a d i i n = 0 n = 1 n = 2 n = 3
r a t i o
Mote P r e sen t Mote P r e s e n t Mote P r e s e n t Mote P r e s e n t
b /a [10] a n a l y s i s [ I d a n a l y s i s [10] a n a l y s i s [10] a n a l y s i s
0 .1 9 .2 4 9 9 9 .2 3 9 9 9 .1 0 2 7 8 .855 9 .7 2 3 0 9 .1 3 6 7 1 3 .1 0 0 1 2 .3 9 7 3
0 .2 9 .5 1 3 5 9 .5 1 0 8 9 .4 6 3 4 9 .3 4 2 1 0 .1 6 4 9 .6 6 1 1 3 .2 7 5 1 2 .5 1 4 6
0 . 3 1 0 .265 10 .251 10 .316 1 0 .2 3 3 1 1 .0 8 9 10 .6 6 1 5 1 3 .8 8 6 1 3 .0 8 9
0 .4 1 1 .7 7 7 1 1 .6 9 8 11 .914 1 1 .8 7 1 3 12 .7 5 5 1 2 .3 7 4 1 5 .2 4 7 1 4 .4 3 8
0 .5 1 4 .5 7 6 14 .561 1 4 .7 9 0 1 4 .7 6 4 1 5 .6 9 9 1 5 .3 3 9 1 7 .4 9 4 1 7 .1 1 2
0 .6 19 .1 3 3 19 .1 2 7 20 .194 2 0 .1 5 7 21 .1 8 9 2 0 .7 9 7 2 3 .2 8 9 2 2 .3 5 9
0 .7 31 .416 31 .409 31 .759 31 .6 2 8 3 2 .8 5 8 3 2 .3 2 0 3 4 .9 1 2 3 3 .7 3 7
0 . 8 6 3 .3 7 6 1 .7 6 4 6 3 .765 6 1 .9 8 9 6 4 .9 6 9 6 2 .6 9 7 6 7 .0 2 5 6 3 .9 8 6
0 .9 - 205 .649 - 20 5 .817 - 2 0 6 .3 4 - 2 0 7 .2 3 5
T a b l e  1 4
N on -d im en sional freq u en cy  p a r a m ete r X =  w ( 4 .p a ^ /E .h 2^)^ 
o f  t r a n s v e r s e  f r e e  v i b r a t i o n  f o r  clamped f r e e  d i s c s  o f  
v a r ia b le  t h ic k n e s s  w i t h  p r o f i l e  h = hg ( r / a ) ”^ f o r  b / a  = 0 . 2
V ib r a t io n
Modes
v a lu e s  o f  X f o r  (3 )  o f :
3 = 0 .5 3 = 1 .5 3 = 2 .5
n s P r e s e n t  Ref Smith  
a n a l y s i s *  [ 1 6 ] x  [ 1 1 ] t
P r e s e n t  Smith  
a n a l y s i s *  [1 1 ]+
P r e s e n t  Smith  
a n a l y s i s *  [ l l ] +
0 0 
0 1 
0 2
5 .9 3 0  5 .9 3 9  5 .9 5 5  
2 9 .4 8 6  2 9 .804  2 9 .9 1 7  
7 6 .536  7 9 .722  8 0 .0 6 4
1 6 .8 0 8  17 .176  
5 8 .3 5 0  65 .8 5 1  
12 0 .6 1 7  1 5 4 .87
3 3 .4 0 6  3 5 .8 6 7  
8 8 .7 4 0  1 2 3 .9 4  
1 5 2 .0  2 7 5 .1 1
1 0 
1 1 
1 2
5 .8 0 5  5 .7 9 9  5 .8 2 5  
3 0 .636  31 .001  3 1 .146  
7 7 .799  8 1 .5  8 1 .9 2 3
1 6 .5 9 0  17 .2 5 1  
5 8 .3 7 6  6 6 .9 0 8  
12 1 .8 2 2  15 6 .7 1
3 3 .1 2 8  3 6 .0 9 2  
8 8 .9 2 2  1 2 5 .0 2  
1 5 6 .2 1 1  2 7 6 .9 1
2 0 
2 1 
2 2
6 .3 2 5  6 .5 8 8  6 .6 0 9  
34 .0 2 1  3 5 .4  3 5 .5 4 4  
8 3 .425  8 7 .69  88 .0 6 5
1 6 .7 5 3  17.969  
6 1 .0 3  7 0 .7 5 4  
1 2 8 .0  163 .01
3 3 .2 6 1  3 6 .9 8 8  
9 3 .6 2 6  1 2 8 .6 1  
1 7 0 .2 4 4  2 8 2 .8 1
3 0 
3 1 
3 2
9 .5 8 8  ■ -  1 0 .0 9 7  
4 1 .5 1 7  -  4 4 .1 5 1  
92 .8 8 6  -  9 9 .5 2 7
1 9 .1 1 7  2 0 .5 3 1  
70 .0 0 2  78 .812  
1 4 0 .2 2 2  1 7 5 .4 2
3 5 .2 1 0  3 9 .1 5 1  
1 0 4 .1 1 2  1 3 5 .6 1  
1 9 0 .3 3 7  2 9 4 .0 8
* ( 8 ,  384 , 3 2 ) ,  X ( 1 5 - e l e m e n t ) ,  t  (1 0 -e lem e h t)
T a b l e  15
Comparison o f  freq u en cy  param eters X s= m, a^ . (P h^/D^)  ^ f o r  a 
c la m p e d -fr e e  d i s c  o f  l in e a r y  v a r y in g  t h ic k n e s s  w i t h  p r o f i l e  
h = h^ { 1  -  ij; ( r / a )  } fo r  v a r io u s  v a lu e s  o f  ^ and b / a  r a t i o .  
Upper v a lu e s  are  the  c a l c u l a t e d  r e s u l t s  and the low er v a lu e s  
are  th o s e  o b ta in ed  by Soni and Amba-Rao [19]
Mode b /a = 0 .1 b / a = 0 . 3 b /a = 0 .5 b /a = 0 .7
F i r s t  
mode o f
0 .5 3 .9 8 8 7
3 .9565
5 .8 1 1 0
5 .7 7 1 3
10 .1136
10 .0836
2 4 .4 8 1 7
2 4 .6 7 8 2
v i b r a t i o n 4 .1 8 2 6 .5091 1 2 .4 2 7 7 3 4 .5 5 3 0
n = 0 0 .1 4 .1 3 2 1 6 .4 5 2 6 12 .4 1 0 8 3 4 .4 7 5 1
s =0
- 0 . 5
4 .6 2 2 5
4 .5 9 5 0
7 .7 1 1 2
7 .6947
1 6 .2 1 4 3
1 6 .1173
49 .0 8 5
4 9 .3 7 7 9
Second  
mode o f  
v i b r a t i o n
n = 0 
s = 1
20 .0136 31 .1306 5 6 .7 8 7 2 1 4 2 .0 6 3 3
0 .5 19 .8 6 4 7 31 .0899 5 6 .7 0 8 8 1 4 4 .3632
0 .1
24 .2 5 2 2
24 .0 3 2 3
40 .4 0 7 7
40 .3750
78 .2918
79 .5360
2 0 4 .6 1 9 9
221 .1 6 2 5
- 0 . 5
3 0 .0 2 6 3
2 9 .6 1 1 3
5 3 .0 0 7 2
5 3 .5 6 8 5
10 6 .7 5 9 7
1 1 2 .9670
2 7 7 .8 7 8
33 5 .4 7 6 4
T a b l e  1 6
2 1C a lc u la te d  n a tu r a l  freq u en cy  param eters  X = w .  & h^/D^)
f o r  a c la m p ed -free  d i s c  o f  l i n e a r y  v a r y in g  t h ic k n e s s  p r o f i l e  
h = h^ [ 1 -  + ( r / a ) ]  f o r  + = 0 . 5  and ^ = - 0 . 5  u s in g  t h r e e -  
d im e n s io n a l  e lem en t and econom izer  tech n iq u e
n s b /a = 0 .1 b / a= 0 . 3 b / a= 0 . 5 b / a = 0 . 7
0 3 .9887 5 .8 1 1 0 10 .1136 2 4 .4 8 1 7
0 1 20 .0136 3 1 .1306 5 6 .7 8 7 2 14 2 .0 6 3 3
2 54 .5 3 4 8 4 .3846 151 .6416 3 6 8 .8 9 9 1
0 3.5072 5 .7 5 2 2 10 .2100 24 .6 9 5 5
1 1 21 .2200 32 .3 1 1 0 57 .6085 1 4 2 .4 2 7 1
2 56 .1696 8 5 .5 2 8 152 .4403 3 7 0 .0 2 1 8
U . _)
0 4 .3 9 9 0 6 .3 7 1 8 1 0 .8523 2 5 .3 7 0 0
2 1 25 .8721 35 .3 2 4 59 .8 2 1 1 1 4 3 .3 8 6
2 62 .9366 8 9 .1 5 0 154 .844 3 7 1 .2 6 2
0 8 .1920 8 .9 1 4 6 12 .5472 26 .7 4 3 5
3 1 35 .316 4 1 .0 0 2 2 6 3 .6774 1 4 6 .3 5 2 0
2 7 6 .40 9 5 .8 5 3 159 .1200 3 7 4 .0
0 4 .6225 7 .7 1 1 2 16 .2143 4 9 .0 8 5
0 1 30 .0263 5 3 .0 0 7 2 106 .7597 2 7 7 .8 7 8
2 90 .035 151 .1 3 3 4 286 .3970 6 7 7 .5 5 6 2
0 3 .5227 7 .4 8 8 16 .5204 4 9 .5 2 1 5
1 1 33 .2934 5 5 .3 4 8 108 .5524 27 9 .1 6 7 5
2 93 .7920 153 .4345 287.9415 6 7 8 .5 4 4 0
—n RU « D
0 6 .6678 9 .2 4 1 1 17 .9774 5 1 .2 0 0 7
2 1 44 .8511 6 2 .8 7 7 2 114 .0027 28 5 .0 3 6
2 107 .573 1 6 0 .7 8 8 2 9 3 .6523 6 8 2 .3 6 1 8
0 15 .9688 1 6 .7 8 2 3 23 .1130 5 4 .9 3 6 8
3 1 6 5 .0 76 .0832 123 .3403 289 .6 0 2 5
2 133 .327 173 .6 7 7 2 300 .6673 6 8 8 .7 3 8 2
T a b l e  1 7
4
Comparison o f  the  Frequency parameter X » u (L l .  ^ o f  a ta p e re d
Do
d i s c  o f  a v a r ia b le  t h ic k n e s s  p r o f i l e  h * h^ ( 1 -  r / i ^ )  v a l u e s  g iv e n  f o r  
a -  3 .5  i n ,  b /a  -  0 . 2 ,  h^ = 0 .1 8 7 5  i n ,  and Ah = 0 .5 5
n od a l i  nod a l  
diam eter  c i r c l e
P r e s e n t v a lu e s  o f  X by R i t z  
approach u s in g  2 - te r m s  by;
n S
3-dim
F.E
2-dim
F.E Shahab [9] K o v a le n k o [20]
0 1 9 .1 6 1 9 .2 8 1 9 .183 1 9 .2 0
0 i 9 9 .7 6 1 01 .40 1 4 2 .0  * 1 3 9 .1 5  *
2 2 7 5 .9 2 2 7 6 .44 —
0 18 .4 1 1 8 .4 7 18 .4 5 1 8 .4 7
1 1 103 .88 105 .91 14 9 .2  * -
2 2 8 0 .9 28 2 .7
0 2 1 .0 9 2 1 .7 9
2 1 118 .32 122 .36
2 2 98 .09 3 0 3 .9 0
0 3 5 .8 8 3 6 .3 0
3 1 15 0 .28 1 5 4 .98
2 3 3 1 .8 0 3 44 .19
0 5 6 .6 6 58 .71
4 1 195 .61 20 1 .6 9
2 3 8 4 .3 4 4 0 4 .6 8
* High r e s u l t s  because  o f  u s in g  2-term s o f  s o l u t i o n .
T a b l e  1 8
The fundam ental freq u en cy  (Hz) comparison o f  c la m p e d - fr e e  ta p e re d  d i s c ,  
a * 3 .5  i n ,  h^ * 0 .1 8 7 5  i n
b /a =1 X2 Ah ho ro P r e s e n t  A n a ly s i s Shahab 
R ef [9]
3-dim
F i n i t e
Element
2—dim
F i n i t e
Element
2 - te r m s
s o l u t i o n
0 .1 0 .0 7 0 .7 0 .3 2 2 5 0 .2 0 1 6 5 654 665 662
0 .2 0 .1 0 .5 0 .5 5 5 5 0 .2 0 8 3 7 791 796 805
0 .3 0 .1 0 .3 0 .7 4 0 7 0 .2 0 8 3 10 .5 1015 1012 1068
0 .5 0 .1 0 .2 0 .8 8 8 0 .2 0 8 3 1 7 .5 1981 1964 1983
Where ; -
( * / b ) ,  ro = a / x ^ ,  ho = h ^ / ( l - x ^ )
h^ “ ho ( 1 - x ^ ) ,  Ah = h^/h^
C a lc u la te d  n a t u r a l  f r e q u e n c ie s  o f  tapered  d i s c  o f  v a r ia b le  t h ic k n e s s  p r o f i l e  
h » h [1 — r /r ^ ]  o b ta in e d  by f i n i t e  e lem en t m od els ,  w ith  d i f f e r e n t  v a lu e s  o f  
ta p e r  r a t i o  Ah. a = 3 .5  i n ,  h^= 3 /1 6  i n ,  b /a  « 0 .1  (N ote  th a t  th e
upper v a lu e s  o b ta in e d  by t h i c k ,  3—d im en sion a l  model and the  lower v a lu e s  by t h i n ,  2* 
d im e n s io n a l  m o d e l) .
Mode
o f
V ib r a t io n
N atu ra l  f r e q u e n c ie s  (Hz) f o r  Ah = hg/h^ o f
n 8 0 .1 0 .3 2 2 0 .4 2 0 .5 2 0 .7 0 .9 1 .0
0 726
720
654
665
641
651
633
641
631
631
628
629
625
627
0 1 2549
2668
2865
2987
3016
3121
3159
3245
3419
3469
3650
3669
3758
3762
2 5803
6299
7238
7722
7842
8296
8397
8822
9393
9773
10275
10625
10682
11022
3 10544
11704
13612
14870
14846
16119
15960
17254
17921
19292
19620
21110
20392
21955
0 675
665
591
598
571
577
554
560
535
535
520
518
509
511
1 1 2574
2709
2941
3088
3120
3253
3291
3410
3610
3699
3903
3960
4040
4092
2 5904
6433
7416
7941
8055
8554
8643
9118
9702
10139
10641
11057
11075
11487
3 10711
11911
13871
15180
15144
16472
16292
17647
18316
19758
20070
21643
20867
22520
0 717
752
670
726
674
729
685
738
723
770
771
812
798
835
2 1 2880
3123
3457
3725
3740
3996
4012
4256
4528
4747
5008
5209
5236
5430
2 6437
7116
8229
8916
8990
9654
9691
10334
10957
11574
12084
12696
12604
13222
3 11432
12802
14901
16381
16298
17804
17554
19098
19781
21427
21706
23509
22580
24479
Mode
N atu ra l f r e q u e n c ie s  (Hz) f o r Ah » h^/hj^ o f
n S 0 .1 0 .3 2 0 .4 2 0 .5 2 0 .7 0 .9 1 .0
0 1026
1141
1111
1250
1190
1326
1279
1409
1473
1587
1671
1771
1770
1863
3 1 3615
4030
4579
5021
5037
5466
5476
5891
6303
6696
7670
7451
7431
7814
2 7587
8510
9901
10848
L0879
11807
11780
12694
13403
14312
14844
15780
15508
16470
3 12929
14600
16973
18769
18595
20433
20056
21944
22625
24658
24842
27083
25847
28212
0 1405
1613
1697
1938
1888
2122
2088
2313
2496
2700
2899
3084
3095
3274
4 1 4517
5095
5979
6584
6659
7250
7307
7885
8518
9087
9631
10215
10154
10756
2 9038
10174
12044
13222
13308
14480
14469
15644
16555
17777
18397
19718
19243
20632
3 14899
15576
19751
20864
21688
22894
23429
24426
26478
27033
29096
31000
30279
32262
T a b l e  2 0
E xp er im en ta l  and t h e o r e t i c a l  f r e q u e n c ie s  (Hz) o f  a t i e r e d  d i s c  o f  
clamped r a t i o  o f  b /a  = 0 . 1 ,  a -  3 .5  i n ,  h^ = 3 /1 6  i n ,  \ i2 = 1 /1 6  i n ,
V = 0 .3
Mode E x p er im en ta l T h e o r e t ic a l  f r e q u e n c ie s
n S Shahab [9] 3-dimF.E
2—dim 
F.E
0 640 654 665
0 1 - 2865 2987
2 - 7238 7722
0 580 591 598
1 1 - 2941 3088
2 7338 7416 7941
0 663 670 726
2 1 3311 3457 3725
2 7830 8229 8916
0 1152 1111 1250
3 1 4529 4579 5021
2 9725 9901 10848
0 1680 1697 1938
4 1 6000 5979 6584
2 11930 12049 13222
0 - 2388 2759
5 1 7615 7520 8292
2 14460 14367 15733
C a lc u la te d  n a tu r a l  f r e q u e n c ie s  c o r re sp o n d in g  to  freq u en cy  p aram eters  
2 1
X = w a (p h/D) f o r  a l l  ed g es  clamped s e c t o r  p l a t e ,  f o r  d i f f e r e n t  
s e c t o r i a l  a n g le  ( d e g r e e ) .  The r e s u l t s  g iv e n  by u s in g  t h ic k  and t h in
4 X 4 f i n i t e  e le m e n ts ,  a * 
and E = 30 x  10^ I b / in ^
3 .5 " ,  b /a  = 0 . 2 5 ,  v = 0 . 0 ,  p = 0 .2 8 5  l b / i n
(a )  4 x 4  F i n i t e  Element by Thin P l a t e  th eory :
Mode v a lu e s  o f
o
X = w a n (p h/D)^ f o r
G (d e g r e e ) o f :
Number G = 30 6 = 45 6 = 60 G = 90 G = 120 G = 150
1 1 79 .57 1 04 .46 7 3 .7 2 5 0 .8 8 4 3 .7 9 4 0 .9 7
2 27 8 .8 7 1 8 3 .6 7 1 42 .04 8 3 .6 1 6 0 .2 6 4 9 .0 3
3 397 .67 2 1 3 .7 3 1 4 5 .3 2 1 1 9 .9 7 8 9 .9 6 6 8 .7 3
4 4 1 9 .6 2 2 9 1 .7 8 23 4 .5 4 13 1 .6 4 1 1 1 .7 2 8 5 .1 8
5 5 5 9 .4 5 330 .76 2 3 5 .2 3 1 5 5 .7 2 11 6 .4 5 1 0 3 .4 4
6 5 7 5 .1 3 6 5 .7 8 2 4 9 .9 5 1 9 5 .2 8 13 3 .15 1 1 3 .3 0
7 6 7 8 .4 9 4 6 5 .4 7 36 2 .0 9 2 1 7 .4 7 15 9 .2 5 1 2 6 .4 5
8 7 1 4 .0 8 4 8 6 .57 36 2 .6 7 2 2 6 .9 6 1 8 9 .2 6 1 4 7 .4 2
(b) 4 x 4  F i n i t e  Element u s in g  Thick  P l a t e  th e o ry  f o r  h / a  = 0 .1 3 3 3 4  = ( 1 / 7 . 5 )
1 1 3 2 .6 5 8 6 .8 3 6 5 .7 3 4 8 .5 6 4 2 .8 8 4 0 .6 6
2 1 9 2 .1 8 14 0 .6 1 1 1 8 .5 3 7 8 .6 3 6 0 .8 6 5 2 .1 9
3 2 5 5 .69 16 3 .4 5 1 1 9 .59 1 0 2 .85 8 4 .7 7 6 8 .0 1
4 2 6 9 .9 8 2 0 6 .3 2 1 8 3 .0 9 1 1 5 .8 3 9 8 .3 3 9 6 .3 4
5 35 7 .6 7  ■ 2 36 .75 1 8 4 .31 1 36 .69 1 1 7 .5 1 1 0 8 .6 6
6 4 1 9 .7 9 2 5 6 .0 186 .45 17 3 .4 9 1 4 5 .0 7 1 2 5 .8 5
7 5 3 9 .7 4 34 0 .7 4 2 6 2 .0 4 183 .09 1 7 0 .4 5 1 6 8 .5 9
8 5 9 5 .3 6 3 6 5 .8 2 2 6 6 .7 8 2 0 7 .0 2 1 8 9 .4 5 1 8 1 .8 6
(c )  4 x 4  F i n i t e  Element u s in g  Thick P l a t e  Theory fo r  h / a  = 0 . 2
1 1 0 3 .6 5 7 0 .21 5 4 .5 9 4 1 .3 3 3 6 .6 2 3 4 .7 2
2 15 0 .72 1 1 1 .7 8 9 5 .2 9 6 4 .8 0 5 1 .0 6 4 4 .1 0
3 19 9 .7 4 1 28 .76 9 5 .7 0 8 3 .1 8 7 0 .4 2 5 7 .1 9
4 21 1 .9 1 16 5 .3 3 1 4 7 .16 9 4 .6 7 7 9 .4 2 7 7 .7 0
5 28 0 .2 6 18 8 .06 1 4 7 .3 4 110 .25 9 5 .2 6 8 8 .1 2
6 32 8 .3 0 2 0 4 .5 1 1 5 0 .3 3 140 .14 1 1 8 .2 8 1 0 2 .7 4
7 3 2 9 .1 4 268 .91 2 0 9 .7 8 14 8 .6 2 1 3 7 .3 3 1 3 5 .7 2
8 3 5 9 .5 1 28 9 .5 4 2 1 5 .0 4 1 6 7 .4 8 1 5 3 .1 9 1 4 6 .6 9
T a b l e  2 2
2 1V alues o f  n a tu r a l  freq u en cy  parameter X = m a (p h/D)^ o f  a 
s e c t o r  p l a t e  w ith  s e c t o r i a l  a n g le  6 = 9 0 ° ,  v a r y in g  v a lu e s  o f  
t h ic k n e s s  param eter h / a ,  v = 0 .0 *  and b /a  = 0 . 2 5  
The v a lu e  o f  X ( i n  p a r e n th e se s )  o b ta in ed  by Ref. [14]
v a lu e s  o f  X u s in g  Thick P la t e  Theory Thin P l a t e  Theory
Mode 4 x 4  Mesh f o r  va ry in g ^ ^ h ick n ess  param eter Thin p l a t e  
R e f .  [14]
Thin F i n i t e  
s t r i p  [23]s n 0 . 3 0 . 2 0 .1 3 3 3 0 .1 0 .0 8
0 0 3 3 .3 41 .3 5
( 4 2 .3 )
4 8 .5 6
( 4 7 .3 )
5 0 .8
(4 9 .5 )
5 2 .0 1
( 5 0 .6 )
( 5 2 .7 ) 5 2 .6
0 1 5 1 .4 6 6 4 .8
( 6 8 .7 )
7 8 .6 3
(7 8 .3 )
8 6 .5
( 8 2 .4 )
8 7 .2
( 8 4 .5 )
( 8 8 .8 ) 8 8 .2
1 0 6 5 .3 4 8 3 .19
( 8 7 .3 )
1 0 2 .8
(1 0 5 .4 )
116 .1
(1 1 3 .2 )
1 2 0 .33
( 1 1 7 .1 )
( 1 2 5 .1 ) 1 2 3 .9
0 2 75 .77 9 4 .6 7
(1 1 5 .2 )
1 1 5 .8
( 1 3 0 .9 )
13 1 .0 3
(1 3 4 .5 )
1 37 .6
(1 3 6 .3 )
( 1 4 0 .0 ) 1 3 7 .4
1 1 8 7 .32 110 .25
(1 2 1 .3 )
1 3 6 .7
( 1 4 1 .4 )
156 .1  
(1 5 2 .7 )  1
170 .25
(1 5 8 .5 )
( 1 7 0 .4 ) 1 6 8 .7
* R e s u l t s  are  o b ta in ed  f o r  v = 0 . 0  to  compound w ith  R e fe r e n c e s  [14] and [23]
T a b l e  2 3
E xperim ental and t h e o r e t i c a l  n a t u r a l  f r e q u e n c ie s  i n  Hz and the
2 2freq u en cy  param eters X *= m a  (p h / D ) /n  i n  p a r e n th e s e s  f o r  a
s e c t o r  p l a t e  w ith  a l l  ed g es  c la n g e d .  R e s u l t s  c a l c u l a t e d  f o r
4 2
h = 0 .4 9 4  mm, a «= 150 mm, v = 0 . 3 3 ,  E = 0 . 7  x 10 kg/mm , 
p = 1 .346  X 10 kg.sec^/m m ^, and 6 = 60 d egrees
Mode —  R e s u l t s  f o r  r a d i i  r a t i o  b /  
(X)
a o f :
s n b /a  = 0 .0 b /a  = 0 . 1 b / a  = 0 . 3 b /a  = 0 .5
P r e s e n t
r e s u l t s
Exp.
[24]
Present
r e s u l t s
Exp.
[24]
Present
r e s u l t s
Exp.
[24]
P r e s e n t
r e s u l t s
Exp.
[24]
0
393 394 393 342 401 404 547 533
(7 .3 5 ) (7 .3 7 ) ( 7 .3 5 ) (6 .3 7 ) ( 7 .5 ) (7 .52 : ( 1 0 .2 ) ( 9 .9 3 )
740 796 752 743 757 777 797 855
0 1 ( 1 3 .8 4 ) ( 1 4 .9 ) (1 4 .0 6 ) ( 1 3 .8 ) (1 4 .1 6 ) ( 1 4 .5 ) ( 1 4 .9 ) ( 1 5 .9 )
1267 1288 1251 1241 1243 1301 1268 1325
2
(2 3 .7 0 6 ) (2 4 .0 9 ) (2 3 .4 ) (2 3 .1 1 ) (2 3 .2 7 ) (24 .23 : (2 3 .7 2 ) ( 2 4 .6 7 )
752 775 752 688 821 819 1368 1389
0
(1 4 .0 7 ) (1 4 .5 ) (1 4 .0 6 ) ( 1 2 .8 ) ( 1 5 .3 ) ( 1 5 .2 ) (2 5 .5 9 ) ( 2 5 .8 7 )
1322 1330 1266 1258 1250 1341 1509 1695
1 1
(2 4 .7 4 ) (2 4 .8 7 ) (2 3 .6 9 ) (2 3 .4 3 ) ( 2 3 .3 9 ) (2 4 .9 8 ) ( 2 8 .2 4 ) ( 3 1 .5 6 )
1855 2000 1953 1951 2027 2021 1919 2206
2
(3 4 .7 ) (3 7 .4 1 ) (3 6 .5 3 ) (3 6 .3 3 ) ( 3 7 .6 3 ) (3 7 .6 3 ) ( 3 5 .9 ) ( 4 1 .0 8 )
0 1342 1270 1303 1162 1467 1439 2527 2625
( 2 5 .1 2 ) (2 3 .7 5 ) (2 4 .3 7 ) (2 1 .6 4 ) (2 7 .4 6 ) ( 2 6 .8 ) ( 4 7 .2 7 ) ( 4 8 .8 8 )
2 1
1750
(3 2 .7 )
1980
(3 7 .0 3 )
1835
(3 4 .3 3 ) -
1874
(3 5 .0 6 ) —
2833
(53)
2996
( 5 5 .7 )
2 2894 2885 2775 2740 2973 2824 3217 3452
( 5 4 .1 4 ) (5 3 .9 6 ) (5 1 .9 2 ) ( 5 1 .0 3 ) (5 5 .6 ) (5 2 .5 9 ) (6 0 .1 8 ) ( 6 4 .2 )
Note: The p r e s e n t  r e s u l t s  are  o b ta in e d  by u s in g  the t h in  t w o -d im e n s io n a l
e lem en t on ly
T a b l e  2 4
N atu ra l  F r e q u e n c ie s  (Hz) f o r  s im p ly  su p p orted  ends o f  t h in
c i r c u l a r  c y l i n d r i c a l  s h e l l ,  L/R = 4 . 0 ,  R / t  = 20 ,  R = 2 .0 5  i n . ,m m o
L = 8 .0  i n .  and t  = 0 .1  i n .
Mode P r e se n t r e s u l t s Exact S in g le
e lem en t
2 0 . d . f
(Webster)
[30]
M u lti
e lem en t
4 0 . d . f
(W ebster)
[30]
F i n i t e  
e lem ent  
s o l u t i o n  
(Ross) 
[35]
c a s e ( a )  
( 5 ,2 8 4 )
c a s e ( b )
( 5 ,2 7 6 )
s o l u t i o n
(Warburton)
[29]n m
( f l ) i 7760 7787 7 8 32 .6 7832 .6 7 8 6 5 .2 -
( Y l
11952 11952 11970 1 1 9 7 2 .8 1 2 0 2 1 .3 -
0
^^T^2
15521 15574 15646 15652 .5 1 5 7 09 .6 -
1 15624 15624 15666 15666 1 5 9 2 5 .0 7 -
2 15939 15939 15974 15976 .6 1 6 0 5 2 .9 -
3 16122 16122 16164 16215 1 6 2 8 2 .2 —
1 4305 4314 4 3 3 1 .6 4 3 3 1 .6 4 3 6 7 .5 -
2 9590 9620 9 6 69 .6 9 6 6 9 .6 9 8 2 1 .2 -
( V i 9923 9936
9 9 7 1 .8 9 9 7 1 .8 9 9 7 1 .8 -
1 3 12789 12813 1 2 869 .2 12884 .6 1 3 0 9 8 .8 -
4 14379 14395 1 4 450 .5 14501 .5 1 4 7 1 5 .3 -
( ^ 2 14910 14926 1 4 9 7 0 .8 1 4 9 70 .8 1 5 0 09 .6
-
1 2035 2 0 37 .4 2 0 4 6 .8 20 4 6 .8 2 0 7 8 .5 2 0 4 7 .2
2 5597 5 6 1 0 .0 6 5 6 3 7 .6 5 6 3 7 .5 5 8 0 6 .3 -
2 3 8865 8887 .5 8 9 3 5 .3 8955 .9 9 2 8 1 .4 89 5 6 .1
4 1 1 3 2 8 .3 11352 .9 11405 .4 11486 11893 —
5 13188 13211 .55 13245 .5 15716 13822 13273
1 2185 21 8 6 .1 2 2 1 9 9 .3 2 1 9 9 .3 22 1 3 .5 2 1 9 9 .0
2 4020 4 0 2 5 .36 4 0 4 1 .9 4 0 4 2 .3 4 1 8 0 .1 -
3 3 6 5 9 2 .5 6 6 0 5 .8 7 6 6 2 0 .0 6 6 4 3 .6 6 9 8 7 .4 6 6 3 5 .8
4 9110 9 1 2 9 .8 3 9 1 2 4 .0 9 2 4 1 .5 9 7 3 4 .0 -
5 11397 .6 1 1 4 21 .8 11356 .8 14398 12161 11394
6 13540 13571 .2 13395 1 9 1 5 6 .3 14315 -
f  , f  : d en o tes  the  t o r s i o n a l  and a x i a l  v i b r a t i o n  r e s p e c t i v e l yi  A
X  C L U  J - d
N atural f r e q u e n c ie s  (Hz) o f  a t h ic k  c i r c u l a r  c y l i n d r i c a l  s h e l l ,  
s im ply  supp orted  a t  one end and v a r io u s  c o n d i t io n s  a t  th e  o th e r  end .
The two c a s e s  o f  s im p ly  su p p orted  c y l in d e r s  are  u s e d .  The upper  
v a lu e s  o f  th e  p r e s e n t  s o l u t i o n  a r e  o b ta in ed  by u s in g  c a s e  a and 
th e  lower v a lu e s  by u s in g  c a s e  b .
E = 10^ I b / in ^ ,  V = 0 .3 1 5 ,  p = 2 .5 4  x  10  ^ I b . s ^ / i n ^ ,
R = t  = 9 .5 3 8  i n ,  R = 1 4 . 3 0 7  i n ,  R. = 4 .7 6 9  i n ,  R / t  = 1 .0m 0 / 1  ’ m
L = 25 .125  i n .  f o r  th e  c a se  o f  S-F c y l in d e r
L = 2 4 .0  i n .  f o r  th e  c a s e  o f  S-S o f  S-C c y l in d e r
where F, C, S: d en ote  f r e e ,  clamped and s im ply  su p p orted  ends r e s p e c t i v e l y
M o d e S - F S - S S - C
n m P r e se n t
r e s u l t s R ef .  [32]
P r e s e n t
r e s u l t s R ef .  [32 ]
P r e s e n t
r e s u l t s R e f .  [32]
1 1992
1996
2021 2383 .9
2458
2 6 6 0 .2 26 47 .5
2 7 1 6 .26
2 9 3 7 .8
2 2 2544
2650
2858 4 1 5 6 .3
4261
4 6 9 8 ,6 4744
47 6 9 .6
4 8 9 7 .3
3 3761
3937
4067 6424
6617
7108 .9 5 6 2 7 .2 8
5 7 4 0 .8
5 8 3 1 .9
1 4105
4114
4159 4480 . 
4507
4 5 8 6 .7 4 6 3 0 .4
4 6 5 3 .6 4
4 7 7 0 .7
3 2
4457
4476
4539 5 7 0 3 .6
5 7 4 9 .8
5 9 2 0 .7 6 0 5 7 .1 9
6 0 7 8 .0
6 0 9 5 .8
3 5111
5 4 2 5 .4
5628 7218 .5
7356 .7
7928 .9 6 8 3 3 .1
6 9 4 8 .9
7 2 4 4 .5
1 5771
5774
5 8 4 7 .9 6 3 6 2 .8
6 3 85 .1
6 4 2 5 .1 6 4 6 2 .6
6 4 8 8 .7
6 5 6 6 .1
4 2 6317
6330
6360 6 8 5 6 .7
7275 .8
7 3 61 .3 7 4 6 2 .3
7 4 9 7 .4
7 5 1 8 .9
3 6673
7053
7153 8599 .6
8738 .4
8 9 9 3 .3 8 1 8 2 .8
8 3 1 5 .5
8 5 7 1 .9
1 7230
7231
73 3 5 .9 7 980 .3
8 0 4 1 .8
8 0 41 .5 8 0 2 9 .4 6
8125
8 1 4 9 .8
5 2 7960
8004
7 9 9 2 .3 8699 .7
8739
8769 .5 8 8 5 9 .5
89 1 1 .6
8 9 1 1 .1
3
8222
8574
8 5 9 8 .6
9 9 4 2 .4
1 0049 .9
1 0 1 33 .4
9 5 5 4 .0 7
9 6 9 8 .5 8
9 8 6 2 .4
T a b l e  2 6
Compression o f  n a tu r a l  f r e q u e n c ie s  (Hz) o f  Non-Axisym metric  
v i b r a t i o n  f o r  a t h ic k  c i r c u l a r  c y l i n d r i c a l  s h e l l  w i th  v a r io u s  
end c o n d i t io n s
E = 10^ I b / in ^ ,  V = 0 .3 1 5 ,  p = 2 .5 4  x  10  ^ I b . s ^ / i n ^ ,  t  = 9 .5 3 8  i n .
= 14 .3 0 7  i n . ,  R  ^ = 4 .7 6 9  i n . ,  L = ( * ) ,  R ^ t  = 1 .0  
5 -e le m e n ts  used w ith o u t  econom izer  tec h n iq u e
No. o f  
c ircum fer­
e n t i a l  
wave 
(n)
No. o f  
■ a x i a l  
h a l f  
wave 
(m)
C -  F F - F C -  C
P r e sen t
(5 ,2 4 0 ) R ef .  [32]
P r e s e n t
( 5 ,2 8 8 ) R ef. [32]
P r e s e n t
( 5 ,1 9 2 ) R ef .  [32]
2 1 20 98 .2 2 1 2 0 .8 1946 1979 .6 3 0 8 6 .6 3 1 0 6 .8
2 2954 .5 2 9 9 0 .3 1999 .6 2019 .7 +762/5859 5 2 5 8 .7
3 4587 4 6 3 1 .2 3326 3 3 5 2 .3 6148 61 7 1 .1
3 1 4 1 3 2 .3 4 1 7 2 .9 39 89 .8 4 0 4 9 .7 4867 48 9 2 .9
2 4 6 1 4 .4 4 6 4 9 .3 4229 4262 5960/7075 64 5 4 .5
3 59 2 2 .1 5 9 8 5 .7 4569 4 6 0 7 .7 7731 7 8 04 .4
4 1 5 7 7 8 .7 5 8 4 3 .3 5704 5 8 1 2 .0 6644 6 6 6 6 .7
2 6415 .6 6 4 4 5 .7 5862 5 9 3 8 .2 7383 /8320 7 8 53 .2
3 7334 .9 74 0 5 .4 6297 6 3 2 5 .0 8936 9 0 5 2 .4
5 1 7 2 37 .3 7 3 2 2 .8 7208 7372 .4 8256 8 2 3 2 .2
2 8073 .6 8057 7263 7376 .5 8817 9 2 0 4 .7
3 ' 8 7 45 .3 8 7 8 7 .4 7991 7969 .4 10119 1 0 2 14 .9
6 1 8662 .1 8 7 5 6 .2 8650 8805 .6 9815 9 6 8 2 .8
2 9 6 6 3 .8 9 5 4 1 .5 8667 8857 .1 10265 10 5 2 2 .7
3 10181 .5 10 1 4 6 .7 9601 9 2 64 .7 11373 1 1 4 1 6 .7
(* )  L = 25 .125  i n .  f o r  th e  c a s e  o f  F -  F
L = 2 4 .0  i n .  f o r  th e  c a se  o f  C -  C
L = 2 4 . 6 2 5  i n .  f o r  th e  c a s e  o f  C -  F
T a b l e  2 7
E xperim ental and t h e o r e t i c a l  f r e q u e n c ie s  o f  F r e e -F r e e  t h in  w a l l  
c y l in d e r s  h a v in g  R ^/t  = 3 0 .3 ,  R  ^ = 2 .0 0 2  i n .  and t  = 0 .0 6 5  i n .
The r e s u l t s  g iv e n  i n  Hz and n o n -d im e n s io n a l  freq u en cy  param eters
2 2 4
X = w r p R  . ( 1 - v  ) /E ]2  f o r  v a r io u s  v a lu e s  o f  L/R L m ■* m
I )  L/R^ = 5
c ircum f
wave
n
A x ia l
wave
m
P r e s e n t  r e s u l t s  
( 7 ,  384, 32) R e f .  [34] i n  Hz
P e r c e n t ,  d e v i a t i o n  
(%)
X Hz
(1)
E xperim enta l
(2)
T h e o r e t ic a l
(3)
1 0 0 y ( 2 ) - ( l ) 1 0 0 y ( 3 ) - ( l )lOOx ( 1 ) lOOx (1)
1 0 .1 6 7 7 2865 - 2866 0 .0 3 4
2 0 .3 4 8 2 5950 - 5973 0 .3 8 6
2 3 0 .5 1 1 8 7 8745 - 8792 0 .5 3 7
4 0 .6 3 5 3 10854 - 10919 0 .5 9 8
5 0 .7 2 6 9 12419 - 12490 0 .5 7 1
1 0 .1 1 9 4 2040 2118 2034 3 .8 2 3 - 0 .2 9 4
2 0 .2 2 5 8 2 3858 - 3864 0 .1 5 5
3 3 0 .3 5 3 8 8 6046 - 60 6 5 .9 0 .3 2 9
4 0 .4 7 5 7 5 8128 - 8155 0 .3 3 2
5 0 .5 8 3 0 9961 - 9978 0 .1 7 0
I I )  L/R = 10 m
1 0 .0 5 5 3 7 946 940 9 2 0 .6 - 0 .6 3 4 - 2 . 6 8
2 0 .1 2 0 8 2064 2035 2063 - 1 .4 0 5 - 0 .0 4 8
2 3 0 .2 0 6 2 7 3524 3547 0 .6 5 2
4 0 .2 9 7 2 3 5078 5130 1 .0 2 4
5 0 .3 8 5 8 6592 6673 1 .2 2 8
1 0 .0 8 0 1 3 1369 1395 1342 1 .8 9 9 - 1 . 9 7 2
2 0 .1 0 1 2 6 1730 1765 1695 2 .0 2 3 - 2 . 0 2 3
3 3 0 .1 4 2 5 2 2435 2386 - 2 .0 1 1
4 0 .1 9 8 5 4 3392 3326 - 1 .9 4 5
5 0 .2 6 2 7 4488 4402 - 1 .9 1 6
I l l )  L/R = 15 m
n m
P r e s e n t r e s u l t s R ef ,  [34] i n  Hz P e r c e n t . d e v i a t i o n
X Hz
(1)
Experim ental
(2)
T h e o r e t ic a l
(3)
lOOx^-^Ÿp^-
1 0 .0 3 3 5 4 573 590 580 2 .9 6 6 1 .2 2 1
2 0 .0 6 1 4 6 1050 1071 - 1 .0 5 6 2 .0 0
2 3 0 .1 0 5 3 1799 1780 1849 2 .7 7 9
4 0 .1 5 8 7 4 2712 2799 3 .2 0 7
5 0 .218444 3732 3842 2 .9 4 7
1 0 .0 7 4 6 3 1275 1345 1272 5 .4 9 0 - 0 .2 3 5
2 0 .0 8 0 7 7 1380 1375 - 0 .3 6 2
3 3 0 .0 9 5 3 5 1629 1680 1615 3 .1 3 0 - 0 .8 5 9
4 0 .11 9 5 2 4 2042 1985 2018 - 2 .7 9 - 1 .1 7 5
5 0 .1 5 2 1 2 2599 2565 - 1 .3 0 8
IV) L/R = 20 m
1 0 .0 2 8 5 8 488 493 1 .0 2 4
2 0 .0 4 1 6 1 6 711 725 1 .9 6 9
2 3 0 .0 6 6 1 4 1130 1130 1166 0 . 0 3 .1 8 5
4 0 .0 9 8 6 8 1686 1763 4 .5 6 7
5 0 .1 3 6 3 2 2329 2466 5 .8 8 2
1 0 .0 7304 1248 1256 0 .6 4 1
2 0 .07 5 9 1 7 1297 1298 0 .0 7 7
3 3 0 .0 8 2 8 8 1416 1500 1400 5 .9 3 2 - 1 .1 2 9
4 0 .0 9546 1631 1588 - 2 .6 3 6
5 0 .1 1 3 7 8 1944 1875 1876 - 3 .5 4 9 - 3 . 4 9 8
T a b l e  2 8
N atu ra l  f r e q u e n c ie s  (Hz) o f  t h in  c la m p e d -fr e e  c i r c u l a r  c y l i n d r i c a l
s h e l l ,  w i t h  R I t  -  4 0 ,  L/R = 8 ,  R = 2 .5  i n . ,  L = 1 9 .8  i n ,  m m m
t  = 0 . 0 6 4  i n .  and 0 .2 8
n m
P r e s e n t Exp. G i l l p i ] W ilson U cm akliog lu  [36]
r e s u l t s r e s u l t s Cubic Linear [37] 6 x 8  mesh
1 1 410 364 - - 470 468
2 1978 - - - - 2061 2055
3 4359 - - ■ — - -
2 1 309 293 319 765 315 316
2 924 827 1017 1796 943 941
3 2126 1894 2393 2933 2212 2213
4 3485 3953 4002
5 4838 - 5457 4993
1 756 760 /740 767 835 767 779
3
2 901 886 928 1159 914 932
3 1433 1371 1511 1642 1459 1505
4 2255 2135 2422 2166
5 3209 3208 3477 2704
4 1 1442 1451 1462 1474 1461 1527
2 1495 1503 1521 1572 1517 1597
3 1688 1673 1726 1754 1712 1874
4 2090 2045 2158 1996 2122 2494
5 2678 2713 2776 2283
5 1 2327 2336 2361 2364 2359 -
2 2364 2384 2403 2417
3 2466 2480 2507 2514
4 2675 2667 2716 2654
5 3019 2970 3051 2833
1 3408 3429 3461 3463
6 2 3444 3476 3500 3505
3 3520 3546 3577 3580
4 3669 3667 3715 3691
5 3911 3880 3926 3836
T a b l e  2 9
Comparison o f  n a tu r a l  f r e q u e n c ie s  (Hz) o f  a t h in  c la m p e d -fr e e  
uniform  c y l i n d r i c a l  fa n  b la d e  as shown i n  F ig .  9
Mode (Hz)
P r e s e n t  r e s u l t s  
o f  e lem en ts  mesh o f : Walker [38]
o f
V ib .
2x5 3x5 4x4 3x6 T h e o r e t ic a l
(Hz)
E xp er im en ta l
(Hz)
1 298 292 296 290 303 . 294
2 360 356 360 353 322 286
3 842 821 823 816 892 878
4 1180 1152 1177 1132 1153 1068
5 1357 1313 1330 1293 1290 1184
6 - 1788 1800 1777 1794 -
7 - 1950 1952 1932 2028 1876
T a b l e  3 0
C l a s s i c a l  v a lu e s  o f  freq u en cy  param eters  X = to (p A L ^ /E .I )^  
o b ta in e d  by B e r n o u l l i - E u le r  beam t h e o r y ,  where to i s  the  c i r c u l a r  
freq u en cy  i n  r a d ia n  per  second
Mode v a lu e s  o f X f o r  boundary c o n d i t io n  o f :
(m) C-C F-F C-F S-S c - s F - g ( * )
1 2 2 .3 7 3 - 3 .5 1 6 9 .8 7 2 1 5 .4 2 2 -
2 6 1 .6 7 3 22 .374 2 2 .0 3 4 3 9 .4 8 0 4 9 .9 7 1 5 .4 2 2
3 120 .912 6 1 .6 7 3 6 1 .6 9 7 8 8 .8 3 1 0 4 .2 4 8 4 9 .9 7
4 199 .855 120 .912 1 2 0 .912 1 5 7 .904 1 7 8 .276 10 4 .2 4 4
5 29 8 .2 6 4 199 .855 1 9 9 .855 2 4 6 .741 2 7 2 ,019 1 7 8 .2 7 6
6 4 1 6 .9 7 6 298 .364 2 9 8 .5 6 4 35 5 .3 2 2 3 8 5 .5 3 3 2 7 2 .0 1 9
7 5 5 5 .1 6 8 416 .976 4 1 6 .9 7 6 4 8 3 .6 0 4 5 1 8 .7 9 2 3 8 5 .5 3 3
8 713 .05 5 5 5 .1 6 8 5 5 5 .1 6 8 6 3 1 .6 6 8 6 7 1 .7 4 3 5 1 8 .7 9 2
m
( 2 m - l , ) 2 (m TT)^
(* )  F , C, S: denote  f r e e ,  clamped and s im p ly  sup p orted  end r e s p e c t i v e l y
T a b l e  3 1
Comparison o f  freq u en cy  param eters X = w (p A L^/E I)^
2 2
o f  c a n t i l e v e r ,  s o l i d  s h a f t  fo r  v = 0 .3 ,  R = I /A  L = ( 0 .0 8 )
L/R = 1 2 .5  and n = 1 m
Mode C la s s ic a l
beam
th eory
Timoshenko
Beam
Thomas & Abbas 
R e f. [60] 
8-e le m e n t
P r e se n t
r e s u l t s
T y p ic a l
mode
shape
m = 1 3 .5 1 6 3 .3 2 4 3 .3 2 4 3 .4 1 1
m = 2 2 2 .0 3 4 1 6 .2 8 9 16 .3 8 7 1 6 .3 8 0
m = 3 6 1 .6 9 7 3 6 .7 0 8 3 8 .8 0 3 3 6 .5 8 8
m = 4 120 .9 1 2 5 8 .2 7 9 75 .005 5 7 .6 5 4
m = 5 199 .855 8 0 .3 8 . - 7 8 .6 7 1
T ab le 32
Comparison o f  freq u en cy  param eters X = w (p A L^/E I)^  o f
sim p ly  su p p orted  ends o f  t h ic k ,  s o l i d  s h a f t .
V = 0 .3 ,  I/AL^ = ( 0 .0 8 ) 2 ,  = 1 2 .5  and n = 1m
Mode o f  
v ib r a t io n
C la s s ic a l
beam
th eo ry
[56]
Timoshenko
beam
Bhashyam 
e t  a l  
R ef. [62] 
9-e le m e n t
P r e se n t  a n a ly s i s  r e s u l t s
C a se (a )  
o f  boundary 
c o n d it io n
Case (b )  
o f  boundary 
c o n d it io n
T y p ic a l
Mode
Shape
m = 1 9 .8 7 2 8 .8 3 9 8 .9 5 9 8 .6 5 5 8 .7 8
m = 2 3 9 .4 8 2 8 .4 6 1 2 9 .7 0 5 27;022 2 8 .0 7 2
m = 3 8 8 .8 3 0 5 1 .4 9 8 5 5 .7 9 5 4 7 .8 7 4 9 .9 8 8
m = 4 157 .904 7 5 .3 6 4 8 5 .2 3 2 6 7 .7 2 7 1 .2 5 6
m = 5 246 .741 9 9 .3 0 2 1 17 .536 7 7 .6 3 8 5 .7 1 5
T a b l e  3 3
C a lc u la te d  n a tu r a l fr e q u e n c ie s  (Hz) o f  a (s im p ly  su p p o r te d -s im p ly  
s u p p o r te d ), s o l i d  s h a f t  w ith  v a r io u s  le n g th  and v a r io u s  n od a l 
d ia m e te r s , = 0 .7  i n . , R^/R^ = 0 .
Mode o f  v ib r a t io n N a tu ra l fr e q u e n c ie s (Hz) fo r  s h a f t le n g th  (L) o f :
n m L=36 i n . L = 1 8 .0 L = 9 .0 L = 6 .0 L = 4 .5
^1 1583 3163 6294 9381 12420
2800 5600 11189 16754 22283
^2 3167
6352 12589 18760 24832
0 ^3 4751 9489
18883 28134 37228
"^3 5600 11189
22283 33170 43693
^4 6336
12654 25174 37506 49601
^ 5 7924
15825 31486 46882 61952
101 343 1325 2863 4825
^2 400
1342 4872 9735 15156
W3 882 2914 9821 18292 26887
1 ^4 1528 4955
15549 27437 28421
^5
2324 7375 21731 36756 46080
^6 3237 10114
28247 44593 47098
^^ 7 5049
13394 35021 47884 54141
63603 63240 62955 62854 63030
W2 63611 63260 63083 63274 63165
2 ^3 63638 63360 63497 63685 65882
^4
63675 63435 63518 66203 71247
^5 63715
635540 64977 70519 77797
98226 98215 97537 97405 97399
W2 98238 98210 97706 97717 97650
3 W3 98239 98392 97865 97867 98832
*4 98294
107000 98063 99256 102378
V d en otes modes o f  th e  t o r s io n a l  v ib r a t io n s  fo r  (m -  1 , 2 , 3 . . . )  
m
u d en o tes  modes o f  th e  a x ia l  v ib r a t io n s  fo r  m — 1 , 2 , 3 . . .  
m
w d en o tes  modes o f  th e  bend ing v ib r a t io n s  fo r  m =  1 , 2 , 3 . . .  
m
T a b l e  3 4
C a lc u la te d  n a tu r a l fr e q u e n c ie s  (Hz) o f  s im p ly  su p p orted -c lam p ed  
s o l i d  s h a f t  w ith  v a r io u s  le n g th  (L ) , = 0 .7 ,  R^/R^ = 0
Mode F req u en c ies  (Hz) fo r  s h a f t  le n g th  L o f :
n m L=36 in . = 1 8 .0 = 9 .0 = 6 .0 = 4 .5
'^l 1427 2854 5713 8573 11434
^1 1607 3212 6405 9566 12693
3215 6424 12809 19133 25385
0
°2 4280 8556 17064 25441 33523
^3 4823 9637 19215 28698 38078
^4 6432 12855 25627 38273 49070
^3 7131 14229 28125 40725 50780
154 549 2062 4274 6897
W2 495 1724 6000 11484 17326
W3 1018 3443 11096 20020 29037
1 ^4 1708 5596 16847 29141 40679
^5 2547 8092 23008 38523 47174
^6 3517 10868 29478 45845 53389
4546 13881 36209 49499 58926
'"l 63514 63188 62981 63013 63077
^^ 2 63536 63269 63193 63380 63989
2 W3 63577 63354 63499 64424 66940
^^ 4 63633 63492 63971 66995 72201
^5 63689 63639 65428 71134 78424
^1 98209 97891 97540
97474 97525
^2 98219 97949 97709
97818 98014
3 W3 98235 98041 97987 98278 99650
*4 98261 98147
98218 99827 103057
T a b l e  3 5
A iFrequency param eters X = m (p A L /E l)  o f  a f iv e - s p a n  
s o l i d  s h a f t ,  s im p ly  su p p orted  a t  th e  extrem e ends i n  th e  
f i r s t  zone o f  th e  p r o p a g a tio n  fo r  n = 1
Modes m
mïï /N
s
v a lu e s  o f X fo r  N = s 5 :
p r e s e n t r e s u l t s fo r  (L /R ^ o f : T hinBeam
Theory
[138 ](8 .5 ) (1 2 .5 ) ( 2 5 .7 )
1 5 7Î 7 .5 2 8 .7 6 9 .5 1 9 .8 7
2 4 4tt/5 7 .6 8 .9 2 1 0 .2 2 1 0 .8 9
3 3 3m/5 7 .7 9 .3 2 1 1 .0 3 1 3 .6 9
4 2 2tt/5 7 .7 2 1 0 .0 3 1 2 .1 9 1 7 .2 2
5 1 tt/5 7 .9 1 1 1 .9 0 1 3 .2 2 2 0 .7 0
T ab le 36
C la s s ic a l  v a lu e s  o f  th e  n o n -d im en sio n a l freq u en cy  
param eters X = w(p A L ^/E I)^  o f  b o th  extrem e ends 
sim ply  su p p o rted , m u lt i-s p a n  s o l i d  s h a f t
Mode V alues o f  / x / r f o r  (Ng) o f :
Number
(m) 1 2 3
4 5 6
1 1 .0 1 .0 1 .0 1 .0 1 .0 1 .0
2 2 .0 1 .2 5 1 .1 3 1 .0 8 1 .0 5 1 .0 4
3 3 .0 2^0 1 .3 7 1 .2 5 1 .1 8 1 .1 3
4 4 .0 2 .2 5 2 .0 1 .4 2 1 .3 2 1 .2 5
5 5 .0 3 .0 2 .1 3 2 ^ 1 .4 5 1 .3 7
6 6 .0 3 .2 5 2 .3 7 2 .0 8 2 .0 1 .4 6
7 7 .0 4 .0 3 .0 2 .2 5 2 .0 5 2 .0 0
8 8 .0 4 .2 5 3 .1 3 2 .4 2 2 .1 8 2 .0 4
9 9 .0 5 .0 3 .3 7 1*0 2 .3 2 2 .1 3
10 1 0 .0 5 .2 5 4 .0 3 .0 8 2 .4 5 2 .2 5
11 1 1 .0 6 .0 4 .1 3 3 .2 5 3 .0 2 .3 7
T a b l e  3 7
N atu ra l fr e q u e n c ie s  o f  N -sp an , t h ic k ,  s o l i d  s h a f t  
in  th e  f i r s t  zone o f  th e  p r o p a g a tio n  f o r  R^/R^ = 0 , 0 ,  
L/R^ = 8 .5 ,  V = 0 .3  and n = 1
v a lu e s  o f  (X) f o r N o f  s
Mode 2 3 4 5 6
1 7 .5 2 7 .5 2 7 .5 2 7 .5 2 7 .5 2
2 7 .726 7 .6 6 3 7 .6 2 2 7 .6 0 7 .5 8
3 7 .7 0 7 .726 7 .7 0 7 .6 6 3
4 7 .7 6 3 7 .7 2 7 .7 2 6
5 7 .9 1 7 .6 9 4
6 8 .0 2
T ab le 38
N atu ra l fr e q u e n c ie s  (Hz) o f  a tw o-span  c ir c u la r  c y l in d e r
fo r  L = 4 in .  L/R = 2 , R / t  = 20 and t  = 0 .1  m m
Number
o f
p r o p .zo n es
N atu ra l fr e q u e n c ie s  (Hz) fo r  (n) o f ;
n = 0 = 1 = 2 = 3
1 7848 7078 5198 4660
7848 7219 5216 4792
2 9671 9253 9360 8386
9671 9381 9556 8628
3 15730 11853 12531 10760
15730 12031 12653 11399
4 16377 13053 15651 13732
16377 13071 16304 13994
T a b l e  3 9
E xp erim enta l and c a lc u la t e d  fr e q u e n c ie s  (Hz) com parison
o f  a t h in ,  s o l i d  s h a f t  w ith  d i f f e r e n t  boundary c o n d it io
a t  i t s  ends fo r  L = 1 8 .0  i n ,  = 0 ,7  i n . ,  = 0 .0
n = 1 and L/R = 5 1 .4  m
Mode S -  S S -  F S -  C
m Exp. Theor. C la s s ic a l Exp. Theor. C la s s ic a l Exp. T h eor. C la s s ic a l
1 340 343 342 515 534 535 515 549 535
2 1350 1342 1368.9 1690 1687 1733 - 1724 1733
3 2910 2914 3080 3355 3388 3614 3310 3443 3614
4 4915 4956 5475 5549 5535 6181 5500 5596 6181
5 7300 7375 8555 8022 8038 9432 [ t5 60/8300 8092 9432
Mode C -  F C -  C
m Exp. Theor. C la s s ic a l
Exp. T h eor. C l a s s ic a l
1 105 120 122 760 780 777
2 733 764 764 2190 2165 2139
3 2011 2068 2139 4000 4036 4192
■ 4 3720 3872 4192 6115 6307 6929
5 5750 6074 6929 9290 9022 10345
T a b l e  4 0
E xp erim enta l and c a lc u la te d  fr e q u e n c ie s  (Hz) com parison  
o f  a t h in ,  h o llo w  s h a f t  w ith  v a r io u s  boundary c o n d it io n
fo r L = 18. 0 i n . , Ro = 0 .7  , R. = 0 .5 , L/R = 30 m » n = 1
Mode S -  S S -  F F -  I (L = 20 i n . )
m Exp. T heor. C la s s ic a l Exp. T heor. C la s s ic a l Exp, Theor. C la s s ic a l
1 410 413 421 634 644 657 758 753 772
2 1550 1576 1682 1980 1980 2129 2005 1977 2128
3 3400 3304 3785 3840 3842 4442 3726 3635 4173
4 5110 5411 6728 6163 6047 7596 5464 5580 6898
5 7730 7753 10513 8211 8462 11591 7540 7706 10294
6 9915 10237 15140 - 10987 16428 9911 9936 14391
7 12550 12954 20606 13900 13819 22106 10429 12221 19156
Mode C -  F C -  C
m Exp. Theor. C la s s ic a l Exp. T heor. C la s s ic a l
1 - 152 150 925 924 953
2 880 909 938 2157 2344 2628
3 2320 2378 2628 4173 4201 5151
4 4400 4287 5151 6132 6333 8515
5 6480 6485 8515 7982 8644 12722
6 8835 8859 12722 11010 11068 17767
7 11500 11333 17767 - 13560 23656
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.FIG. 16 CONVERGENCE CURVE FOR FINITE ELEMENT MODEL OF AXISYMMETRIC 
MODE (n  = 0 ) FOR F -  F ANNULAR DISC, CORRESPONDING TO 
' TABLE 5
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FIG. 17 MODE SHAPE OF AXISYMMETRIC MODE, n = 0 , FOR F -  F ANNULAR 
DISC WITHOUT USING EIGENVALUES ECONOMIZER TECHNIQUE. 
CORRESPONDING TO TABLE 5 .
- V -  AXIAL DISPLACEMENT u , —a — TANGENTIAL DISPLACEMENT v  
- o -  RADIAL DISPLACEMENT w
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FIG. 18 FREQUENCIES VARIATION OF C -  F THICK WITH NODAL DIAMETER 
FOR ANNULAR DISCS OF a = 3 .5  i n . ,  h /a  = 0 .2  AND VARIOUS 
RADII RATIO b /a  .
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FIG. 19 EFFECT OF SHEAR DEFORMATION AND ROTARY INERTIA ON THE
2 k
DISC FREQUENCIES X = w a (ph/D)^ FOR b /a  = 0 .1
100:
s =2350
S = 2
300
250
CO
200
S = 1150
100
50 , s=0
75 1 .0000 50
350 ,
300
250 .
200.
150 .
100.
50 .
.00 .25 .75 1 .0 0.50
(b /a )  -» (b /a )
FIG. 20 COMPARISON OF THE
FREQUENCIES FOR C -  F 
DISC OF a = 3 .5  i n .  
h = 0 .7  i n . , V = 0 .3  
AND 3 = 0 .
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FIG. 21 DISC HÂLF-THICKNESS PROFILE WITH ( r / a )
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FIG. 2 2 FUNDAMENTAL FREQUENCIES VERSUS RADII RATIO b /a  OF C 
VARIABLE THICKNESS DISC PROFILE WITH h = h 2 ( r / a ) ”  ^
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FIG. 23 AXISYMMETRIC MODE SHAPE OF C -  F DISC OF VARIABLE 
THICKNESS WITH PROFILE h = [1 - ^ ( r / a ) ]  f o r
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FIG. 24 AXISYMMETRIC AND ASYMMETRIC FREQUENCIES VARIATION OF
TAPERED DISC OF VARIABLE THICKNESS PROFILE h^^^ = h ^ ( l - r / r ^ )
FOR a = 3 .5  i n . ,  h^ = 0 .1 8 7 5 , = 0 .1
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FIG. 25 VARIATION OF THE LOWEST FREQUENCY PARAMETER 
2 i
X = Ü) a (p h /D ): VERSUS SECTORIAL ANGLE FOR 
VARIOUS THICKNESS PARAMETER h /a
n=0, s=0 n = l ,  s=0
1 s t  mode 2nd mode
n=0
8 = 1
3rd mode
4th  mode 5 th  mode
FIG. 26 NODAL LINES FOR THE LOWEST FIVE MODES OF 
ALL EDGES CLAMPED SECTOR PLATE
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CHAPTER FIVE
DISCUSSION OF RESULTS FOR COUPLED SYSTEM
The c o -o r d in a te  and d isp la cem en t axes o f  th e  t h ic k ,  is o p a r a m e tr ic ,  
th r e e -d im e n s io n a l, c y l in d r ic a l  e lem en t i s  shown in  F ig .  1 . The e lem en t  
i s  d eve lop ed  f o r  th e  in v e s t ig a t io n  o f  c o u p lin g  b eh av iou r  betw een  th e  
d is c s  and d i s c  and s h a f t  o f  m u lt i-sp a n  s h a f t  -  m u lt i  d i s c s  r o to r  sy stem s
as shown in  F ig . 11 , F ig .  13 , F ig .  14 
and F ig .  1 5 , -fov V'Wxows •
The e lem en t has e ig h t  corner n o d es , each  w ith  tw e lv e  d e g r e es  o f  freedom , 
th u s g iv in g  e lem en t m a tr ic e s  o f  order n in e ty  s i x .  A f i n i t e  e lem en t  
program, u s in g  a 4 x  4 x  4 G aussian  mesh fo r  in t e g r a t io n  i s  d eve lop ed  
to  a n a ly s e  f i r s t l y  th e  v ib r a t io n  c h a m c te r is t ic s  o f  e l a s t i c  d i s c s  and o f  
s h a f t s  s e p a r a te ly .  The same elem en t i s  th en  used  to  exam ine th e  
dynamic b eh av iou r  and to  o b ta in  th e  fr e q u e n c ie s  o f  cou p led  v ib r a t io n  
o f  th e  com b in a tion  o f  d i s c  mounted on a f l e x i b l e  s h a f t .  F u rth er  
s h a f t s  w ith  two and th r e e  d is c s  a sse m b lie s  as used  in  gas tu r b in e  r o to r s  
a r e  a n a ly se d  to  d eterm in e th e  fr e q u e n c ie s  o f  cou p led  b en d in g , a x ia l  and 
t o r s io n a l  v ib r a t io n .
In  th e  p r e s e n t  a n a l y s i s ,  b o th  d is c  and s h a f t  a r e  c o n s id e r e d  to  be e l a s t i c ,  
and th e  v ib r a t io n  i s  cou p led  due to  t h e ir  f l e x i b i l i t i e s .  Two d i f f e r e n t  
boundary c o n d it io n s  a re  c o n s id e r e d , one w here th e  s h a f t  i s  c a n t i l e v e r  and 
th e  o th e r  w ith  s im p ly  supp orted  ends c o n d it io n s .  The su p p o rts  are  ch o sen  
to  a llo w  no r a d ia l  or t a n g e n t ia l  d isp la c e m en ts  and t h e ir  s lo p e s  i n  b o th  
r a d ia l  and t a n g e n t ia l  d ir e c t io n  are  taken  to  be z e r o . The boundary  
c o n d it io n s  o f  th e  s h a f t ,  d i s c  and th e  com p lete  s h a f t - d i s c  sy stem s are  
e x p la in e d  in  S e c t io n  2 .4 .
The s h a f t  and d i s c  a re  a ls o  c o n s id e r e d  to  b e  sym m etric about t h e ir  
d ia m e te r s . They a re  made up o f  N- c y l in d r ic a l  s u b s tr u c tu r e s ,  each  w ith  a 
s e c t o r i a l  a n g le  6 = 2ir/N.
The d i s c  i s  a n a ly se d  by u s in g  s e v e r a l  su b -e le m en ts  in  th e  r a d ia l
d ir e c t io n  r' , each  w ith  a c o n s ta n t  r a d ia l  w id th  (R -  R . ) .  The
-“3 o 1
th ic k n e s s  i n  th e  a x ia l  d ir e c t io n  h = hg ( r / a )  i s  un iform  w ith  3 = 0 ,  
or a v a r ia b le  h a v in g  v a r io u s  v a lu e s  o f  3 .
The s h a f t  i s  r e p r e se n te d  by a number o f  t h ic k ,  u n iform , le n g th
dem ent in  th e  a x i a l  d ir e c t io n  Z. Each e lem en t h av in g  th e  same le n g th
w ith  a c o n s ta n t  in n e r  ra d iu s  R. and o u te r  r a d iu s  R , a s  shown in
1 o
F ig .  12 . The s t r u c t u r e  i s  then  c o n s id er e d  to  have a c ir c u m fe r e n t ia l ly
s ta n d in g  wave d e s c r ib in g  th e  dynamic m otion  o f  th e  sy stem .
The dynamic c o u p lin g  o f  a m u lt ip le - s p a n  s h a f t  c a r r y in g  s e v e r a l  
d i s c s  i s  a l s o  s tu d ie d . The system  c o n s is t s  o f  s e v e r a l  s u b - s tr u c tu r e s  
each  h av in g  a s in g le  d i s c  mounted a t  th e  mid p o in t  o f  a f l e x i b l e  s h a f t  
su p p orted  a t  i t s  en d s, as shown in  F ig .  14 . The l in e a r  p e r io d ic i t y  o f  
th e  wave p ro p agation  tech n iq u e  i s  a p p lie d  to  o b ta in  th e  o v e r a l l  s t i f f n e s s  
and mass m a tr ic e s . The p r o p a g a tio n  c o n s ta n t  w h ich  in  g e n e r a l i s  a com plex  
number can be d e sc r ib e d  by i t s  im aginary  v a lu e s  as d e f in e d  in  e q u a t io n  
( 3 .2 6 )  and eq u a tio n  (3 .3 0 )  and e x p la in e d  in  S e c t io n  3 . 3 .
I t  i s  ob v iou s th a t  th e  oJ , i s  a fu n c t io n  o f  th e
" p r o A t  I c c o Y Y f / fo r  each  n od a l d iam eter  n .
The a p p l ic a t io n  o f  the l in e a r  symmetry tech n iq u e  and th e  d is c u s s io n  o f  
th e  r e s u lt s  w i l l  be g iv e n  l a t e r  in  S e c t io n  5 .2 .3 .
The e ig e n v a lu e  econom izer tec h n iq u e  i s  n o t used  in  th e  a n a ly s is  
o f  th e  s h a f t - d i s c s  sy stem  in  order to  a v o id  e r r o r s  in  th e  freq u en cy  
v a lu e s  so  th a t  th e  co u p lin g  b eh av iou r o f  t o r s io n a l ,  a x ia l  and ben d in g  
v ib r a t io n  can be s tu d ie d  and a l s o  to  d em onstrate  th a t  th ey  may be  
s i g n i f i c a n t l y  a f f e c t e d  by d is c  f l e x i b i l i t y ,  d i s c  l o c a t io n  and by th e  
number o f  d i s c s  a lon g  th e  s h a f t  le n g th .
The e f f e c t  o f  d i s c  f l e x i b i l i t y  on th e  dynamic b eh av iou r  o f  a t h in ,
h o llo w  c y lin d e r  i s  in v e s t ig a t e d ;  th e  d is c  b e in g  f ix e d  i n  th e  i n t e r i o r  o f
an e l a s t i c ,  sim p ly  su p p orted  drum as shown in  F ig .  13 .
Both th e  d is c  and s h a f t  a re  taken  to  be made o f  hom ogeneous, i s o t r o p i c ,
s t e e l  o f  P o is s o n 's  r a t io  v = 0 .3 ,  m odulus o f e l a s t i c i t y  E = 30 x  10 l b _ / i n  ,
3and mass d e n s ity  p = 0 .2 8 5  I b ^ /in  .
To th e  a u th o r 's  know ledge no r e s u l t s  o f  p r e v io u s  in v e s t i g a t i o n  a re  
a v a i la b le  fo r  a com parison; however r e s u l t s  o f  ex p er im en ta l work c a r r ie d  
o u t are  compared w ith  the t h e o r e t ic a l  r e s u l t s .
The dynamic c o u p lin g  b eh av iou r w ith  th e  r e fe r e n c e  to  d i s c  and s h a f t  
modes o f  th e  com p lete  sy stem  i s  p r e s e n te d  on graphs and in  t a b l e s .  The 
in t e r a c t io n s  betw een th e  d is c s  and d is c  and s h a f t  during th e  r e so n a n c e  
a r e  shown on mode shapes p l o t s ,  and fu r th e r  th a t  a l l  th e  d isp lacem ents  
a re  n orm alized  w ith  r e s p e c t  to  th e  in d iv id u a l  maximum v a lu e s .
I t  m ust, how ever, be m entioned th a t  a l l  graphs p lo t t e d  in  t h i s  chapter 
employ th e  fo llo w in g  sym b o ls: -
( I )  For F req u en c ies  p lo t s
o r  #-------- A x ia l modes o f  th e  d i s c  a lo n e
^——  R a d ia l modes o f  th e  d is c  a lo n e
*  T o r s io n a l modes o f  th e  d i s c  a lo n e
" Bending modes o f  S-S  s h a f t
 * ------ Bending modes o f  C-S s h a f t  o f  le n g th  = L /2
 ------  A x ia l modes o f  th e  s h a f t
—— 4- — Tor s i ona l  modes o f  th e  s h a f t
----------------- T h e o r e t ic a l  fr e q u e n c ie s  o f  cou p led  sy stem
— , o   E xp erim enta l fr e q u e n c ie s  o f  cou p led  sy stem
( I I )  For mode shape p lo t s :
Bending o f  th e  s h a f t  
A x ia l modes o f  th e  s h a f t  
A x ia l modes o f  th e  d is c s  
T o r s io n a l modes
Note th a t  th e  s c a le  u sed  f o r  d is c s  d e f l e c t io n  in  mode sh ap e p l o t s  i s  
o n e -h a lf  th a t  fo r  s h a f t  d e f l e c t i o n .
5 .1  Coupled V ib r a t io n  o f  S in g le  D is c -S h a f t  System
The in f lu e n c e  o f  th e  d is c  f l e x i b i l i t y  on th e  dynamic b eh a v io u r  
o f  th e  s h a f t  i s  in v e s t ig a t e d .  R e s u lts  a r e  p r e se n te d  f o r  v a r io u s  c a s e s  
w ith  d i f f e r in g  f l e x i b i l i t y  and geom etry to  show th e  c o u p lin g  e f f e c t s  
in  th e  s in g le  d i s c - s h a f t  assem bly  fo r  modes o f  v a r io u s  nodal d ia m eters
The s h a f t  i s  c o n s id er e d  to  b e ^ s o l id  w ith  R^/R^ = 0 r^, h o llo w  w ith
0 < R^/Rg < 0 .9 5  h av in g  v a r io u s  boundary c o n d i t io n s .
5 .1 .1  C a n tile v e r  S h a ft -D is c  System
The s h a f t  i s  c o n s id er e d  to  be clam ped a t  one end and c a r r y in g  a 
d i s c  a t  th e  f r e e  end as shown in  F ig .  15 . The s h a f t  can  a l s o  be  
h o llo w  a s  shown in  F ig . 39.
T able 41 g i v e s ,  fo r  com parison , th e  e x p e r im en ta l and t h e o r e t i c a l  
r e s u l t s  o f  n a tu r a l fr e q u e n c ie s  o f  b en d in g; t o r s io n a l  and a x i a l  v ib r a t io n  
f o r  a s o l i d  s h a f t - d i s c  sy stem . D i f f e r e n t  numbers o f  e lem en t m eshes a re  
used  fo r  b oth  d i s c  and s h a f t .  The agreem ent betw een  th e  e x p e r im e n ta l  
r e s u l t s  and th o s e  o b ta in ed  t h e o r e t i c a l ly  by u s in g  f i v e  e lem en ts  fo r  d i s c  
and sev en  e lem en ts  fo r  th e  s h a f t  a re  i n  good agreem ent f o r  m ost modes o f  
v ib r a t io n .  The sym bols f^ , f^  and f^  shown i n  th e  T ab le  d en o te  th e  
t o r s io n a l ,  a x ia l  and bending v ib r a t io n  o f  th e  s h a f t - d i s c  sy stem .
W hile an in t e r p r e t a t io n  o f  mode sh ap es i s  a v a ih b le  from  T ab le 4 1 ,
F ig .  40 shows th e  corresp on d in g  mode sh ap es o f  th e  sy ste m  c o n s is t in g  o f  
th e  d isp la cem en ts  i n  b oth  s h a f t  and d is c  fo r  n od a l d iam eter  n = 0 ,  1 and 2 
I t  can be se en  th a t  th e  f i r s t  mode a t  n = 0 i s  th e  t o r s io n a l  v ib r a t io n  
w hich i s  s i g n i f i c a n t l y  d ecrea sed  by th e  d is c  i n e r t i a  added a t  th e  end o f  
th e  s h a f t .  The lo w e s t  freq u en cy  i s  th a t  o f  th e  f l e x u r a l  mode a s s o c ia t e d  
w ith  a la r g e  d e f l e c t io n  w and occu rs a t  n = 1 . However f o r  n > 2 
th e  modes o f  v ib r a t io n  are  pred om in an tly  th o se  due to  d i s c  f r e q u e n c ie s .
F ig . 41 shows th e  e f f e c t  o f  c o u p lin g  betw een  modes o f  v ib r a t io n  o f  
th e  c a n t i l e v e r ,  s o l i d  s h a f t  and d i s c  f o r  v a r io u s  n od al d ia m eters  n . The 
f ig u r e  a l s o  e x p la in s  th e  dynamic b eh a v io u r  w hich  i s  p r e d ic te d  by th e  mode 
shapes o f  th e  sy stem  shown in  F ig .  4 0 .
I t  i s  ob v iou s th a t  th e  s i g n i f i c a n t  c o u p lin g  ta k es  p la c e  b etw een  th e  
bend ing s h a f t  modes and th e  a x ia l  d i s c s  modes a t  modes o f  n od al d iam eter  
n = 1 . However, th e  p a r t ic u la r  mode o f  v ib r a t io n  f^  = 3 8 3 .8  Hz a t  n = 0 
i s  a t o r s io n a l  mode fo llo w e d  by th e  lo w e s t  mode o f  v ib r a t io n  a t  n = 1 
w hich  i s  a bending mode. For n > 2 a l l  fr e q u e n c ie s  corresp on d  to  th e  
lo w e s t  modes o f  th e  tr a n sv e r s e  v ib r a t io n  o f  th e  d i s c ,  s = 0 .
The secon d  modes l i e  on th e  secon d  c u r v e , a t  n = 0 i s  a x i a l  fre q u en cy  
a s s o c ia t e d  V ith  a la r g e  d is c  tr a n s v e r s e  d e f l e c t io n .  At n = 1, th e  
c o u p lin g  betw een th e  d is c  mode, s = 0 , and s h a f t  mode, jm = 1 , i s  c l e a r ly  
e v id e n t .  J u s t  beyond n = 1 and b e fo r e  n = 2 , th e  curve t r y in g  to
le a v e  th e  f i r s t  curve o f  th e  s h a f t  mode, m = 1, and j o in  th e  l i n e  o f  th e
d i s c  r a d ia l  d e f l e c t i o n .  At n = 2 th e  c o u p lin g  betw een  th e  r a d ia l  
mode and th e  secon d  mode o f  th e  d i s c  s = 1 tak es p la c e .  For n ^ 2
a l l  modes are  pred om in an tly  a x ia l  d i s c  m odes. However, one can s e e
from  F ig . 41 th a t  a t  n = 2 th e  fr e q u e n c ie s  f^  = 1 3 .2  KHz and f^  = 1 4 .7  KHz 
a r e  th e  coup led  fr e q u e n c ie s  o f  th e  r a d ia l  mode w^ and th e  t h ir d  d i s c  
mode s -  2 and o f  th e  f i r s t  s h a f t  mode m = 1 , and th e  r a d ia l  d i s c  
mode r e s p e c t iv e l y .
S im ila r ly  th e  cou p led  v ib r a t io n  betw een  th e  d is c  modes and s h a f t  can be  
e s t a b l i s h e d  by u s in g  F ig .  40 and F ig .  41 . I t  can be con c lu d ed  th a t  th e  
s i g n i f i c a n t  o c u p lin g  betw een  th e  s o l i d  s h a f t  and th e  d i s c  mode o c c u r s  
f o r  th e  ca se  o f  n = 1 as w ould be e x p e c te d . However, th e  c o u p lin g  
betw een  t o r s io n a l  and a x ia l  modes can also ta k e  p la c e  a t  any n od a l d iam eter  
n .
N ext i s  th e  a p p l ic a t io n  o f  th e  c o u p lin g  e f f e c t  betw een  th e  d i s c  and 
h o llo w  s h a f t  as shown in  F ig .  39 . T able 42 shows th e  c a lc u la t e d  n a tu r a l  
fr e q u e n c ie s  o f  a h o llo w  c a n t i l e v e r  s h a f t - d i s c  sy stem  w ith  a f u l l  ran ge o f  
n o d a l d iam eter by u s in g  a f i v e  r a d ia l  e lem en t f o r  th e  d i s c ,  and se v e n
a x ia l  e lem en t f o r  th e  s h a f t .  The geom etry o f  th e  d is c  i s  s im i la r  to  th a t
g iv e n  in  T able 41 and F ig .  41 and th e  s h a f t  has a h o le  o f  d ia m eter  one
in c h , thus g iv in g  a r a t io  o f  E ^ /t  = 3 and w a ll  th ic k n e s s  t  = 0 .2  in c h e s .
S e le c t e d  mode shapes and e x p er im en ta l r e s u l t s  o f  such a sy stem  a r e  shown 
i n  T able 4 3 . The com parison betw een  th e  c a lc u la t e d  r e s u l t s  and th e  e x p e r i ­
m en ta l r e s u l t s  are i n  good agreem ent and th e  d i f f e r e n c e  b etw een  th e  two 
s e t s  o f  r e s u l t s  i s  w ith in  1% to  3% f o r  m ost modes o f  v ib r a t io n .
F ig . 42 shows th e  e f f e c t  o f  c o u p lin g  betw een th e  d i s c  and h o llo w  
s h a f t  o f  th e  sy stem  shown in  F ig .  39 . The dim ensions o f  th e  d is c  are  
th e  same as  th o se  g iv e n  in  F ig .  4 1 . The s h a f t  has an in n e r  r a d iu s  
to  o u te r  ra d iu s  r a t i o  R^/R^ = 0 .9 3  and w a l l  th ic k n e s s  t  = 0 .2  in ch ;  
thus i t  i s  c o n s id er e d  to  be t h in ,  e l a s t i c  h o llo w  c y lin d e r  w ith  a sm a ll  
d is c  o f  b /a  = 0 .8 .
The F ig u re  shows by s o l i d  l in e s  th e  in d ep en d en t f r e q u e n c ie s  o f  v ib r a t io n  
o f  th e  d i s c  f o r  d i f f e r e n t  n od al d ia m eters , n , and one n o d a l c i r c l e  
s =0 and th a t  o f  th e  s h a f t  fo r  s e v e r a l  bending modes (m = 1 , 2 , . . . 5 ) .  
The fr e q u e n c ie s  o f  v ib r a t io n  o f  th e  combined s h a f t - d i s c  f r e q u e n c ie s  
a re  shown by th e  broken l i n e .  Comparison i s  made betw een  F ig .  42 and 
F ig . 41 . One can s e e  th a t  th e  c o u p lin g  e f f e c t  in  F ig .  41 o f  a s o l i d  
s h a f t  system  ta k es  p la c e  m o stly  a t  a r e g io n  o f  n = 1 f o r  th e  low er  
modes o f  v ib r a t io n .  Most o f  th e  modes beyond n ^ 2 a re  p red om in an tly  
th o se  co rresp o n d in g  to  d i s c  f r e q u e n c ie s .  In  F ig . 4 2 , how ever, th e  
h o llo w  s h a f t  i s  more f l e x i b l e  and c o n s id e r e d  to  be c ir c u la r  c y l in d e r  
thus th e  c o u p lin g  betw een th e  d is c  and th e  h o llo w  s h a f t  ta k e s  p la c e  
in  a range o f  n & 2 fo r  h ig h e r  modes o f  v ib r a t io n .  The low er modes 
a r e  pred om in an tly  s h a f t  f r e q u e n c ie s ,  t h i s  i s  o f  co u rse  due to  th e  la r g e  
v a lu e  o f  b /a  and R^/R^ and th e r e fo r e  th e  d i s c  assum ed to  be  
th in  r in g  o f  b /a  = 0 .8 .  The e f f e c t  o f  R^/R^ on th e  d i s c  modes and 
b /a  on th e  s h a f t  b eh av iou r  w i l l  be expanded and shown l a t e r  i n  •
S e c t io n  5 .1 .2 .
F urtherm ore, one can a ls o  o b serv e  from F ig .  4 2 , th a t  fo r  modes 
in v o lv in g  th e  ax isym m etr ic  b eh a v io u r , n = 0 ,  and th e  beam -type  
b ehaviour n = 1 th e  e f f e c t  o f  th e  d i s c  i s  s im i la r  to  th a t  o f  s t i f f e n e d -  
r in g  a tta c h e d  a t  th e  top o f  th e  s h a f t  a s shown in  F ig .  39 and h as v e r y  
l i t t l e  s t i f f e n i n g  in f lu e n c e  in  red u c in g  th e  h o llo w  s h a f t  d e f l e c t i o n .
For o v a l l in g  modes n = 2 , and b r e a th in g  modes n > 3 ,  th e  n a tu r a l  
fr e q u e n c ie s  o f  th e  h o llo w  s h a f t  in c r e a s e  as n in c r e a s e s  due to  th e  
added mass o f  th e  d is c  to  th e  s h a f t .  Hence th e  in f lu e n c e  o f  th e  d i s c  
i n e r t i a  in c r e a s e s  as th e  d is c  w e ig h t in c r e a s e s .
I t  may b e , how ever, remarked th a t  th e  above stu d y  i s  f o r  th e  c a se  
o f  a c a n t i le v e r  s h a f t  c a r r y in g  a d i s c  a t  th e  f r e e  end. The e f f e c t  o f  
d i s c  i n e r t i a  on th e  s h a f t  modes h av in g  v a r io u s  v a lu e s  o f  th ic k n e s s  
param eters h /a  and r a d i i  r a t i o  b /a  i s  th e  n e x t  c o n s id e r a t io n .
5 .1 .2  S h a ft  C arrying a D isc  a t  i t s  M idspan
A d i s c  mounted a t  the m idspan o f  a s h a f t  w ith  s im p ly  su p p o rted  
ends i s  c o n s id e r e d  to  d eterm in e th e  freq u en cy  c o u p lin g  o f  th e  com bined  
sy ste m . The c o n f ig u r a t io n  o f  a s o l i d  s h a f t - d i s c  system  and i t s  
geom etry i s  shown in  F ig . 43 .
The s h a f t  may a ls o  be an e l a s t i c ,  h o llo w  w ith  v a r io u s  r a t i o s  o f  R. /R1 o
as shown in  F ig . 44 .
The s h a f t  su p p orts  a t  b o th  extrem e ends are assumed to  be sy m m etr ica l  
b e a r in g  h a v in g  s i x  r e s t r a in e d  d eg rees  o f  freedom  a t  each  o n e . The 
d i s c  i s  c o n s id er e d  to  have a un iform  th ic k n e s s  p r o f i l e  or a v a r ia b le  
th ic k n e s s  p r o f i l e  h = h2 ( r /a )  w ith  f r e e  boundary a t  i t s  o u te r  
r a d iu s  r = a and h in ged  boundary a t  i t s  inner r a d iu s  r = b. h a v in g  
u = 3 u /98 = 0 .
The freq u en cy  c o u p lin g  p lo t s  a s s o c ia t e d  w ith  th e  c o r resp o n d in g  
mode sh ap es are  c a r r ie d  ou t to  p r e d ic t  th e  in f lu e n c e  o f  th e  d i s c  f l e x i b i l i t y  
on th e  dynamic b eh av iou r o f  th e  r o to r  a s  w e l l  a s th e  e f f e c t s  o f  th e  
s h a f t  r i g i d i t y  and i t s  geom etry on th e  d is c  m odes.
F ig .  45 shows th e  freq u en cy  c o u p lin g  graph betw een  a u n iform  
th ic k n e s s  d i s c  and s o l i d  s h a f t  i n  a s im p ly  su p p orted  s h a f t - d i s c  sy stem  
fo r  v a r y in g  th ic k n e s s  to  d is c  r a d iu s  r a t i o  h /a  . The f ig u r e  shows 
by s o l i d  l i n e s  th e  in d ep en d en t fr e q u e n c ie s  o f  v ib r a t io n  o f  th e  d i s c  f o r  
one n od a l d iam eter n = 1 , and s e v e r a l  n od al c i r c l e s  (s  = 0 ,  1 and 2) 
and th a t  o f  s t r a ig h t  s o l i d  l in e s  f o r  th e  s h a f t  fo r  s e v e r a l  b en d in g  modes 
(m = 1 , 2 , . . . 6 ) .  The fr e q u e n c ie s  o f  v ib r a t io n  o f  th e  combined s h a f t -  
d i s c  f r e q u e n c ie s  are shown by th e  broken l i n e s .  I t  can be se e n  from  th e  
f ig u r e  th a t  fo r  low v a lu e s  o f  h /a  , sa y  h /a  < 0 .0 5 ,  th a t  i s ,  fo r  low  
f le x u r a l  r i g i d i t y  o f  th e  d i s c  th e  fr e q u e n c ie s  o f  v ib r a t io n  a r e  v e r y  c lo s e  
to  th e  in d ep en d en t fr e q u e n c ie s  o f  b o th  th e  d is c  and th e  s h a f t ,  h en ce  
th e  s ig n i f i c a n c e  o f  coup led  s h a f t - d i s c  sy stem  i s  low . However, a s h /a  
in c r e a s e s ,  th a t  i s  as th e  d is c  r i g i d i t y  in c r e a s e s ,  the c o u p lin g  b etw een  
th e  modes o f  v ib r a t io n  o f  th e  d i s c  and th o se  o f  th e  s h a f t  becom es 
s i g n i f i c a n t ,  thus a l t e r in g  the fr e q u e n c ie s  o f  v ib r a t io n ,  and th e  s h a f t  
modes a r e  s i g n i f i c a n t l y  a f f e c t e d  by th e  d is c  f l e x i b i l i t y .
For la r g e  v la u e s  o f  h /a  , sa y  h /a  ^ 0 .0 5 ,  th e  fr e q u e n c ie s  o f  
low er modes o f  v ib r a t io n  are p red om in an tly  th o se  o f  th e  fundam ental mode 
o f  th e  s h a f t  m = 1 , and are  reduced  due to  th e  w e ig h t and i n e r t i a  o f  th e  
d i s c .  A lso  as th e  d is c  becomes more r ig i d  and h eavy , s e v e r a l  modes o f
v ib r a t io n  are  in tr o d u ce d  where th e  d is c  rem ains n e a r ly  s t a t io n a r y .
For la r g e  v a lu e s  o f  h /a  th e  in f lu e n c e  o f  r o ta r y  i n e r t i a  and tr a n s v e r s e  
sh ear d eform ation  on th e  d is c  fr e q u e n c ie s  i s  c o n s id e r e d  and th e  sy stem  
corresp on d s to  th e  d is c  i s  r ig i d .  However, th e  sym m etric s h a f t  modes 
(m = 3, 5 . . . )  a re  d e c r ea se d  w h ile  th e  a n ti-sy m m e tr ic  modes (m = 2 ,  4 , . . . )  
a re  s i g n i f i c a n t l y  in c r e a s e d  due to  in c r e a s in g  o f  h /a ,  thus h /a  % 0 .2  
modes o f  v ib r a t io n  a re  produced s im i la r  to  th o se  o f  a s im p ly  su p p o rte d -  
clamped s h a f t  o f  h a l f  th e  t o t a l  le n g th .
As F ig . 45 shows th e  dynamic c o u p lin g  graph f o r  mode o f  v ib r a t io n  
o f  one nodal d ia m eter , n = 1, F ig . 46 shows th e  c o u p lin g  c h a r a c t e r i s t i c s  
o f  th e  same s h a f t - d i s c  sy stem  but f o r  modes o f  v ib r a t io n  o f  v a r io u s  n od a l 
d iam eters  n and f o r  th ic k n e s s  to  d is c  r a d iu s  r a t i o  h /a  = 0 .0 5 .  I t  
can be se e n  th a t  th e  s ig n i f ic a n c e  o f  th e  c o u p lin g  i s  s tr o n g e r  w ith in  a 
nodal d iam eter beyond n = 0 and 1 . S in c e  th e  s h a f t  i s  s o l i d  and 
Ri/Ro =0, th e r e fo r e  m ost o f  th e  c o u p lin g  e f f e c t s  are e v id e n t  beyond  
n = 1 are th o se  due to  beam -type b eh a v io u r .
T able 44 g iv e s  th e  c a lc u la t e d  r e s u l t s  o f  th e  n a tu r a l fr e q u e n c ie s  o f  th e  
combined s o l i d  s h a f t - d i s c  v ib r a t io n  fo r  R^ /^R  ^ = 0 , and v a r io u s  n o d a l  
d ia m e te rs .
When th e  r a t io  o f  R ./R  f  o and th e  s h a f t  i s  h o llo w , i t  i s  th e r e f o r e  more1 o
f l e x i b l e  and th e  c o u p lin g  e f f e c t  betw een  i t s  modes and th e  d is c  modes 
may be taken  p la c e  somewhere beyond n = 1 .
F ig . 47 shows th e  e f f e c t  o f  c o u p lin g  betw een modes o f  v ib r a t io n  o f  
th e  s h a f t  and th e  d is c  o f  th e  same combined sy stem  e x c e p t  th a t  th e  s h a f t  
i s  h o llo w  h av in g  a sa m ll h o le  a t  i t s  c e n tr e .  The fr e q u e n c ie s  are o b ta in e d  
fo r  modes o f  v a r io u s  n od a l d iam eter and b /a  = 0 .2 .  The s h a f t  has 
fr e q u e n c ie s  w ith in  th e  range o f  th e  low er mode fr e q u e n c ie s  o f  th e  d i s c  a t  
n odal d iam eters n = 0 ,  1 and 2 , and v ery  h ig h  fr e q u e n c ie s  beyond n = 2 . 
F ig . 47 a l s o  shows th e  ex p e r im en ta l r e s u l t s  are  in  good agreem ent w ith  
th e  t h e o r e t ic a l  r e s u l t s  shown by th e  broken l i n e s .
Hence m ost o f  th e  c o u p lin g  e f f e c t s  a re  n o t ic e d  fo r  modes w ith  z e r o , one 
and two d iam eter nodes i n  th e  s h a f t - d i s c  sy stem . As can be s e e n  from  
th e  f ig u r e  th e  modes o f  v ib r a t io n  co u p le  to  g iv e  sy stem  fr e q u e n c ie s  w h ich  
have modes c o n s is t in g  o f  d isp la c e m en ts  i n  both  s h a f t  and d is c  as shown 
in  F ig . 48 . One can o b serv e  th a t  fo r  ax isym m etric  mode o f  v ib r a t io n  
n= 0 , th e  lo w e s t  freq u en cy  i s  t o r s io n a l  and i s  s i g n i f i c a n t l y  red u ced
due to  th e  d is c  i n e r t i a .  However, th e  a x ia l  s h a f t  modes a re  n o t  
s i g n i f i c a n t l y  a f f e c t e d  by th e  d i s c  w e ig h t  and i n e r t i a  b u t th ey  a re  
cou p led  w ith  th e  d i s c  a x ia l  m odes. For modes o f  n = 1 , th e  c o u p lin g  
betw een  th e  d i s c  fr e q u e n c ie s  and s h a f t  modes i s  e v id e n t .  For o n ly  
low er modes a t  n = 2 , th e  f r e q e n c ie s  a re  predom inan tly  th e  d i s c  m odes.
F ig . 49 shows th e  cou p led  and uncoup led  fr e q u e n c ie s  v a r ia t io n  o f
a sy stem  consisting o f  a s im p ly  su p p o rte d , t h in  h o llo w  s h a f t  c a r r y in g  a
d is c  o f  b /a  = 0 .2 5  a t  i t s  m idspan f o r  v a r io u s  d ia m e tr ic a l  nodes n .
The f ig u r e  shows th e  uncoup led  fr e q u e n c ie s  graph fo r  th e  s h a f t  and d i s c
modes p lo t t e d  s e p a r a te ly .  The o th e r  graph i s  th e  cou p led  sy stem
fr e q u e n c ie s  o f  th e  combined s h a f t - d i s c  a s s e m b lie s .  The s h a f t  i s
c o n s id e r e d  to  be a h o llo w , t h in  w a lle d  c y lin d e r  fo  R ./R  = 0 .9 5  and
1 o
R ^ /t = 2 0 , corresp on d in g  to  T able 24 and F ig . 27 .
F ig . 49 a l s o  shows th a t  th e  in d ep en d en t s h a f t  f r e q u e n c ie s  are  
sp read  from n = 0 to  beyond n = 2 and hence e x p e r ie n c e  c o u p lin g  o f  
modes o f  v ib r a t io n  o f  s h a f t  and d i s c  beyond th e  mode o f  n o d a l d ia m eter  tw o. 
Hence th e  mode shape o f  v ib r a t io n  o f  th e  sy stem  fo r  a mode o f  n o d a l  
diam eter n% 2 w ould c o n s is t  o f  n o d a l d isp la c e m en ts  o f  th e  s h a f t  and 
th a t  o f  th e  d i s c .  Beyond th e  n o d a l d iam eter  o f  s i x  th e  e f f e c t  o f  th e  
s h a f t  f l e x i b i l i t y  i s  n ot very  n o t ic e a b le .  The co rresp o n d in g  mode sh a p es  
o f  th e  sy stem ib r  th e  f i r s t  fo u r  n od al d iam eter  a re  shown in  F ig .  5 0 .
I t  i s  n o t ic e a b le  th a t  fo r  modes o f  ax isym m etr ic  v ib r a t io n ,  n = 0 , o n ly  
th e  s h a f t  t o r s io n a l  modes are  s i g n i f i c a n t l y  d ecrea sed  due to  th e  added  
i n e r t i a  o f  th e  d i s c .  For th e  c a s e  o f  n = 1 , th e  fundam ental b en d in g  
mode, m = 1 , i s  d ecreased  and i s  co u p led  w ith  the f i r s t  r a d ia l  mode 
o f  th e  d is c  a s s o c ia t e d  w ith  la r g e  r a d ia l  d isp la cem en t w . For th e  c a s e  
o f  n ^ 2 th e  n a tu r a l fr e q u e n c ie s  o f  b end ing  v ib r a t io n  a r e  s i g n i f i c a n t l y  
a f f e c t e d  by the d is c  r i g i d i t y  and i t s  i n e r t i a ,  hence p rod u cin g  mode o f  
v ib r a t io n  s im i la r  to  th a t  o f  c lam p ed -sim p ly  supp orted  s h a f t  and s im p ly  
su p p orted  ends s h a f t  o f  le n g th  L /2  , as shown in  F ig . 49 .
M oreover T able 45 g iv e s  th e  t h e o r e t i c a l  r e s u l t s  o f  th e  n a tu r a l  f r e q u e n c ie s  
o f  h o llo w  s h a f t - d i s c  system  shown i n  F ig .  49 .
I t  s h o u ld , how ever, be n o t ic e a b le  t h a t ,  a s th e  r a t io  o f  th e  in n e r  r a d iu s  
to  th e  o u te r  ra d iu s  o f  th e  s h a f t  R^ /^R  ^ in c r e a s e s  th e  c o u p lin g  e f f e c t  
becomes more e v id e n t  w ith  modes o f  h ig h e r  number o f  n od a l d ia m eter  n .
The e f f e c t  o f  th e  r a t i o  o f  in n e r  to  o u te r  s h a f t  r a d iu s  R. /R
1 o
on th e  v ib r a t io n  c h a r a c t e r i s t i c s  o f  th e  sy stem  i s  shown in  F ig .  5 1 a ,
51b and 51c fo r  modes o f  n o d a l d iam eter  n = 0 ,  1 , and 2 , r e s p e c t iv e l y .
As can be s e e n  from  F ig . 46 and 47 , th e  fr e q u e n c ie s  o f  v ib r a t io n  o f
th e  sy stem  w i l l  be low er than th a t  o f  th e  in d ep en d en t d i s c  f r e q u e n c ie s
due to  c o u p lin g  w ith  th e  s h a f t  f o r  modes o f  n od a l d ia m eters  n = 0 and
n = 1 . For th e  c a se  o f  modes o f  n od a l d iam eter  n = 2 , f o r  th e  s h a f t
sy stem  as shown in  F ig .  51c th e r e  i s  c o n s id e r a b le  c o u p lin g  b etw een  s h a f t
and d is c  modes fo r  nodal d iam eter  n = 2 . T h is becomes n o t ic e a b le  even
fo r  low er modes a s  the R ./R  r a t i o  in c r e a s e s .  As can be s e e n  from1 o
F ig . 51c th e  -ÇoVNvAâtt mode o f  v ib r a t io n  w hich  s t a r t s  as th e  d is c  freq u en cy
w ith  two n od a l c i r c l e s  and two n od a l d iam eters  fo r  R ./R  = 0 ends up1 o
predom inan tly  as a sim p ly  su p p orted  s h a f t  mode w ith  two n od a l d ia m eters
a t  R^/R^ ^  0 .8 .  The f ig u r e  a l s o  shows th a t  th e  in d ep en d en t d i s c  modes
a r e  s i g n i f i c a n t l y  a f f e c t e d  by th e  v a r y in g  v a lu e s  o f  th e  in n e r  r a d iu s  o f
th e  s h a f t  w h ile  the o u te r  r a d iu s  R i s  k ep t c o n s ta n t .  The d is co
fr e q u e n c ie s  in c r e a s e  as th e  R ./R  r a t io  d e c r e a s e s . T h is in f lu e n c e1 o
w i l l  be v e r y  sm a ll when R^/R^ & 0 .8  f o r  a l l  modes o f  v ib r a t io n .
From F ig . 49 and F ig . 51 one can o b serv e  th a t  f o r  modes o f  n% 2
th e  low er modes o f  th e  sy stem  corresp on d  to  th e  d is c  f r e q u e n c ie s  h a v in g
zero  nodal c i r c l e  and no c o u p lin g  ta k in g  p la c e .  T h is i s  o f  co u rse  n o t
a g e n e r a l c o n d it io n . I t  i s ,  how ever, depending upon th e  d i s c  r i g i d i t y ,
or  b /a  r a t io  and s h a f t  le n g th  to  th e  mean r a d iu s  r a t i o  L/R^ , as w e l l
as R ./R  r a t i o .1 o
The e f f e c t  o f  th e  r a t io  o f  th e  in n e r  to  th e  o u te r  r a d i i  o f  th e  d i s c  
b /a  on th e  v ib r a t io n  o f  a s h a f t  c a r r y in g  a d i s c  a t  m id span i s  shown 
i n  F ig . 52 fo r  modes o f  nodal d iam eter  n = 2 . The in n e r  d ia m eter  o f  
th e  d is c  and th e  o u te r  d iam eter  o f  th e  s h a f t  are  k ep t c o n s ta n t ,  i . e .  
b = R^, w h ile  v a r y in g  th e  o u te r  d iam eter  o f  th e  d i s c .  A minimum r a d iu s  
r a t io  o f  b /a  = 0 .1  r e p r e s e n ts  v e r y  la r g e  d is c  d ia m eter , and a maximum 
v a lu e  o f  b /a  = 1 .0  r e p r e s e n ts  a s h a f t  a lo n e  c a r ry in g  no d i s c .  The 
con tin u ou s l in e s  are the fr e q u e n c ie s  o f  th e  in d ep en d en t modes o f  v ib r a t io n  
o f  th e  s h a f t  and th a t  o f  th e  d i s c  w h ile  th e  broken l i n e s  show th e  fr e q u e n c ie s  
o f  v ib r a t io n  o f  th e  combined s h a f t - d i s c  sy stem . I t  can be s e e n  from  
F ig .  52 th a t  th e  fr e q u e n c ie s  o f  modes o f  v ib r a t io n  w hich  are  p red o m in a n tly  
th a t  o f  d i s c  w ith  two n od a l d iam eters and v a r io u s  n od a l c i r c l e s  
(s  = 0 , 1, 2 , . . . 8 )  d e c r e a se  as th e  o u te r  ra d iu s  o f  th e  d i s c  in c r e a s e s ,  
and the modes o f  v ib r a t io n  ch ange, from  th a t  o f  low er n o d a l c i r c l e s  to  
th a t  o f  h ig h er  n o d a l c i r c l e  p a s s in g  through  s e v e r a l  modes o f  s h a f t  v ib r a t io n .
As th e  o u te r  d iam eter o f  th e  d i s c  in c r e a s e s ,  th a t  i s  when b /a  3 0 .4  , the  
n o d a l c i r c l e s  o f  th e  modes in c r e a s e  and number o f  n od a l p o in t s  o f  th e  
s h a f t  modes d e c r e a s e , hence th e  d i s c  f l e x i b i l i t y  has i n t e r e s t i n g l y  m ost 
in f lu e n c e  on th e  s h a f t  modes and th e  dynam ic c o u p lin g  e f f e c t  becom es 
g r e a te r  fo r  a l l  modes o f  v ib r a t io n .  For b /a  > 0 .4  th e  d i s c  becom es 
s t i f f e r  w ith  low  f l e x i b i l i t y  h a v in g  sm a ll o u te r  d ia m eter , thus p r o v id in g  
dynamic b eh a v io u r  s im i la r  to  th e  b eh a v io u r  o f  a s i t f f e n e d - r in g  f ix e d  
around th e  s h a f t .  T h is w i l l  be e x p la in e d  l a t e r  in  F ig .  5 4 .
F ig .  52 a l s o  shows th a t  as b /a  d e c r e a se s  th e  lo w e s t  b en d in g  mode m=l 
in c r e a s e s ,  h av in g  v a lu e s  s im i la r  to  th o s e  o f  d i s c  r a d ia l  modes and m aking  
c o u p lin g  a t  each  n od al c i r c l e  f r e q u e n c ie s .  The o th e r  sym m etric s h a f t  
modes (m = 3 ,  5 , 7 . . )  d e crea se  as b /a  d e c r e a se s  to  produce modes o f  
clam p ed -sim p ly  su p p orted  s h a f t  o f  h a l f  t o t a l  le n g th .
F ig .  53 shows th e  co rresp o n d in g  mode shapes o f  v ib r a t io n  o f  th e  
d i s c - s h a f t  sy stem  fo r  th e  mode h av in g  two n o d a l d ia m e te rs . From th e  
f ig u r e  th e  change in  th e  mode shape o f  th e  th ir d  mode o f  b en d in g  and 
t o r s io n a l  mode, m = 3 , can be o b serv ed  as th e  o u te r  d iam eter  o f  th e  
(Alsc in c r e a s e s .
The asym m etric s h a f t  modes (m = 2 , 4 , . . .  ) a r e  n o t  s i g n i f i c a n t l y  
a f f e c t e d  by th e  r a d i i  r a t io  b / a .  I t  can be a l s o  s e e n  from  F ig .  52 th a t  
a t  b /a  = 1 .0  , a l l  s h a f t  modes o f  a s im p ly  su p p orted  s h a f t  a re  a v a i la b le ;  
how ever, a t  b /a  = 0 . 1  when a r i g i d ,  b ig  d i s c  i s  f ix e d  a t  th e  mid span  
o f  th e  s h a f t ,  o n ly  asym m etric b en d in g  modes a re  a v a i la b le  w h ereas th e  
sym m etric modes are  r e p la c e d  by modes s im i la r  to  th e  c lam p ed -sim p ly  
su p p orted  s h a f t  o f  le n g th  e q u a l to  L /2  as w ould be e x p e c te d . M oreover  
T able 46 shows th e  c a lc u la te d  n a tu r a l  fr e q u e n c ie s  o f  th e  sy ste m  f o r  n = 2 
and v a r io u s  r a d i i  r a t io  b /a .
As F ig . 49 shows th e  in f lu e n c e  o f  th e  d is c  r i g i d i t y  on th e  h o llo w  
s h a f t  c a r r y in g  a b ig ,  r ig i d  d is c  o f  b /a  = 0 .2 5 ,  F ig .  54 shows th e  e f f e c t  
o f  a sm a ll d iam eter  d i s c  o f  b /a  = 0 .8  on th e  modes o f  th e  same s h a f t  f o r  
v a r io u s  th ic k n e s s  param eter h /a  and v a r io u s  n od a l d iam eter  n . In  t h i s  
c a s e ,  how ever, th e  s h a f t  haviig  R^ /^R  ^ = 0 .9 5  can be assumed as  a c i r c u l a r ,  
th in -w a lle d  c y l in d e r ,  w hereas th e  d i s c  h a v in g  b /a  = 0 . 8  can b e  assum ed  
a s a r i n g - s t i f f e n e r  f ix e d  a t  th e  m idspan o f  th e  c y l in d e r . From F ig .  54  
one can s e e  th a t  th e  c o u p lin g  betw een  th e  d i s c  and th e  s h a f t  i s  n o t  e v id e n t  
due to  th e  la r g e  v a lu e  o f  b /a  and h ig h e r  d is c  f r e q u e n c ie s .  H owever, 
th e  modes o f  th e  s h a f t  are  s i g n f i i c a n t l y  a f f e c t e d  by th e  d is c  s t i f f n e s s .
For th e  c a se  o f  ax isy m m etr ic  mode o f  v ib r a t io n ,  n = 0 ,  th e  fr e q u e n c ie s  
o f  th e  t o r s io n a l  v ib r a t io n  d e c r e a se  as th e  d is c  th ic k n e s s  in c r e a s e s .
I t  has very  l i t t l e  e f f e c t  on th e  a x ia l  and bending s h a f t  v ib r a t io n .
For beam -type b e h a v io u r , n = 1 , a l l  modes o f  v ib r a t io n s  in c lu d in g  th e  
a x i a l ,  t o r s io n a l  and b end ing  modes d e c r e a se  as h /a  in c r e a s e s  due to  
th e  in c r e a s e  in  th e  d i s c  i n e r t i a  and w e ig h t . However, th e  fundam ental 
s h a f t  bend ing mode m = 1 , i s  p r o g r e s s iv e ly  d ecrea sed  w ith  th e  in c r e a s e  
o f  th e  d is c  th ic k n e s s  b u t i t  i s  s i g n i f i c a n t l y  r a is e d  a t  modes o f  n ^ 2 .
For th e  o v e r a l l in g  mode o f  v ib r a t io n ,  n = 2 , a l l  s h a f t  m odes,
(e x c e p t  th e  f i r s t  mode m = 1) are  d ecrea sed  as h /a  in c r e a s e s .  For 
fr e q u e n c ie s  in v o lv in g  h ig h e r  modes o f  v ib r a t io n ,  i . e .  n ^ 3 ,  th e  r in g  
s t i f f n e s s  has very  la r g e  in f lu e n c e  on th e  sym m etric s h a f t  modes 
(m = 1 , 3 , 5 . . . )  b u t v e r y  l i t t l e  in f lu e n c e  on th e  fr e q u e n c ie s  o f  
asym m etric modes (m = 2 , 4 . . . )  due to  th e  in c r e a s e  i n  th e  d i s c  mass 
and i t s  s t i f f n e s s  a t  th e  mid span o f  th e  s h a f t .
I t  can , how ever, be con clu d ed  t h a t  w ith  many in te r m e d ia te  d i s c s  th e  
fundam ental mode m = 1 , becomes th e  lo w e s t  freq u en cy  a t  n = 1 
in s te a d  o f  n ^ 2 due to  i t s  p r o g r e s s iv e ly  in c re a s in g  a t  n > 2 . T h is  
w i l l  be c le a r ly  shown l a t e r  i n  S e c t io n  5 .2  w ith  th e  u se  o f  m u lt i  d i s c s  
on th e  s h a f t  sy stem .*
F ig . 55 shows th e  v a r ia t io n  o f  th e  n a tu r a l fr e q u e n c ie s  o f  th e  
s o l i d  s h a f t - d i s c  sy ste m  fo r  v a r io u s  s h a f t  le n g th . The f ig u r e  a l s o  
d em on stra tes th e  e f f e c t  o f  th e  d is c  f l e x i b i l i t y  on th e  dynam ic b eh a v io u r  
o f  th e  s o l i d  s h a f t  a t  mode o f  v ib r a t io n  o f  one n od a l d ia m eter  n = 1 .
F ig .  56 and F ig . 57 show th e  v a r ia t io n  o f  fr e q u e n c ie s  o f  v ib r a t io n  o f  a 
h o llo w  s h a f t - d i s c  sy stem  f o r  v a r io u s  s h a f t  le n g th  to  mean r a d iu s  r a t io s  
L/R^ w ith  n od al d iam eter  n = 2 and n = 3 r e s p e c t iv e ly . .  The fr e q u e n c ie s  
o f  v ib r a t io n  o f  th e  u n coup led  d i s c  rem ains c o n sta n t  w h ile  th a t  o f  th e  
s h a f t  a lo n e  in c r e a s e s  p a r a b o l i c a l ly . The f ig u r e s  a l s o  show th a t  f o r  th e  
s h a f t - d i s c  sy stem  th e  c o u p lin g  betw een  th e  in d ep en d en t modes o f  v ib r a t io n  
ta k e s  p la c e ,  and th e  e f f e c t  o f  th e  d i s c  f l e x i b i l i t y  i s  more e v id e n t  on  
lon g  s h a f t s .  However, th e  in f lu e n c e  o f  d is c  f l e x i b i l i t y  on th e  fundam ental 
s h a f t  mode i s  much g r e a te r  on th e  s h o r t  s h a f t .  For n = 1 , i t  d e c r e a se s  
a s th e  le n g th  d e c r e a s e s , w hereas fo r  n% 2 i t  in c r e a s e s  a s  th e  le n g th  
d e c r e a se s  to  be co u p led  w ith  th e  f i r s t  mode o f  th e  d i s c  r a d ia l  v ib r a t io n
O ther m odes, i . e .  m = 3 , 5 . . .  a re  a l s o  a f f e c t e d  by th e  d is c  f l e x i b i l i t y
as  th e  s h a f t  becom es s h o r te r .  The asym m etric modes m = 2 , 4 , 6 . . .  
are n o t s i g n i f i c a n t l y  a f f e c t e d  by th e  d is c  f l e x i b i l i t y  f o r  a l l  s h a f t  
l e n g t h s .
F ig .  58 shows th e  v a r ia t io n  o f  fr e q u e n c ie s  o f  v ib r a t io n  f o r  a
s h a f t - d i s c  sy stem  w here th e  th ic k n e s s  o f  th e  d i s c  v a r ie s  h y p e r b o l ic a l ly
- 3g iv e n  by th e  r e la t io n s h ip  h = hg ( r /a )  where h i s  th e  th ic k n e s s  o f
th e  d i s c  a t  any r a d iu s  r  and \ i 2 i s  th e  o u te r  th ic k n e s s  a t  th e  o u te r
r a d iu s  r = a as shown in  F ig . 44 . The in d ep en d en t s h a f t  modes o f  
v ib r a t io n  rem ain  c o n s ta n t  as th e  v a lu e  o f  3 i s  a l t e r e d  w h ile  th a t  o f  th e  
d i s c  v a r i e s ,  f o r  v a r io u s  m odes. The c o u p lin g  betw een  th e  mode sh ap es
a re  shown in  th e  broken l i n e s .  The sym m etric s h a f t  modes (m = 1 , 3 , 5 . . . )
drop as th e  3 in c r e a s e s  due to  th e  in c r e a s in g  o f  d i s c  s t i f f n e s s .
However, th e  asym m etric modes in c r e a s e  as 3 in c r e a s e s .
I t  may, how ever, be m entioned th a t  fo r  h ig h  v a lu e s  o f  3 , th e  e f f e c t  
o f  sh ear  d efo rm a tio n  and r o ta r y  i n e r t i a  must be c o n s id e r e d , owing to  
in c r e a s e  i n  in n e r  th ic k n e s s  a t  r  = b . That i s  to  sa y  an in c r e a s e  i n  
th e  s h a f t  le n g th .
T ab le 47 g iv e s  th e  c a lc u la t e d  r e s u l t s  o f  th e  n a tu r a l  fr e q u e n c ie s  
f o r  v ib r a t io n  o f  s h a f t - v a r ia b le  th ic k n e s s  d is c  fo r  v a r io u s  n od a l
d ia m eters  n and v a lu e s  o f  3 o f  0 . 5 ,  0 .7 5  and 1 .5 .  The T ab le a l s o
shows th e  form  o f  mode shapes by sym bols e x p la in in g  th e  maximum r e l a t i v e  
d e f le c t i o n  du rin g  th e  v ib r a t io n  o f  th e  sy s te m . The c o u p lin g  graphs f o r  
th e s e  system s can be e a s i l y  p lo t t e d  s im i la r ly  to  th a t  shown i n  F ig .  47  
fo r  3 = 0 .0 .
F ig .  59 shows th e  e f f e c t s  o f  s h a f t  r i g i d i t y  E l on th e  dynam ic 
c h a r a c t e r i s t i c s  o f  a h o llo w  s h a f t - d i s c  sy stem  w ith  3 = 0 .5  and n od a l 
d iam eter  n = 2 . The o u te r  d iam eter o f  th e  d i s c  D i s  k e p t c o n s ta n t
w h ile  th e  s h a f t  d iam eter  d^ v a r ie s .  Thus p rod u cin g  an in c r e a s in g
d /D r a t io  as th e  s h a f t  d iam eter in c r e a s e s .  For each  c a se  R in c r e a s e s0 o
as E l in c r e a s e s ,  th e  in n e r  ra d iu s  o f  th e  s h a f t  b e in g  found from
R. = R -  t  where t  i s  th e  c o n s ta n t  w a l l  t h ic k n e s s .  F ig .  59 a l s o1 o
shows th e  v a r ia t io n  o f  d^/D from 0 .1  (beam ty p e ) to  d^/D = 0 .8
( c y l in d e r  t y p e ) .  The in d ep en d en t d is c  modes in c r e a s e  as E l in c r e a s e s  to
have a h y p e r b o lic  form  f o r  th e  f i r s t  n od a l c i r c l e s  s = 0 and s = 1 ,
w h ile  th e  s h a f t  modes d e c r ea se  as th e  s h a f t  h o le  becomes la r g e r ,  a c c o r d in g
to  th e  v a lu e s  o f  R. and R .
1 o
As shown from  th e  f ig u r e  th a t  th e  c o u p lin g  betw een th e  d is c  and th e
s h a f t  modes i s  g r e a te r  fo r  h ig h  v a lu e s  o f  E l . However, th e  sym m etric
s h a f t  modes are shown f o r  h ig h  v a lu e s  o f  E l b u t d e c r e a se  as E l d e c r e a se s
to  produce modes s im i la r  to  c lam ped-sim ply  su p p orted  s h a f t  o f  le n g th
L /2  a t  E l 3 4 X 10 or in  f a c t  a t  d^/D ^ 0 .4 .  A lso  a s  E l in c r e a s e s ,
th e  s h a f t  d iam eter  in c r e a s e s  w hereas th e  o u te r  d iam eter  o f  th e  d is c
rem ains c o n s ta n t ,  th e r e fo r e  prod u cin g  a r i g i d ,  h o llo w  s h a f t  a t  d^/D )  0 .6
c a r r y in g  sm a ll d iam eter  d i s c .  Thus th e  d is c  f l e x i b i l i t y  on su ch  a s h a f t
i s  n o t g r e a t .  T ab le 48 g iv e s  th e  c a lc u la te d  n a tu r a l fr e q u e n c ie s  o f  a
h o llo w  s h a f t  c a r r y in g  a v a r ia b le  th ic k n e s s  d is c  o f  3 = 0 .5  w ith
d i f f e r e n t  r a t i o s  o f  d /D and v a r io u s  nodal d iam eters  n .o
5 .1 .3  D isc  F ixed  in  th e  I n t e r io r  o f  a C ir c u la r  Drum
The in f lu e n c e  o f  th e  d i s c  f l e x i b i l i t y  on th e  dynamic c h a r a c t e r i s t i c s  
o f  a sy stem  where th e  d isc  i s  f ix e d  a t  th e  m idspan and i n s id e  th e  drum w ith  
sim p ly  su p p orted  ends a s  shown i n  F ig .  60 , i s  th e  n e x t  i n v e s t i g a t i o n .
T his typ e  o f  combined d isc-d ru m  system  b e in g  u sed  in  th e  a e r o sp a ce  e n g in e s  
i n  ord er  to  red u ce th e  e f f e c t  o f  th e  d is c  v ib r a t io n  i n  turb om ach in ery .
The "drum" can be c o n s id e r e d  as a h o llo w  s h a f t  h a v in g  R / t  ^ 10m
and R^/R^ ^ 0 .8 .  The d i s c  i s  c a r r ie d  by t h i s  drum h a v in g  a f r e e  boundary  
c o n d it io n  a t  i t s  in n e r  r a d iu s  r  = b and sim p ly  su p p orted  a t  i t s  o u te r  
r a d iu s  r = a . I t  i s  c le a r  th a t  th e  o u te r  r a d iu s  o f  th e  d is c  i s  e q u a l to  
th e  in n e r  ra d iu s  o f  th e  drum th a t  i s ,  r  = a = R^  as shown i n  F ig .  6 0 .
F ig . 61 shows th e  freq u en cy  c o u p lin g  betw een  a t h in  d i s c  and s im p ly  
su pp orted  drum. As can be s e e n  th a t  th e  e f f e c t  o f  th e  d i s c  f l e x i b i l i t y  
i s  s i g n i f i c a n t l y  g r e a t  on th e  dynamic b eh a v io u r  o f  th e  drum, hen ce  
p rod u cin g  modes s im i la r  to  th a t  o f  tw o-sp an  s h a f t  as shown in  F ig .  38 .
From F ig . 61 i t  i s  s e e n  th a t  th e  f i r s t  freq u en cy  o c c u r r in g  f o r  n = 0
i s  th e  lo w e s t  mode o f  th e  d is c  w ith  zero  n o d a l c i r c l e .  At mode o f  n = 1 ,
th e  fundam ental s h a f t  mode d e c r e a se s  w h ile  th e  d is c  fr e q u e n c ie s  go es  up. 
J u s t  b e fo r e  any c o u p lin g  ta k in g  p la c e ,  th e  s h a f t  mode m -  1 , in c r e a s e d  
a t  n = 2 to  have a c o u p lin g  w ith  f i r s t  d i s c  mode s = 0 . The
t o r s io n a l  mode a t  n = 0 ,  and th e  a x ia l  s h a f t  mode a t  n = 1 a r e  a l s o
a f f e c t e d  by the d i s c  f l e x i b i l i t y ;  how ever, th e  sym m etric s h a f t  modes 
m = 3 , 5 . . .  a re  p r o g r e s s iv e ly  reduced  a t  n = 1 . For mode o f  v ib r a t io n  
a t  n 2 the s h a f t  modes a re  s i g n i f i c a n t l y  in c r e a s e d  to  produce modes 
s im i la r  to  th o se  o f  a c lam p ed -sim p ly  su p p orted  drum and a s im p ly  su p p o r te d -  
sim p ly  su pp orted  drum o f  le n g th  L /2 .
F ig . 61 shows th a t  th e r e  i s  s tr o n g  c o u p lin g  betw een  th e  d i s c  and 
th e  drum mode beyond n ^ 4 and fo r  h ig h e r  mode o f  v ib r a t io n .
The c a lc u la t e d  r e s u l t s  o f  th e  n a tu r a l fr e q u e n c ie s  o f  sy stem  shown in  
F ig . 61 a re  g iv e n  in  T ab le 49 f o r  v a r io u s  n o d a l d iam eter n and fo r  
b /a  = 0 .2 .  T ab le  50 and 51 show an oth er  s e t  o f  n a tu r a l fr e q u en c ie s  r e s u l t s  
fo r  drum -disc sy stem  w ith  v a r io u s  n od a l d iam eter  and b /a  = 0 .4  and th ic k e r  
d i s c s .
M oreover, one can se e  from  th e above a p p l ic a t io n  th a t  w h ile  th e  
th ic k n e s s  o f  th e  d i s c  in c r e a s e s ,  th e  fundam ental drum mode i s  s i g n i f i c a n t l y  
d ecrea sed  a t  n = 1 and in c r e a s e d  a t  n = 2 , thus p rod u cin g  a lo w e s t  
drum mode a t  n = 1 and n o t a t  n ^ 2 . A lso  th e  c o u p lin g  e f f e c t  b etw een  
th e  new mode and th e  d i s c  mode w i l l  be more e v id e n t .
However, th e  c o u p lin g  c h a r a c t e r i s t i c s  o f  th e  sy stem  a re  a l s o  a f f e c t e d  
by th e  number o f  d i s c s  mounted on th e  s h a f t  and t h e ir  f l e x i b i l i t y  on th e
dynamic b eh av iou r  o f  th e  s h a f t  w i l l  be g r e a te r  due to  th e  added mass and
t ie  in c r e a s in g  in  th e  i n e r t i a .
The v a r ia t io n  o f  th e  co u p lin g  c h a r a c t e r i s t i c s  g iv e  an in d ic a t io n  o f  th e
v a r ia t io n  o f  th e  s t r e s s e s  th a t  o ccu r  i n  th e  s h a f t - d i s c ( s )  sy stem s fo r  
v a r io u s  g eo m etr ic  c o n f ig u r a t io n s .
5 .2  Coupled V ib r a tio n  o f  M u lti D is c -S h a f t  System s
The dynamic b eh av iou r and mode sh ap es o f  v ib r a t io n  o f  a sy stem  
h a v in g  a s h a f t  w ith  sim p ly  su p p orted  ends c a r ry in g  s e v e r a l  d i s c s  a lo n g  
i t s  le n g th  i s  in v e s t ig a t e d .  The c o u p lin g  e f f e c t  betw een  th e  s h a f t  and  
d i s c s  and th e  dynamic in t e r a c t io n  betw een  th e  d is c s  f o r  modes o f  v a r io u s  
n o d a l d iam eters  i s  a ls o  s tu d ie d  and shown by graphs and T a b le s . The 
s h a f t  i s  co n s id er e d  to  be s o l i d ,  h o llo w  and drum su p p orted  by two sym m etr ica l 
b e a r in g  a t  i t s  extrem e e n d s . The d i s c s  a r e  id e n t i c a l  or n o n - id e n t ic a l  
h a v in g  d i f f e r e n t  g eo m etr ic  c o n f ig u r a t io n . They may a l s o  be c o n s id e r e d  
as a f l e x i b l e  supp ort a: t h e ir  p o s i t i o n  on th e  s h a f t  l e n g th .  Thus th e  
dynam ic b eh av iou r  o f  s h a f t  would be changed a c c o r d in g ly  to  th e  number o f  
d i s c s ,  t h e ir  lo c a t io n  and t h e ir  r i g i d i t y .
In  th e  c a s e  o f  id e n t i c a l  and e x trem ely  r i g i d  d i s c s ,  when b /a  < 0 .2 5 ,  th e  
s h a f t  m odes, r e g a r d le s s  o f  th e  number o f  th e  d i s c s ,  w i l l  be changed  
due to  th e  d isc's r i g i d i t y ,  hence p ro d u c in g  modes o f  v ib r a t io n  w ith  s e v e r a l  
zones^ m odelas shown in  F ig . 62 . As can be s e e n  from th e  f ig u r e ,  t h a t  th e  
secon d  and th ir d  zones produce modes s im i la r  to  th a t  o f  th e  f i r s t  and 
secon d  zon es o f  m u lt i-s p a n  s h a f t  shown in  F ig .  38 . However, t h i s  i s  n o t  
a g e n e r a l c o n d it io n , th e  mode sh ap es o f  s h a f t - d i s ( s )  sy stem  can ta k e  
a n o th er  p a t te r n  when th e  d is c s  a r e  n o t  i d e n t i c a l  h a v in g  v a r io u s  r a d i i  
r a t i o s  b /a  . F ig .  63 shows mode sh ap es o f  th e  n o n - id e n t ic a l  d i s c s  
c a r r ie d  by a sim ply  su p p orted , s o l i d  o r  h o llo w  s h a f t .  F ig .  63 p r o v id e s  
n o n -sy m m etr ica l mode sh ap es, h en ce th e  d i f f e r e n c e  betw een  th e  two s e t s  o f  
mode sh ap es shown by F ig . 62 and F ig .  63 i s  c le a r ly  e v id e n t .  T h is  i s ,  
o f  c o u r s e , due to  th e  d i s c ' s  r i g i d i t y ,  p h y s ic a l  geom etry and t h e ir  number.
5 .2 .1  A Two D is c -S h a ft  Assem bly
The c o n f ig u r a t io n  o f  th e  com bined s h a f t  c a r ry in g  two d i s c s  i s  
shown in  F ig . 64 .
The c o u p lin g  c h a r a c t e r i s t ic s  o f  su ch  a sy stem  fo r  v a r io u s  modes o f  
v ib r a t io n  i s  th e  n ex t a p p l ic a t io n  o f  th e  work re p o r te d  i n  t h i s  S e c t io n .
The in f lu e n c e  o f  th e  d i s c ' s  f l e x i b i l i t y  on th e  s h a f t  modes i s  i n v e s t i g a t e d .  
The n a tu r a l  fr e q u e n c ie s  and t h e ir  a s s o c ia t e d  mode shapes fo r  \a r io u s  d i s c  
g e o m e tr ie s  are  c o n s id e r e d .
A h o llo w , th in -w a lle d  s h a f t  c a r r y in g  two d i s c s  a t  a uniform  span o f  
le n g th  L /3  i s  a l s o  c o n s id er e d  a s  shown in  F ig .  65 .
A system  c o n s is t s  o f  two d is c s  f ix e d  in  th e  in t e r io r  o f  a s im p ly  su p p o rted  
drum i s  a l s o  c o n s id er e d  as shown in  F ig . 6 6 .
F ig . 6 7 (a )  shows th e  c o u p lin g  e f f e c t s  betw een a s o l i d  s h a f t  o f
R . / R = 0  and tw o. n o n - id e n t ic a l  d i s c s  fcr v a r io u s  n od a l d ia m eters  n .
1 o
The f i r s t  d i s c  has a r a t io  o f  b /a  = 0 .2  and h /a  = 0 .0 5 .  The secon d
d i s c  has a r a t i o  o f  b /a  = 0 .2 8  and h /a  = 0 . 1
As can be se e n , s tr o n g  c o u p lin g  o ccu rs beyond n = 1 ; how ever, th e r e  
i s  a l s o  in t e r a c t io n  betw een th e  two d i s c s  modes during r e so n a n c e .
S e le c t e d  mode sh a p e s , fo r  n od a l d iam eter  n = 1 , a re  shown in  F ig .  6 7 ( b ) .
The f ig u r e  shows th e  co u p lin g  e f f e c t s  b etw een  th e  s h a f t  and th e  two
d i s c s .  M oreover, th e  modes a t  n ^ 2 a r e  p red om in an tly  th e  d i s c s  
a x ia l  f r e q u e n c ie s .
T ab le  52 g iv e s  th e  c a lc u la t e d  r e s u l t s  o f  th e  above sy stem  w ith  some 
mode shape d e s c r ip t io n  and d e t a i l s .  T ab le  53 shows th e  t h e o r e t i c a l  
r e s u l t s  o f  th e  n a tu r a l fr e q u e n c ie s  o f  s o l i d  s h a f t  c a r r y in g  two i d e n t i c a l  
d is c s  o f  b /a  = 0 .2  and h /a  = 0 .0 5  . Some d e t a i l s  are  a l s o  g iv e n  
to  e x p la in  th e  mode shape and s p e c i f y  th e  k in d  o f  th e  freq u en cy  a t  ea ch  
n o d a l d iam eter  n .
F ig .  68 shows th e  c o u p lin g  c h a r a c t e r i s t i c s  o f  a h o llo w  s h a f t  c a r r y in g  two 
i d e n t i c a l  d i s c s  fo r  modes o f  v a r io u s  n o d a l d ia m e te r s . I t  can be o b serv ed  
th a t  th e r e  i s  s tr o n g  c o u p lin g  fo r  modes up to  a n od a l d iam eter  o f  two and 
f o r  modes w ith  h ig h e r  nodal d iam eter  th e  mode shapes are  p red o m in a n tly  
th o s e  o f  th e  d i s c s .  The f ig u r e  a l s o  shows th a t  th e r e  i s  good agreem ent 
b etw een  th e  t h e o r e t ic a l  r e s u l t s  shown by th e  "broken l in e s "  and th e  
e x p e r im en ta l r e s u l t s .  Some o f  th e  co rresp o n d in g  mode sh ap es a r e  shown 
i n  F ig . 6 9 .
However, i f  th e  s h a f t  d im ensions are a l t e r e d ,  th e  range w it h in  w h ich  s tr o n g  
c o u p lin g  ta k e s  p la c e  may be a l t e r e d .  F ig . 70  shows th e  c o u p lig n  c h a r a c t e r i s t i c s  
o f  a t h in  w a l le d , h o llo w  s h a f t  c a r r y in g  two i d e n t i c a l  d i s c s  o f  b /a  = 0 .2 5  
f o r  modes o f  v a r io u s  nodal d ia m e te r s . A com parison made b etw een  t h i s  f ig u r e  
and F ig . 49 o f  th e  same s h a f t  and d i s c  geom etry , one can s e e  t h a t  th e  
in f lu e n c e  o f  th e  two d is c s  on th e  dynamic b eh av iou r  o f  th e  sy ste m  i s  
g r e a te r  than th a t  o f  the o n e -d is c  sy stem  due to  in c r e a s in g  th e  m ass o f  d i s c  
added. Hence th e  t o r s io n a l  modes a t  n = 0 , a re  d ecrea sed  more th a n  t h a t
o f  one d i s c  system ; a l s o  fo r  n = 1 , th e  fundam ental s h a f t  mode d e c r e a s e s
as  th e  number o f  th e  d is c  in c r e a s e s .  For n 2 a l l  s h a f t  modes in c r e a s e
to  produce modes s im ila r  to  th a t  shown in  F ig .  62 .
However T able 54 g iv e s  th e  t h e o r e t i c a l  r e s u l t s  o f  th e  sy stem  shown 
in  F ig . 70 . The co rresp o n d in g  mode shapes are  shown in  F ig .  71 f o r  
v a r io u s  n od a l d ia m e te r .
For a system  h avin g  two n o n - id e n t ic a l  d i s c s ,  th e  c o u p lin g  c h a r a c t e r i s t i c s  
betw een th e  h o llo w  s h a f t  modes and th e s e  two d is c s  o f  b /a  = 0 .2 5  and 
b /a  = 0 .5 8  i s  shown in  F ig . 72 . The f ig u r e  shows th a t  s tr o n g  c o u p lin g  
ta k e s  p la c e  a t  low fr e q u e n c ie s  r a th e r  than th a t  shown on F ig .  70 . The 
c o rresp o n d in g  mode shapes o f  th e  two, n o n - id e n t ic a l  d is c - h o l lo w  s h a f t  
system  a r e  shown in  F ig .  73 .
F ig . 74 shows a n o th er  exam ple o f  a n o n - id e n t ic a l  d i s c s - h o l lo w  
s h a f t  sy stem . From F ig .  70, 72 and 74 one can se e  th a t  th e  s h a f t  modes 
a re  s i g n i f i c a n t l y  a f f e c t e d  by th e  d is c s  r i g i d i t y  or r a d i i  r a t i o  b / a .
F ig .  75 shows th e  v a r ia t io n  o f  th e  fr e q u e n c ie s  and th e  c o u p lin g  
e f f e c t  betw een a sim p ly  su p p orted  drum c a r ry in g  two i d e n t i c a l  d i s c s  o f  
b /a  = 0 .2  fo r  modes o f  v a r io u s  n o d a l d ia m e te r s . As can be s e e n  th a t  
s tr o n g  c o u p lin g  ta k es  p la c e  fo r  h ig h  mode o f  v ib r a t io n  f o r  d i f f e r e n t  
n od a l d ia m eter . For n > 3 modes o f  b en d in g  v ib r a t io n  in c r e a s e  to  produce  
th r e e  modes s im ila r  to  th a t  shown i n  th e  seco n d  zone o f  F ig .  6 2 .
One can a ls o  make a com parison betw een  t h i s  f ig u r e  and F ig .  61 o f  a drum 
system  c a r ry in g  one d i s c  o n ly . As w ould b e  e x p e c te d , th e  e f f e c t s  o f  th e  
two d is c s  on th e  s h a f t  modes are  more s ig r i f i c a n t .  As can be s e e n  from  
th e  two f ig u r e s  how th e  ben d in g  mode m = 1 and m = 2 a re  s i g n i f i c a n t l y  
d ecrea sed  a t  n = 1 and th en  s i g n i f i c a n t l y  in c r e a s e d  a t  n = 2 a s  th e  
number o f  d is c  in c r e a s e s .
T able 55A shows th e  c a lc u la t e d  r e s u l t s  o f  th e  n a tu r a l  f r e q u e n c ie s  
o f  drum-two d is c s  sy stem  shown in  F ig .  75.
T able 5 $  shows th e  r e s u l t s  o f  th e  same drum c a r r y in g  tw o, non­
i d e n t i c a l  d i s c s  w ith  b /a  = 0 .4  and la r g e r  i n  t h ic k n e s s .  A com parison  
b etw een  T ab le 54 and T ab le 55 can be c a r r ie d  o u t to  s e e  how th e  a x i a l  
and t o r s io n a l  modes a s  w e l l  as b end ing  modes a r e  d e c r ea se d  for mode o f  
n = 0 and n = 1 , and how th e  s h a f t  modes a r e  in c r e a s e d  a t  n 2 due to  th e  
added d is c  m a sses .
In  g e n e r a l,  how ever, one can s e e  th a t  th e  th r e e  modes ( in  th e  
secon d  zo n es) are  produced due to  th e  two d i s c s  c a r r ie d  by th e  s im p ly  
su p p orted  ends s h a f t  and are  s i g n i f i c a n t l y  a f f e c t e d  by th e  d i s c s  i n e r t i a  
and t h e ir  r i g i d i t y  as shown in  F ig . 62 and F ig .  63 . The f i r s t  mode i s  
e q u iv a le n t  to  th e  fundam ental modes o f  s im p ly  s u p p o r te d .s h a f t  o f  le n g th  
L /3  o r  i t  i s ,  in  f a c t ,  th e  th ir d  mode m = 3  o f  s h a f t  h a y in g  t o t a l
le n g th  o f  L . The secon d  mode ( in  th e  seco n d  zone) has a s t a t io n a r y  
i n f l e c t i o n  p o in t  a t  th e  mid p o in t  and i t  i s  e q u iv a le n t  to  th e  fundam ental 
o f  two span , s im p ly  supp orted  s h a f t  w ith  one span o f  le n g th  & = L /3  
and o th e r  o f  le n g th  o f  X f l  • The th ir d  mode i s  e q u iv a le n t  to  a mode 
s im i la r  to  th a t  o f  clam ped-sim ply  su p p orted  s h a f t  o f  le n g th  & = L /3 .
5 . 2 . 2  A Three D is c -S h a f t  Assem bly
The c o n f ig u r a t io n s  o f  a sim p ly  su p p orted  en d s , s o l i d  and h o llo w  
s h a f t s  c a r r y in g  th r e e  d i s c s  a lon g  th e  t o t a l  le n g th  a r e  shown in  F ig .  76 
and F ig .  77 r e s p e c t iv e ly .  A system  c o n s is t s  o f  th r ee  d i s c s  f ix e d  in  
th e  i n t e r i o r  o f  a c ir c u la r ,  sim ply  su p p orted  drum, a t  a un iform  le n g th  
o f  L /4  i s  a l s o  c o n s id e r e d  as shown in  F ig . 78.’
The v ib r a t io n  c h a r a c t e r i s t ic s  o f  th o se  sy stem s and th e  dynamic 
c o u p lin g  betw een  th e  s h a f t  and the d is c s  a re  in v e s t ig a t e d  by u s in g  th e  
th r e e -d im e n s io n a l, c y l in d r ic a l  e lem en t shown i n  F ig .  1 .
F ig .  79 shows th e  cou p lin g  e f f e c t  o f  a s im p ly  su p p o rted  s h a f t  
c a r r y in g  t h r e e ,  n o n - id e n t ic a l  d i s c s  f o r  modes o f  v a r io u s  n o d a l d iam eter  
n. The f ig u r e  a l s o  shows th a t  th e  t h e o r e t i c a l  r e s u l t s  a r e  in  good a g r e e ­
ment w ith  th e  e x p e r im en ta l r e s u l t s .  However F ig .  80 shows th e  c o r re sp o n d in g  
mode sh ap es o f  th e  sy stem  fo r  mode o f  one n od a l d ia m e te r .
F ig .  81 shows th e  c o u p lin g  c h a r a c t e r i s t i c s  o f  a s o l i d  s h a f t  c a r r y in g
th r e e ,  i d e n t i c a l  d i s c s  fo r  modes o f  d i f f e r e n t  n o d a l d iam eter  n . Once
a g a in , th e  t o r s io n a l  modes a t  n = 0 and th e  b end ing  mode a t  n = 1 are
d ecrea sed  as th e  number o f  d is c s  in c r e a s e s .  For n ^ 2 th e  modes are
p red om in an tly  d i s c  modes and are a l i t t l e  h ig h e r  due to  th e  e f f e c t  o f
R ./R  = 0 . T ab le 56 shows th e  t h e o r e t i c a l  r e s u l t s  o f  th e  n a tu r a l  1 o
fr e q u e n c ie s  co rresp o n d in g  to  th e  sy stem  o f  F ig .  81 w ith  some d e t a i l s  o f  
mode sh ap es and fr e q u e n c ie s  t y p e s .
Table 57 g iv e s  th e  c a lc u la te d  r e s u l t s  o f  th e  n a tu r a l fr e q u e n c ie s  f o r  
a t h in  w a lle d , h o llo w  s h a f t  c a r ry in g  th r e e  i d e n t i c a l  d i s c s .  I t  a l s o  shows 
some d e t a i l s  o f  th e  corresp on d in g  d isp la c e m e n ts  fo r  each  n od a l d ia m e te r .  
M oreover, F ig . 82 shows th e  c o u p lin g  c h a r a c t e r i s t i c s  o f  th e  sy stem  
corresp o n d in g  to  T ab le 57 fo r  modes o f  v a r io u s  n od a l d ia m e te r s . As can  
be s e e n , modes o f  n % 2 produced a re  s im i la r  to  th o se  shown in  F ig .  62 
w ith  th r e e  i d e n t i c a l  d is c s  m odes.
T able 58 g iv e s  an oth er  a p p l ic a t io n  when th e  th r e e  d is c s  are n o t i d e n t i c a l
and a s tr o n g  c o u p lin g  can take p la c e  a t  n od a l d ia m eter , n ^ 1 .
The c o u p lin g  c h a r a c t e r i s t i c s  and mode shapes o f  a sy stem  h a v in g  a 
s im p ly  su p p orted  ends drum c a r r y in g  th r e e  i d e n t i c a l  d i s c s  i s  shown in  
F ig . 8 3 . The f ig u r e  shows how th e  fr e q u e n c ie s  d e c r e a se  a t  modes o f  
n = 0 and n = 1 and then  in c r e a s e  a t  n % 2 . T h is can a l s o  be s e e n  
when a good .com parison makes b etw een  F ig .  83 and F ig .  75 o f  th e  two 
d isc-d ru m  system  and F ig .  61 o f  o n e - d is c  sy stem .
T ab le 59 g iv e s  th e  c a lc u la t e d  r e s u l t s  o f  th e  n a tu r a l fr e q u e n c ie s  o f  th e  
cou p led  d ru m -d iscs system  co rre sp o n d in g  to  F ig .  83 . T able 60 g iv e s  a n o th er  
r e s u lt s  o f  th e  n a tu r a l fr e q u e n c ie s  o f  th e  same drum but c a r r y in g  th r e e ,  
n o n - id e n t ic a l  d i s c s .
From th e  above a p p l ic a t io n s ,  f o r  th e  ca se  o f  th r ee  r ig i d  and heavy  
d i s c s  f ix e d  by a sim p ly  su p p orted  s h a f t ,  one can o b serv e  th a t  a secon d
group o f  modes f o l lo w s  th e  f i r s t  one s im i la r  to  th a t  shown in  F ig .  62 and
F ig . 6 3 . As th e  f i r s t  group c o n s is t s  o f  th e  f i r s t  th r e e  modes o f  v ib r a t io n  
th e  f i r s t  mode o f  th e  secon d  group i s  e q u iv a le n t  to  th e  fundam ental mode 
o f  s im p ly  su p p orted  s h a f t  o f  le n g th  £ = L /4 . The th ir d  mode corresp on d s  
to  th e  seco n d  o f  two span s h a f t  w ith  ends sim p ly  su p p o rted . The secon d  
and fo u r th  modes correspon i r e s p e c t iv e ly  to  th e  fundam ental and secon d  o f  
a tw o-sp an  s h a f t  w ith  one end c lan p ed  and th e  o th e r  sim p ly  su p p o rte d .
Furtherm ore, i t  i s  v ery  i n t e r e s t i n g  to  show n e x t  th e  in f lu e n c e  o f  
number o f  d i s c s  c a r r ie d  by th e  s h a f t  on th e  dynamic b eh av iou r  o f  th e  
sim p ly  su p p orted  s h a f t - d i s c ( s )  sy s te m , t a k in g  the s h a f t  g iv e n  in  T ab le  24 
h a v in g  le n g th  L = 8 .0  i n . , o u te r  r a d iu s  = 2 .0 5  i n . ,  and in n e r  r a d iu s  
R^  = 1 .9 5  i n .  The s h a f t  c a r r y in g  s e v e r a l  i d e n t i c a l  d is c s  in  two d i f f e r e n t
g e o m e tr ic  w ays, th a t  i s ,  when t h e s e  d i s c s  are  f ix e d  on i t s  o u te r  e d g e ,
and when th ey  a re  f ix e d  in  th e  in t e r i o r  or in s id e  i t s  in n er  
edge as shown in  F ig .  13 . The r e s u l t s  o f  th e  c a lc u la te d  n a tu r a l  f r e q u e n c ie s  
o f  th e s e  two c a s e s  are  shown in  T ab le 61A and T able 6 IB . The two T a b les
show th e  in f lu e n c e  o f  th e  d is c  i n e r t i a  on th e  s h a f t  modes f o r  mode< o f
z e r o , one and two n od a l d ia m eter . As can be seen  th a t  th e  t o r s io n a l  
v ib r a t io n  d e c r e a se s  as th e  d is c  iner.tia  in c r e a s e s .  Thus th e  in f lu e n c e  o f  
th e  d is c  i n e r t i a  fo r  th e  ca se  o f  T ab le  61A i s  la r g e r  than  th o se  o f  T ab le  61B.
s im i la r ly  fo r  th e  b en d in g  and a x ia l  v ib r a t io n  a t  n = 1 .  However, a l l  
modes in c r e a s e  a t  n = 2 , as th e  d is c  number in c r e a s e s .  The in c r e a s in g  
o f  the mode fo r  th e  c a se  o f  T ab le  61B i s  more than th o s e  o f  T ab le  61A 
due to  th e  d is c  s t i f f n e s s .
5 . 2 . 3  M u lti D isc -M u lti Span S h a ft  in  a L in e a r ly  P e r io d ic  S tr u c tu r e
Long s h a f t s  w ith  a s e r i e s  o f  d i s c r e t e  i n e r t i a  and su p p o rted  on a 
number o f  b ea r in g  are common i n  turbom achinery . Such s h a f t s  have  
c lo s e l y  c lu s t e r e d  n a tu r a l f r e q u e n c ie s  o f  t o r s io n a l  a s w e l l  as b en d in g  
v ib r a t io n .
The co u p lin g  e f f e c t s  betw een  th e se  fr e q u e n c ie s  and th e  a x ia l  fr e q u e n c ie s  
o f  th e  d i s c s  mounted on th e  s h a f t  a t  an i d e n t i c a l  lo c a t io n  i s  in v e s t i g a t e d .
In  th e  p r e s e n t  a n a ly s is  an N ^-span, uniform  s h a f t  su p p o rted  on 
i d e n t i c a l ,  e q u id is t a n t  b e a r in g s  i s  c o n s id e r e d . Each span o f  th e  s h a f t  i s  
assumed to  have an i d e n t i c a l  d i s c  a t  an id e n t i c a l  lo c a t io n  as shown in  
F ig . 14 . T his s h a f t  may be c o n s id e r e d  as a p r e io d ic  s t r u c t u r e  f o r  b oth  
ben d in g  and t o r s io n a l  o s c i l l a t i o n s .  However, th e  n a tu r a l fr e q u e n c ie s  
o f  such  a " p e r io d ic "  sy stem  in  b en d in g , t o r s io n a l  and a x i a l  v ib r a t io n  are  
in v e s t ig a t e d .  The wave p ro p a g a tio n  tech n iq u e  i s  very  s u i t a b le  f o r  s tu d y in g  
th e  v ib r a t io n  c h a r a c t e r i s t i c s  o f  such  s t r u c t u r e s .
For the a p p l ic a t io n s  o f  s h a f t - d i s c s  system , d is c u s s e d  e a r l i e r  in  
S e c t io n  5 .1  and 5 . 2 . 1  and 5 . 2 . 2 ,  o n ly  th e  r o t a t io n a l ly  p e r io d ic  s tr u c tu r e  
i s  a p p lie d  to  f in d  th e  o v e r a l l  s t i f f n e s s  and mass m a tr ic e s .  H owever, fo r  
th e  a p p l ic a t io n  o f  m u lt i  d is c -m u lt is p a n  s h a f t  sy stem , th e  l in e a r ly  
p e r io d ic i t y  must be a l s o  u sed  in  c o n ju n c tio n  w ith  c y c l i c  symmetry as  
e x p la in e d  i n  S e c t io n s  3 . 3 . 3  and 3 . 3 . 4 .
The s h a f t  and d i s c  are  made o f  th e  same m a te r ia l .  For s in g le  span  
s t r u c t u r e ,  o n ly  sev en  e lem en ts  a r e  u sed  fo r  both  s h a f t  and d i s c  mounted 
a t  th e  m idspan. Thus a l in e a r ly  p e r io d ic  s tr u c tu r e  o f  th e  wave p r o p a g a tio n  
tec h n iq u e  i s  a p p lie d  f o r  any number o f  sp an . The id e a  i s  to  make a group  
o f  n a tu r a l fr e q u e n c ie s  w ith  l e s s  e lem en t r e q u ir e d . In  t h i s  c a s e  th e  
com p u ta tion a l p roced u re rem ains in d p en d en t o f  th e  number o f  sp a n s . The 
n a tu r a l fr e q u e n c ie s  o f  f i n i t e ,  p e r io d ic  s tr u c tu r e  can be e a s i l y  
o b ta in ed  from th e  v a lu e  o f  th e  p r o p a g a tio n  c o n sta n t y d e f in e d  by e q u a t io n  
( 3 . 3 0 ) .
T able 62 shows th e  n a tu r a l fr e q u e n c ie s  o f  a tw o-sp an  s h a f t  c a r r y in g  
two d is c  i n  an i d e n t i c a l  d is ta n c e  = &/2. The s h a f t  i s  h o llo w  and th e  
d i s c s  are  un iform  t h ic k n e s s .  The r e s u l t s  o b ta in e d  f o r  th e  f i r s t  se v en  
zon es o f  th e  f r e e  p ro p a g a tio n  and v a r io u s  n o d a l d ia m e te r . One can  
make a com parison betw een th e  r e s u l t s  o f  T ab le  62 and th o se  g iv e n  in  
T able 54 and F ig .  70 . I t  can be n o ted  th a t  th e  two s e t s  r e s u l t s  are  
so  c lo s e d .  However th e  d is c  fr e q u e n c ie s  shown in  T ab le 62 a r e  s l i g h t l y  
h ig h e r  due to  l e s s  e lem en t u sed .
T ab le 63 shows the com p u ta tion a l r e s u l t s  o f  th e  n a tu r a l f r e q u e n c ie s  
o f  a th r e e -sp a n  s h a f t  c a r ry in g  th r e e  i d e n t i c a l  d i s c s  fo r  modes o f  v a r io u s  
n od a l d ia m eter . I t  can be se en  th a t  w h ile  th e  number o f  span in c r e a s e s  
th e  n a tu r a l fr e q u e n c ie s  o f  t o r s io n a l  and b en d in g  v ib r a t io n  in  a c lu s t e r
in c r e a s e s  a c c o r d in g ly  to  th e  v a lu e s  o f  im aginary  p r o p a g a tio n  c o n s ta n t
i  • •(y  = m-fr/Ng ) ,  where m i s  an in te g e r  number h av in g  v a lu e s  o f
m = 1, 2 , 3 . . . Ng  f o r  th e  c a se  o f  odd p r o p a g a tio n  z o n e s , and m = 0 , 1 , 2 . . .  
(Ng -  1) fo r  th e  c a s e  o f  even  number o f  th e  p r o p a g a tio n  zones a s  d e f in e d  
and e x p la in e d  in  S e c t io n  3 . 3 . 4  and a s  th e  r e s u l t  g iv e n  i n  T ab le  6 3 .
F ig .  84 shows th e  g e n e r a l mode sh ap es o f  m u lt i  span s h a f t - m u lt i  
d is c  sy stem  f o r  b oth  t o r s io n a l  and b en d in g  modes o f  v ib r a t io n .  As 
would be e x p e c te d  f o r  t o r s io n a l  v ib r a t io n s  th e  number o f  n a tu r a l  f r e q u e n c ie s  
in  any zone depends on the number o f  d i s c s  i n e r t i a s ,  f o r  b en d in g  v ib r a t io n s  
i t  depends on th e  number o f  su p p o r ts . The fr e q u e n c ie s  may a l s o  be  
a f f e c t e d  by th e  d is c s  r i g i d i t y .
T ab le  63 can a ls o  be compared w ith  T ab le 57 o f  s h a f t  c a r r y in g  th r e e  
i d e n t i c a l  d i s c s  i n  a d is ta n c e  o f  L /4  . Even th e  geom etry i s  n o t  th e  
same but some s i m i la r i t y  can be o b serv ed  f o r  m ost modes o f  v ib r a t io n .
T ab le  64 shows th e  c a lc u la t e d  fr e q u e n c ie s  f o r  fo u r -sp a n
. s h a f t ,  fo u r  d is c s  sy ste m . The d i s c s  are  un iform  th ic k n e s s  
o f  3 = 0 . 0 .
For a s h a f t  c a r ry in g  d is c s  o f  v a r ia b le  th ic k n e s s  p r o f i l e  w ith  
h = hg ( r /a )  T able 65 g iv e s  r e s u l t s  o f  f r e q u e n c ie s  o f  th e  sy stem  shown 
in  F ig . 14 w ith  v a r io u s  v a lu e s  o f  3 . The r e s u l t s  a re  compared w ith  
th o se  g iv e n  by T ab le 62 fo r  3 ~ 0 . 0 .  As can be seen  th a t  as 3 in c r e a s e s  
th e  a x ia l  mode o f  th e  d is c  fr e q u e n c ie s  in c r e a s e s  fo r  mode o f  v a r io u s  
n od a l d ia m eter . However, th e  t o r s io n a l  modes a t  n = 0 ,  and th e  b en d in g  
modes a t  n = 1 d e c r ea se  as 3 in c r e a s e s .  Furtherm ore a t  n ^ 2 a l l  
s h a f t  modes in c r e a s e  as 3 i n c r e a s e s .
T able 66 shows th e  r e s u l t s  o f  fr e q u e n c ie s  o f  v ib r a t io n  o f  s o l i d  
s h a f t - d i s c  system  in  a l in e a r ly  p e r io d ic  s tr u c tu r e  h a v in g  R^/R^ = 6 = 0 ,  
Once a g a in , i t  can be n o t ic e d  th a t  f o r  n ^ 2 th e  fr e q u e n c ie s  a re  
p red om in an tly  d is c s  m odes.
5 .3  E xp erim en ta l R e su lts
Some ex p er im en ta l work was a l s o  c a r r ie d  o u t in  th e  p r e s e n t  i n v e s t i g a t i o n  
in  ord er  to  co n firm  the accuracy  o f  th e  t h e o r e t i c a l  r e s u l t s .  The amount 
o f  e x p e r im en ta l work c a r r ie d  o u t was u n avo id ab ly  r e s t r i c t e d  b e ca u se  o f  
f in a n c i a l  c o n s t r a in t s .
A BSG/1-5 and BEG/1-5 p i e z o e l e c t r i c  c r y s t a l  gauge o f  Vem it r o n  L t d . ,  
Southam pton, h av in g  d im ensions 1 in c h  by 0 .1 2 5  in c h e s  by 0 .0 2 0  in c h e s ,  
w ere u sed  in  th e  in v e s t ig a t io n  o f  th e  v ib r a t io n  f r e q u e n c ie s  - o f  
s h a f t  and d i s c  and s h a f t  c a r r y in g  s e v e r a l  d i s c s .
The arrangem ent o f  th e  ex p e r im en ta l equipm ent used  f o r  p rod u cin g  
e x c i t a t i o n  o f  th e  v a r io u s  system s i s  shown i n  F ig .  8 5 . A b r a z in g  p roced u re  
was a p p lie d  to  j o in  th e  d is c s  to  th e  o u te r  edge o f  th e  s h a f t  as shown 
i n  F ig . 86 .
The P ie z o e l e c t r ic  c r y s t a l  g a u g ^  a r e  used  to  p r o v id e  enough  
e x c i t a t i o n  and s e n s in g  fo r  b oth  s h a f t  and d i s c .  The s t r a i n  gauges  
( E x c it e r )  a r e  cem ented to  th e  d is c  s u r fa c e  as w e l l  a s  n ear to  th e  su p p o rt  
a t  th e  s h a f t  ends w ith  A r a ld ite  i n  o rd er  to  e x c i t e  th e  s t r u c t u r e  a t  th e  
d e s ir e d  fre q u e n c y . These c y r s t a l s  a re  pow ered v ia  a tra n sfo rm er  by an 
o s c i l l a t o r  and power a m p lif ie r  i n  s e r i e s .  T his s in u s o id a l ly  e x c i t e d  
in p u t  i s  m on itored  on an o s c i l l o s c o p e .  R esonant c o n d it io n s  a t  b o th  d is c  
and s h a f t  a re  d e te c te d  by th e  u se  o f  Sensor c r y s t a l  gauges a l s o  cem ented  
to  th e  d is c  and s h a f t .
The ex p e r im en ta l procedure i s  a l s o  con cern ed  w ith  th e  d e te r m in a tio n  
o f  th e  mode shape o f  the d is c s  by u s in g  th e  c l a s s i c a l  sand p a t te r n  m ethod  
when th e y  a re  e x c it e d  a t  t h e ir  n a tu r a l fr e q u e n c ie s*
S ig n a ls  a t  s e le c t e d  fr e q u e n c ie s  from  th e  o s c i l l a t o r  s e t  to  produce  
1 .5  V o u tp u t was a m p lif ie d  to  produce a 200 v  in p u t to  th e  e x c i t e r  
c r y s t a l s .  T h is a l t e r n a t in g  v o l ta g e  s u p p lie d  to  th e  e x c i t e r  c r y s t a l  
produced v ib r a t io n  o f  th e  d is c  or s h a f t  a t  th e  freq u en cy  o f  th e  s ig n a l  
in p u t .
A nother p i e z o e l e c t r i c  c r y s t a l  con n ected  to  th e  sy stem  a c t s  as a  
s ig n a l  ou tp u t from th e  system . As a l t e r n a t in g  s t r e s s e s  are  produced  on  
th e  d i s c  due to  v ib r a t io n  an a l t e r n a t in g  v o l ta g e  a t  th e  freq u en cy  o f  
v ib r a t io n  i s  produced in  th e  c r y s t a l .  T hese a re  d is p la y e d  on an  
o s c i l lo s c o p e  and a ls o  on a freq u en cy  c o u n te r . The in p u t freq u en cy  i s
c o n t in u a lly  v a r ie d  u n t i l  th e  am p litu d e o f  th e  tr a c e  d is p la y e d  on th e  
o s c i l lo s c o p e  rea ch ed  a p eak . The co rresp o n d in g  freq u en cy  i s  rea d  from  
th e  freq u en cy  c o u n te r .
The l i n e  diagram  f o r  th e  s e t  up o f  th e  in str u m e n ts  i s  shown in  
F ig .  87.
The ends o f  th e  s h a f t  c a r r y in g  th e  d i s c  are  h e ld  in  k n i f e  ed ges a t  
a s e c t io n  v ery  c lo s e  to  th e  ends o f  th e  s h a f t .  The k n i f e  ed ges are  
m achined ou t to  be in  c o n ta c t  w ith  th e  s h a f t  a l l  around i t s  p e r ip h e r y ,  
and hence p r e v e n tin g  movement a lo n g  b o th  v  and w c o - o r d in a t e s .  By 
h o ld in g  th e  k n i f e  ed ges r i g i d l y  i n  heavy b lo c k s  b o l t e d  to g e th e r  i t  i s  
a l s o  assumed to  r e s t r i c t  th e  movements and .
do dV
The clamp u sed  fo r  p rod u cin g  th e  c a n t i le v e r e d  end i s  shown in  
F ig .  86 . I t  c o n s i s t s  o f  two h a lv e s  o f  a r e c ta n g u la r  b lo c k  i n  w hich  
two sem i c y l i n d r i c a l  grooves are m achined o u t to  match th e  o u t s id e  
diam eter  o f  th e  s h a f t .  A sm a ll in t e r f e r e n c e  o f  0 .0 0 1 "  i s  a llo w e d  to  
en su r e  r ig i d  f i x i n g .
The clam ps w ere t ig h te n e d  u s in g  a torq u e spanner to  ev en  o u t th e  
to rq u es  on each  b o l t .  The to rq u es a r e  in c r e a s e d  u n t i l  no change o ccu rred  
in  th e  o b served  freq u en cy  v a lu e s . -
Some ex p e r im en ta l r e s u l t s  show v ery  good agreem ent w ith  th e  t h e o r e t i c a l  
r e s u l t s  in  Chapter 4 . T able 10 and Table 20 show th e  com parison  betw een  
th e  t h e o r e t i c a l  and ex p e r im en ta l r e s u l t s  o f  th e  n a tu r a l  f r e q u e n c ie s  o f  
th e  d is c  clam ped a t  i t s  c e n tr e  by u s in g  th e  sand  p a t te r n  m ethod.
T ab les 39 and 40 show th e  ex p e r im en ta l r e s u l t s  o f  s o l i d  and h o llo w  
s h a f t  w ith  v a r io u s  boundary c o n d it io n s .  Furtherm ore T ab le  41 and T a b le  43 
in  S e c t io n  5 . 1 . 1 ,  show th e  com parison betw een  th e  e x p e r im e n ta l and th e  
t h e o r e t i c a l  r e s u l t s  o f  th e  n a tu r a l  fr e q u e n c ie s  o-f a c a n t i l e v e r  h o llo w  and 
s o l i d  s h a f t  c a r r y in g  a d i s c  a t  th e  f r e e  end . .
However, T ab les 6 7 , 68 and 69 g iv e  th e  com parison  betw een  th e  
t h e o r e t i c a l  and ex p e r im en ta l r e s u l t s  o f  th e  fr e q u e n c ie s  o f  a s im p ly  
su p p orted  h o llo w  s h a f t  c a r r y in g  on e , two and th r e e  d i s c s  r e s p e c t i v e l y .
The c o n f ig u r a t io n  o f  th e s e  system s are  shown i n  F ig .  8 6 .
The d i f f e r e n c e  b etw een  th e  two s e t s  o f  r e s u l t s  a r e  w i t h in  one or
two p e r c e n t  fo r  m ost o f  th e  modes o f  v ib r a t io n .  The r e s u l t s  p r e s e n te d
a re  f o r  a s im p ly  su p p orted  s h a f t  w ith  s in g le  d is c  a t  th e  m idspan , a s h a f t
w ith  two i d e n t i c a l  d i s c s  and a s h a f t  w ith  th r e e  n o n - id e n t ic a l  d i s c s .
The agreem ent b etw een  th e  t h e o r e t i c a l  and e x p e r im en ta l r e s u l t s  k s v e r y  
good.
T a b l e  4 1
N atu ra l fr e q u e n c ie s  (Hz) o f  s o l i d  c a n t i l e v e r  s h a f t - d i s c  sy ste m  as  
shown i n  F ig .  15 .
L = 1 8 .0  i n . ,  = 0 . 7  i n . ,  a = 3 . 5  i n . ,  b / a  = 0 . 2 ,  h = 0 .1 8 7 5  in ,  
3 = 0  and R^/R^ = 0 .0  w ith  d i f f e r e n t  e lem en t mesh(No. o f  e lem en ts  
f o r  th e  d is c  + No. o f  e lem en t f o r  th e  s h a f t )
n odal
d ia
(n)
n od a l
c i r c l
( s )
s h a f t
modes
(m)
C a lc u la te d  r e s u l t s  with mesh cf EXP
(Hz)
Mode shape  
d e t a i l s(2+3) (3+6) (3+9) (5+7)
392 387 383 383.8 - ^T
0 899 810 802 764 760
1 2778 2695 2675 2683 2515 fA ( u . )  s h a f t
0 3324 3238 3193 3200 3200 fT
1 6595 5195 5137 4857 4950 ( d is c + s h a f t )
7360 6403 6313 6326 6200 fT
2 9431 8452 8385 8393 - f^  ( d is c )
1 176 90 87 88.5 81 fB
0 805 557 541 539 510 fA
, 1 1 1221 830 807 785 60 0 /8 2 0 fA  + fm
2 2627 1901 1831 1859 1880 ffi
1 3 6607 3581 3450 3510 3480 (fB  + fA )
2 3 8349 5095 4973 4847 4845 fB
4 10523 6054 5840 5842 - fB
14563 8384 ■ 8029 8175 8155/7700 ^A + ^B
5 16305 11275 10558 10796 10450 ^B
0 1073 943 932 903 910 fA
1 9224 6154 6090 5889 5855 ^A
1 14052 13411 13238 13207 13200 fg  ( r a d ia l )  w^
2 24713 18726 18300 14736 14980 f .
2 A
29403 24317 24239 24124 24000 fT
3 48683 37087 35731 26531 26770 fA
3 54216 46447 46005 41699 - f l  + fA
64018 48238 48113 46184 - fT
For modes a t  n > 3 ( s e e  F ig .  41)
T a b l e  4 2
C a lc u la te d  n a tu r a l fr e q u e n c ie s  (Hz) o f  a h o llo w  s h a f t - d i s c
system as shown i n  F ig 39 , f o r  L = 18 .0  i n . , R = 0 .7  o i n . ,
= 0 . 5 i n . , a = 3 .5  i n . ,  b /a = 0 .2 , h /a  = 0 .0 5 3  and 3 = 0
N atu ra l f r e q u e n c ie s  (Hz) o b ta in e d  by u s in g (5+ 7) mesh
elem en t fo r  nodal d iam eter (n) o f :
n=0 n = l n=2 n=3 n=4 n=5 n=6 n=7
332 86 874 1781 3096 4728 6650 8845
731 535 5685 7634 10206 13218 16544 20130
2563 836 11549 16428 19650 23522 27803 32336
3199 2075 13516 19385 25310 30796 36099 41306
4830 3776 13646 27991 31567 35953 41217 47214
6344 4736 13790 32822 41963 50861 59299 64873
8303 6124 14052 35399 49290 54120 59446 67606
9499 8371 14467 35506 57135 64389 71605 79041
12471 10728 15068 35701 61631 73138 79632 86767
12658 12570 15777 35996 61734 80472 89329 97330
T a b l e  4 3
E xp erim en ta l and t h e o r e t i c a l  fr e q u e n c ie s  (Hz) and mode sh a p es  
o f  a h o llo w  c a n t i le v e r  s h a f t - d i s c  sy stem  co rresp o n d in g  to  
T able 42
n ModeNo. s m
C a lc u la te d
Frequency
Measured
Frequency Mode Shape
1 - - 332 - fT ,
2 0 - 731 710 f i r s t  n o d a l
0 c i r c l e s=0
3 1 - 2563 2520 fA  ( s = l , u = l)
4 - - 3199 3133 ^T2 ^^v /9^=max)
1 - 1 86 85
2 0 1 535 560 0 F ^ -
1
3 1 1 836 822
4 1 2 2075 1980
1 0 - 874 866
2 1 - 5685 5594
1 0 - 1781 1782 ■ $
3
2 1 7634 7550
4 2 1 - 10206 10100
n A
5 1 0 - 4728 4777 #
T a b l e  4 4
C a lc u la te d  n a tu r a l fr e q u e n c ie s  (Hz) o f  s im p ly  su p p orted  en d s , 
s o l i d  s h a f t  c a r r y in g  a d i s c  i n  th e  m idspan . The r e s u l t s  
o b ta in ed  fo r  L = 1 8 ,0  i n . ,  = 0 ,7  i n . ,  a = 3 .5  i n . ,  h = 0 .1 8 7 5 ,  
3 = R^/R^ = 0 and b /a  = 0 .2
n = 0 n = 1 n = 2 n = 3 n = 4
7 4 6 ^T1 2 8 0 m = l 9 2 2 s = 0 1 7 8 8 s = 0 3 0 9 5 s = 0
8 6 2 s = 0 6 9 7 s = 0 6 0 1 1 S =1 7 7 4 9 S = 1 1 0 2 3 0 S =1
4 8 9 9 S=1 1 3 6 8 m=2 1 3 8 8 6 m =l 1 6 8 8 8 s = 2 1 9 8 0 7 s = 2
5 5 6 1 u = 2 2 4 9 8 m=3 1 4 9 5 0 m=2 1 9 7 3 6 m = l 2 5 3 6 7 m = l
S =1
4 6 8 8 m=4 2 4 5 1 3 C“ S 2 9 1 8 7 s = 3 3 2 1 5 4 s = 3
6 0 3 9 ^T2 5 3 4 9 S =1 2 7 2 0 5 m=4 3 3 0 6 8 m=2 4 2 0 2 6 m=2
6 2 5 9 ^T3 6 3 4 0 m=5 4 1 9 2 0 4 4 0 1 9 c —s 4 6 9 4 2
1 0 3 4 6 m=6 4 6 8 9 7 5 2 2 3 7 m=4 5 8 0 9 8
1 0 7 6 1 ^3
1 0 6 8 2 ^T1 4 8 1 2 6 5 9 6 1 9 6 8 0 0 3
1 1 9 0 8 ^T4 1 3 9 1 9
- 6 0 7 2 0 6 4 8 6 6 7 0 5 5 0
T a b l e  4 5
N a tu ra l fr e q u e n c ie s  (Hz) o f  a sy stem  h a v in g  s im p ly  su p p o rted  ends  
h o llo w  s h a f t  o f  L = 8 .0  i n . ,  = 1 .9 5  i n .  and R  ^ = 2 .0 5  c a r r y in g  
a d i s c  in  th e  m idspan o f  a = 8 .0  i n . ,  b = 2 .0 5  i n . ,  h^ = h^ = 0 .2 5  in .  
and 3 = 0 .0  ( s e e  F ig . 50 f o r  mode sh a p e s)
n=0 n = l n=2 n=3 n=4 n=5 n=6 n .
362 196 251 478 825 1261 1779 2376
733 1239 1625 2095 2787 3619 4557 5587
1587 1377 4055 4073 4758 6475 7832 9200
4052 3811 4082 4604 5013 6663 9064 12060
7534 6791 5673 4853 5569 6701 9095 12078
7669 7138 6347 8193 8565 9620 11595 13462
11879 9366 7813 8434 8951 9859 11835 14570
12153 9603 10009 9565 9539 10589 12054 14585
12249 9761 11417 9589 11605 14195 16626 18511
15436 12580 11550 12896 13680 14791 16660 19072
15498 14157 12495 14106 15289 16756 19375 23157
15626 14581 15725 15230 15490 16799 19473 23319
16151 15053 16161 15337 18391 21871 24036 26423
T a b l e  4 6
N a tu ra l fr e q u e n c ie s  o f  h o l lo w -s h a f t  d is c  system  fo r  v a r io u s  r a d i i  
r a t i o  (b /a )  co rresp o n d in g  to  F ig .  5 2 . R e su lts  o b ta in e d  f o r  n  = 2 ,
L = 8 .0  i n . , b = R = 2 .0 5  i n . ,  R = o m 2 .0  i n . ,  3 = 0 .0  , h = 0 .2 5 i n .
N a tu ra l fr e q u e n c ie s  o f  th e  sy stem  f o r  r a d i i  r a t io  (b /a ) o f
b = 0 .1  
a = 0 .2 = 0 .2 5 = 0 .3 3 3 = 0 .4 = 0 .5 = 0 .6 7 = 0 .8
3 3 .6 4 1 49 .9 9 2 5 1 .3 8 5 1 3 .4 3 8 41 .15 1643 3100 2325
2 2 2 .6 9 9 7 6 .6 4 1 625 .20 3 2 5 9 .9 0 4 1 6 9 .8 7 3890 4384 5339
5 4 2 .7 0 2 4 3 5 .9 7 405 4 .9 2 4 2 3 8 .4 3 4 9 8 6 .7 5 5594 6156 8229
1 0 1 0 .1 3 3 7 4 1 .8 8 4 0 8 2 .6 8 5 6 3 2 .5 6 6 0 7 5 .0 4 7804 8096 10445
1 6 0 7 .6 3 4492 .09 5 6 7 3 .2 4 7004 .69 7410 .67 10250 11542 12638
22 2 7 .6 9 5 7 1 6 .5 1 6 3 4 7 .2 8 9 521 .36 11416 .75 11806 12469 12665
3 1 4 8 .7 4 5 9 4 0 .6 7813 .62 1 1496 .79 11788 .59 12097 16010 16421
4 1 3 1 .9 2 7443 .83 10009 .15 1 1 5 7 8 .1 7 13939-97 15101 16545 16663
4 2 9 5 .2 9 8217 .66 11417 .05 1 4 6 3 6 .5 3 1 5 412 .81 16365 19114 19444
5 4 9 0 .2 8 1 10 6 1 .8 11650 .69 1 5 0 8 7 .5 - - - -
6 1 2 3 .4 8 1 1425 .71 12495 .07 , —
T a b l e  4 7
N a tu ra l fr e q u e n c ie s  (Hz) o f  a s im p ly  su p p orted  s h a f t - d i s c  sy stem  
w ith  v a r io u s  v a lu e s  o f  ( 3) and n od a l d iam eter  ( n ) . The r e s u l t s  
o b ta in e d  f o r  a d is c  o f  v a r ia b le  th ic k n e s s  p r o f i l e  w ith  h = hg ( r / a )  ^
and th e  system  h av in g  h 2 = 0 ,1 8 7 5  i n . ,  a = 3 .5  i n . ,  L = 1 8 .0  in
= 0 .5  i n . ,  R  ^ = 0 .7  i n . ,  and b /a  = 0 .2
I )  B = 0 .5
n = 0 n = 1 n := 2 n = 3 n = 4
f l i 615 m=l 267 s=0 1422 s=0 2341 s=0 3709
u^/s=0 1648 s=0/d^ 1023 S=1 7509 S=1 9877 S=1 12747
^2 5532 m=2 1793 13295 s=2 20922 s=2 24804
^T2 6215 m=3 2554 m=2 13740 ^B1 21411 ^B1 27163
^T3 6272 m=4 5070 c—s 13759 ^T1 33266 s=3 39244
S=1 6548 m=5 6380 m=4 14303 s=3 34565 f^ l 42372
"3 10563 S=1 6727 c—s 14386 m=2 35552 s=4 55756
^T4 12325 m=6 10422 s=2 16320 c-s 35557 m=2 57723
^T5 12550 f l i 10996 - - -
^4 16494 ^T2 14573 - - -
I I )  3 = 0 .7 5
n = 0 n = 1 n = 2 n = 3 n = 4
^T1 594 m=l 254 s=0 1820 s=0 2766 s=0 4132
u^/s=0 2196 s=0 1210 S = 1 8491 S=1 11245 s= l 14250
^2 5500 m=2 2032 ^B1 13745 ^Bl 22320 fB l 27611
^T2 6211 m=3 2512 m=2 13749 s=2 23407 s=2 28094
^T3 6270 m=4 5130 c—s 13889 ^T1 33452 s=3 42563
S=1 7275 hf=5 6344 m=4 14334 m=2 35547 ^T1 43160
^3 10957 S =1 7294 c—s 14398 c-s 35553 s=3 57727
^T4 12353 m=6 10619 s=2 16736 - -
^T5 12532 f l i 11065 - - -
d o n t. T able 47 
3 = 1 .5
n = 0 n = 1 n = 2 n = 3 n = 4
^Ti 520 m=l 207 s=0 3847 s=0 4754 s=0 6001
u^/s=0 4437 m=2 1659 S =1 12559 S=1 16327 S=1 19495
^2 5320 C - s ) 2327 13746 ^B1 24982 ^B1 30711
^T2 6030 s=0 2800 m=2 13764 s=2 31370 8 = 2 36137
^T3 6314 m=4 5465 c - s 14320 m=2 34037 ^T1 43158
S=1 7434 c—s 6190 m=4 14398 - 35545 s=3 53788
^T4 12025 S=1 8172 c - s 15561 - 35558 - 57360
^T5 12605 m=6 10598
- - -
^3 14891
- 11548 - - —
T a b l e  4 8
N a tu ra l fr e q u e n c ie s  (Hz) o f  a h o llo w  s h a f t - v a r ia b le  th ic k n e s s  d i s c  
sy stem  w ith  p r o f i l e  h = h2 ( r /a )   ^ h a v in g  D = 7 .0  i n . ,  h^ = 0 .1 8 7 5  i n .  
L = 1 8 .0  i n . ,  t  = 0 .2  and B = 0 .5 .  The r e s u l t s  o b ta in e d  f o r  v a r io u s  
r a t i o s  o f  s h a f t  o u te r  d iam eter  to  th e  d i s c  d iam eter  (d^/D ) a s  fo llo w s :
I )  d^/D = 0 . 1
n=0 n=l n=2 n=3 n=4 n=5
180 94 1379 2341 3718 5430
1780 472 7277 9829 12771 16043
5510 1211 14933 20670 24827 29207
6022 1272 16823 21534 27163 32503
6264 3219 24522 33371 39179 44459
6346 3721 29142 34071 42365 51218
9818 4967 42391 49878 57005 64086
12534 7668 43860 50824 57936 64946
I I )  d^/D = 0 .4
n=0 n = l n=2 n=3 n=4 n=5
1712 671 1878 2593 3808 5439
2054 1784 3391 8595 13853 16661
5543 2828 3515 8628 15849 24635
6266 4331 5186 9344 15853 24640
6541 7408 5329 9467 16510 25268
9058 8498 7395 11084 16522 25278
11719 9560 8303 12169 19493 28854
12161 12398 8533 12436 19627 29162
c o n t .  T a b l e  4 8
I I I )  d j D  = 0 .6
n=0 n = l n=2 n=3 n=4 n=5
2543 1042 2018 3615 4768 6152
3593 3134 2144 3970 7079 11117
5531 3725 3427 4036 7100 11130
6268 5270 3852 5251 7913 11847
7706 8011 5000 5267 7969 11879
10352 8960 6418 7804 10583 14860
12545 9096 8247 8022 10745 15086
13028 10555 9417 9905 12638 16521
13814 11554 11143 10629 12915 16997
IV) d^/D = 0 .8
n=0 n = l n=2 n=3 n=4 n=5
2946 1350 1240 2381 4043 6315
5496 3761 1997 2466 4104 6352
6269 5737 3498 3729 5056 7121
8831 6491 4915 4079 5130 7198
9116 7669 6262 5702 7330 9432
10479 8558 7422 6580 7382 9876
11324 8830 8844 8138 9193 11007
11720 9216 9077 8561 9195 11584
11730 10504 11522 11546 12257 13654
T a b l e  4 9
C a lc u la te d  n a tu r a l fr e q u e n c ie s  (Hz) o f  v ib r a t io n  o f  s im p ly  su p p orted  
drum -d isc  sy stem  fo r  v a r io u s  n o d a l d iam eter  ( n ) . The r e s u l t s  o b ta in e d
fo r  L = 8 .0  i n . ,  R. 
h =  0 .0 6 2 5  i n . ,  t  =
= a = 
0 .1  in
1 .9 5  i n .  
. ,  b /a  =
. = 2 .
0 .2  and
05 i n . ,  b 
B = 0
= 0 .3 9  i n . ,
n = 0 n = 1 n = 2 n = 3 n = 4
1736 s=0 3333 s=0 4929 m=l 4005 m=2 4563 m=2
7049 ^Tl 3992 m=l 5434 m=2 4430 c - s 4914 c - s
7462 s = l 8921 m=2 5612 s=0 8098 s=0 8389 m=4
1205o fA 9273 fA l 10280 m=3 9056 m=4 8715 c - s
15364 f%2 10067 S = 1 11296 m=4 9156 c - s 12163 s= 0
15493 m=2 11915 m=3 12847 S = 1 14129 m=6 14230 m=6
15924 s=2 14378 m=4 14293 c - s 14555 c - s 14853 c - s
16121 m=3 14745 m=5 15452 m=6 17077 s = l 18956 m=8
16550 m=4 14958 - 17274 - 19321 - 21061 +
17144 m=5 16414 - 18901 - 19530 - 22685 -
n = 5 n = 6 n =  7 n = 8 n = 9
6394 m=2 8913 m=2 11939 m=2 15412 m=2 19117 m=2
6594 c - s 9037 c - s 12024 c - s 15475 c - s 19161 c - s
9313 m=4 11400 m=4 14259 m=4 17683 m=4 21129 m=4
9653 c - s 11658 c -s 14434 c - s 17795 c - s 21199 c - s
14315 m=6 17649 m=6 21551 m=6 26091 m=6 30030 m=6
15806 c - s 18897 c - s 22808 c - s 27485 c - s 31340 c - s
16319 s=0 19022 s=0 22910 s=0 27581 s=0 31648 s=0
2Ô589 23221 26887 31495 35179
N ote: c - s  d en o tes  modes o f  c lam ped-sim ply  su p p orted  drum o f  le n g th  L /2
T a b l e  5 0
N atu ra l fr e q u e n c ie s  (Hz) o f  d ru m -d isc  sy stem  as shown in  F ig .  60 
fo r  L = 8 .0  i n . ,  = a = 1 .9 5  i n . ,  b = 0 .7 8  i n . ,  h = 0 .1 8 7 5  i n .
t  = 0 .1 ,  3 = 0 .0  and b /a  = 0 .4
n = 0 n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7
5019 3565 5350 4055 4634 6453 8960 11977
6913 6866 5552 4504 4916 6591 9035 12024
11927 9477 10308 9225 8578 9477 11526 14349
15363 10048 11066 9298 8808 9690 11678 14451
15478 11273 11837 14536 14742 16142 18857 22697
16114 14488 12936 14966 15129 16530 19225 23054
16158 14680 15896 17133 20290 22219 24774 28244
17117 14927 16447 20978 22674 24171 26503 29790
17449 17080 19484 21774 25664 31661 36663 40756
18148 17506 20912 26984 33877 37960 40937 44012
19344 19457 22160 29205 35313 38614 44046 51405
20638 20525 23954 31150 38903 48699 58631 64928
T a b l e  5 1
N atu ra l fr e q u e n c ie s  (Hz) o f  d ru m -d isc  sy stem s o f  b /a  = 0 .4  
corresp on d in g  to  T ab le 5 0 , e x c e p t  h = 0 .2 5  i n .
n=0 n= l n=2 n=3 n=4 n=5 n=6 n=7
5681 3381 5499 4073 4657 6471 8973 11986
6671 7706 5543 4513 4913 6589 9035 12025
11871 9461 10503 9268 8622 9518 11557 14372
15314 10406 11427 9347 8824 9696 11681 14453
15520 11036 12884 14878 14925 16297 18997 22833
16119 14524 13517 15054 15181 16569 19261 23094
16211 14646 16117 19527 21517 23068 25474 28852
17105 14911 16407 21511 23008 24447 26760 30047
17811 17297 19555 23000 29156 35526 39296 42639
18166 17498 22168 27134 34831 38977 41831 44798
20048 19930 22260 29602 36313 40818 48358 57168
20958 21634 23938 31155 40592 50139 59905 65820
21761 24100 25722 33137 40646 50333 60104 67792
24211 25943 32244 36102 43265 52565 61200 69933
25851 26770 32460 39336 47131 55308 61687
T a b l e  5 2
T h e o r e t ic a l  r e s u l t s  o f  th e  n a tu r a l fr e q u n c ie s  (Hz) o f  v ib r a t io n  
o f  a sim p ly  su p p o rte d , s o l i d  s h a f t  c a r ry in g  tw o, n o n - id e n t ic a l  
d is c s  as shown in  F ig . 6 4 ,  h a v in g  th e  fo llo w in g  d im en sio n s:
S h a ft  
L = 1 8 .0  i n .
R = 0 .7  in0
R ./R  = 0 .0
1 o
D isc  No. 1 
a = 3 .5  in .  
b /a  = 0 .2  
h /a  = 0 .0 5  
B = 0 . 0
D isc  No. 2 
a = 2 .5  i n .  
b /a  = 0 .2 8  
h /a  = 0 . 1  
B = 0 .0
n = 0 n = 1 n = 2 n = 3 n = 4
752 f , i  
874 (s= 0)
1593 f^2
2587 (s= 0) II
( s = l )  
(f
5644 u.
8852
9319
9439
T3
264
800
1050
2237
3103
4178
5647
6063
10026
m=l
(s= 0 ).
m=2
(s= 0 ).
m=3
m=4
(s=l)^
m=5
939
2734
6121
14117
15332
16583
20848
24643
27873
( s = 0 ) j
(s=0)jj
( s = l ) j
^B1
(s= 2 )j
( s = l ) II
B2
B3
B4
1799
4707
7818
17201
19819
20151
28479
29790
33116
(s= 0 ).
(s= 0 )
(s=lXj
(s=2)^
( s = l )
H
n
Bl
B2
3098 (s= 0)
7858 (s= 0 ) n
10268 ( s = l ) j  
20036 ( s = 2 ) j
25182 (s= l) .11
25309 f  
32671  
35867 f  
42047
Bl
B2
I  d en o tes  d is c  number 1 
I I  d en o tes  d i s c  number 2
T a b l e  5 3
N a tu ra l fr e q u e n c ie s  o f  two i d e n t i c a l  d i s c s  c a r r ie d  by a s o l i d ,  s im p ly
su p p orted  ends s h a f t  as shown in  F ig .  6 4 . R e su lts  o b ta in ed  f o r
L = 1 8 .0  i n . ,  b = R  ^ = 0 .7  i n . ,  b /a  = 0 .2 ,  h /a  = 0 .0 5 ,  3 = 0 .0
and R ./R  = 0 .0  
1 o
n = 0 n = 1
655 ^Ti A A 255 (fB > i
884 ( s = 0 ) j 793 ( s = 0 ) j
1022 f l 2
4 = \ | 7
807 ( s = 0 ) i i
1114 ( s = 0 ) j j 1034 ^^B^2
4977 f^+s= l 2850 ((3 ) 3
5692 ( s = l ) 4042 (fB )4
6011 5553 (^8)5
8711 f j 3 5713 ( s = l ) j
9151 ^T4 - .5 9 9 2 ( s = l ) i i
9375 ^T5 10173 (fB )6
n = 2
2 d \ 937 s=0
940
6115
6122
14071
14164
15320
15345
24616
24669
s=0
s = l
s = l
f& l
s=2
s=2
^B2
^B3
^B4
n
m=4
n = 3 n = 4
1794 s=0 3090 s=0
1794 s=0 3090 s o
7814 S=1 10390 S=1
7823 S=1 10395 S=1
17188 s=2 20972 s=2
17214 s=2 20988 s=2
19804 ^Bl 25379 s=3
19836 fB2 25387 s=3
T a b l e  5 4
C a lc u la te d  n a tu r a l fr e q u e n c ie s  (Hz) fo r  a h o llo w , t h in  s h a f t  
c a r ry in g  tw o, i d e n t i c a l  d i s c s  o f  u n iform  th ic k n e s s  as shown
in  F ig . 65 . th e  r e s u l t s  o b ta in ed fo r  L = a = 8 .0 i n . , b = Ro = 2 .0 5 i n . ,
^ i = 1 .9 5 i n . , t = 0 .1  i n . , hj = = 0 .2 5  i n . and = 0 .0
n = 0 n = 1 n = 2 n = 3 n = 4 n = 5
222 s=0 204 s=0 259 8=0 480 s=0 826 s=0 1262 s=0
, 384 s=0 211 s=0 260 s=0 480 s=0 826 s=0 1262 s=0
648 ^T1 1070 m=l 1667 S=1 2122 S = 1 2804 S=1 3633 S=1
1033 ^T2 1414 S=1 1673 S=1 2131 S=1 2806 S=1 3634 S=1
1399 S=1 1468 S = 1 4148 s=2 4662 s=2 5538 s=2 6652 s=2
1468 S=1 2083 m=2 4190 s=2 4731 s=2 5573 s=2 6656 s=2
4008 s=2 3876 s=2 1-4462 •1 m=l 7482 (* ) 8297 s=3 10185 s=3
^  w
4374 s=2 4050 s=2 4710 m=2 7548 s - c 8409 (* ) 10282 s=3
7486 fB l 6882 ^Tl 7564 s=3 8261 m=3 9381 m=3 10993 m=3
7610 ^B2 7063 s=3 7692 s=3 8538 % 9513 s=3 10994 (* )
7867 s=3 7162 fT2 9347 ■ s - c  ■ 8954 s=3 11570 c - s 14095 c - s
8071 s=3 7682 s=3 9366 (*) 8958 s=3 11604 ^B 14197 -
11428 fT3 9261 10178 • m=3 ■ 11462 % 12419 fB 14235
-
s - c :  b end ing  mode which i s  e q u iv a le n t  to  modes o f  s - c  s h a f t  o f  le n g th  L /3  
(* ) :  bend ing mode having  a s ta t io n a r y  i n f l e c t i o n  p o in t  a t  th e  m id p o in t  
and i t  i s  e q u iv a le n t  to  th e  mode o f  two sp an , s - s  s h a f t  w ith  one  
span o f  le n g th  = L /3  and o th e r  o f  le n g th  = L /2
T a b l e  5 5 A
C a lc u la te d  n a tu r a l fr e q u e n c ie s  (Hz) o f  a system  c o n s i s t in g  
o f  two i d e n t i c a l  d i s c s  f ix e d  in s id e  th e  sim p ly  su p p orted  ends 
drum as shown i n  F ig .  6 6 , f o r  L = 8 .0  i n . ,  a = = 1 .9 5  i n . ,
h f - ^2 0625 i n . , t  = 0 .1 in . and 3 = 0
n=0 n=l n=2 n=3 n=4 n=5 n=6 n=7
1880 3606 5919 6190 6060 7430 9742 12672
1945 3614 5958 6268 6284 7614 9870 12758
6622 3628 6269 6524 6813 8069 10198 12990
7824 7883 7408 8724 11582 14097 16927 20625
8067 8541 8299 8778 11801 14709 17525 21165
1201O 9732 12505 13420 13731 15987 18852 22268
13165 10248 13411 13583 13910 16018 19932 24552
15790 12173 13508 14161 15081 16887 20447 25148
15881 12987 14421 19003 20950 22732 25413 29081
16880 13780 15476 19815 22312 24351 26897 30182
16942 14447 16742 20655 23788 26589 29418 32543
17744 16277 17945 21590 28241 35854 42129 46985
18308 16908 18808 22424 28856 36913 43996 48770
T a b l e  5 5 B
N a tu ra l fr e q u e n c ie s  (Hz) o f  tw o, n o n - id e n t ic a l  d isc-d ru m  
sy stem  fo r  th e  f o l lo w in g  d im en sion s:
drum
L = 8 .0  i n  
= 1 .9 5  d 
t  = 0 .1  i n
R = 2 .0 5  i n  o
d is c  (1 )  
a = R  ^
b = 0 .7 8  in  
h = 0 .2 5  in  
6 =  0 . 0
d is c  (2 )  
a = R  ^
b = 0 .7 8  in  
h = 0 .1 8 7 5  in ,  
6 =  0 . 0
n=0 n = l n=2 n=3 n=4 n=5 n=6 n=7
5085 3100 7402 6657 6493 7799 9949 12831
6064 6792 8118 6748 6614 7876 9991 12859
6144 6904 8675 7224 7226 8371 10334 13104
11511 7829 11498 14501 14865 16261 18397 21973
11997 10177 11856 14946 15113 16466 18575 22139
15805 12595 12652 16332 17821 19328 21052 24227
15972 13021 13494 18599 23412 27093 29307 32584
17127 13629 16266 20860 26494 29325 30917 33896
17638 14377 16533 23149 28478 23186 36027 39254
18155 17322 18423 24120 30275 36155 41765 48965
19137 17648 20519 27027 32496 39216 46132 54010
T a b l e  5 6
N atu ra l fr e q u e n c ie s  (Hz) o f  a s im p ly  su p p o rted , s o l i d  s h a f t  
c a r r y in g  th r e e  id e n t i c a l  d i s c s .  The r e s u l t s  o b ta in e d  fo r  
L = 1 8 .0  i n . ,  = 0 .7  i n . ,  a = 3 .5  i n . ,  h = 0 .1 8 7 5  i n . ,
3 = 0 . 0  and R^/R^ = 0 . 0
n = 0 n = 1 n = 2 n = 3
583 ^T1 251 m=l 999 s=0 1817 s=0
, 897 fT2 786 s=0 1006 s=0 1820 s=0
906 fT3 837 s=0 1010 s=0 1821 s=0
1056 s=0 843 s=0 6040 s = l 7888 S=1
1078 s=0 1054 m=2 6090 S=1 8122 S=1
1238 s=0 2073 m=3 6133 S=1 8163 S=1
4586 S=1 4288 S=1 14091 fB l 18821 s=2
5183 S=1 4578 S=1 14174 fB2 18862 s=2
5333 S=1 4734 S = 1 14249 fB3 18898 s=2
6271 fA 5534 m=4 20560 s=2 22233 fB l
10741 6869 (+) 20620 s=2 22311 fB2
11427 - 8001 s -c 20622 s=2 22343 fB3
11861 - 8322 (*) 22643 s=3 31123 s=3
( + ) ,  ( * ) :  f i r s t  and secon d  modes o f  tw o-span  s - c  s h a f t ,  
s - c  : bending mode o f  s - c  s h a f t  o f  le n g th  = L / 4 .
T a b l e  5 7
C a lc u la te d  n a tu r a l fr e q u e n c ie s  (Hz) o f  v ib r a t io n  o f  t h in ,  h o llo w  s h a f t ,  
th r e e  i d e n t i c a l  d i s c s  system  o f  a = L = 8 .0  i n . ,  b = = 2 .0 5  i n . ,
h = 0 . 2 5  i n . ,  t  = 0 ,1  i n .  and 3 = 0 .0  c o r resp o n d in g  to  F ig .  82
n =0 n = 1 n = 2 n = 3
220 s=0 204 s=0 261 s=0 484 s=0
223 s=0 207 s=0 261 s=0 484 s=0
400 s=Q 212 s=0 262 s=0 485 s=0
583 f T l 953 m=l 1678 S=1 2138 s= l
997 ^T2 1314 s= l 1678 S=1 2143 S=1
1212 fT3 1361 s= l 1680 S=1 2152 s= l
1385 S=1 1379 S=1 4142 8=2 4821 s=2
1419 S=1 1994 m=2 4187 s=2 4889 s=2
1848 S=1 2521 m=3 4199 s=2 4925 s=2
4067 s=2 4087 s=2 5041 m=l 8541 m=4
4252 s=2 4100 s=2 5202 m=2 8551 (+)
4755 s=2 4175 s=2 5228 m=3 8626 s -c
7561 / f f i l  \ 6930 f l i 9749 s=3 9129 (*)
7611 \  fB2 / 7127 f T 2 9752 s=3 — —
7662 fB3 7301 f l3 9778 s=3
9106 ^1
n = 4 n = 5 n = 6
824 s=0 1280 s=0 1814 s=0
825 s=0 1280 s=0 1814 S=1
825 s=0 1280 s=0 1814 s=0
2835 s= l 3717 S =  1 4763 S=1
2836 S=1 3717 S=1 4763 s=0
2840 S=1 3717 S=1 4763 s= l
5692 s=2 6772 s=2 8037 s=2
5721 s=2 6881 s=2 8088 s=2
5800 s=2 6890 s=2 8122 s=2
9055 s=3 10433 s=3 11333 s=3
9605 s=3 10462 s=3 11759 s=3
9666 s=3 11268 s=3 : 11891 s=3
10034 m=4 12235 B^ 12279 fg
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T a b l e  6 1 ( A )
Fundamental n a tu r a l fr e q u e n c ie s  (Hz) o f  t o r s io n a l ,  b en d in g  and 
a x ia l  v ib r a t io n  o f  a s im p ly  su p p o rted , h o llo w  s h a f t  c a r r y in g  
s e v e r a l  i d e n t i c a l  d i s c s  o f  a = 8 .0  i n . ,  b /a  = 0 .2 5  i n .  and
= 0 .0  on i t s  o u te r  d iam eter  d = 4 .1  i n .o
R otor
system
n = 0 n = 1 n = 2 F ig u r e s
T o r s io n a l V ib .
f l i
Bending V ib . 
m=l
A x ia l V ib .
"1
B ending
(m =l)
S h a ft
a lo n e
One d is c  
system
Two d is c  
system
Three d is c  
system
7787
733
648
583
4314
1377
1070
953
9936
9366
9261
9106
2037
4055
4462
5041
T able 24 
F ig .  28
F ig .  49
F ig .  70 
F ig .  82
T ab le 61(B )
Fundam ental n a tu r a l fr e q u e n c ie s  (Hz) o f  a s im p ly  su p p o rted  h o llo w  
s h a f t  "Drum" ca r ry in g  s e v e r a l  i d e n t i c a l  d i s c s  in  th e  i n t e r i o r  
s e c t io n  as shown in  F ig . 60 , 66 and 78 . The d is c  r a d iu s  a = 1 .9 5  i n . ,  
i t s  th ic k n e s s  h = 0 .0 6 2 5  i n . ,  b /a  = 0 .2  and 3 = 0 .0
R otor n = 0 n = 1 n = 2 F ig u r e s
T o r s io n a l v ib .  
^T1
• B ending  
m=l
A x ia l
"1
Bending
(m =l)
S h a ft
a lo n e 7787 4314 9936 2037 F ig .  28
One d i s c  
sy stem 7049 3992 9273 4929 F ig .  61
Two d i s c  
system 6622 3628 8541 6269 F ig .  75
Three d is c  
sy stem 6487 3502 8401 8080
F ig .  83
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T a b l e  6 3
N atu ra l fr e q u e n c ie s  (Hz) o f  th r e e  span s h a f t - d i s c s  sy stem . 
D im ensions are  g iv e n  in  T able 61
F r e q u e n c i e s  f o r  n o d a l  d i a m e t e r s  ( n )  o f ;
N o. o f i
P r o p a g . m
y
m TT /N n  = 0 n  = 1 n  = 2 n = 3
Z o n es s
3 TT 2 2 1 . 8 2 1 0 2 5 0 485
1 2 27T/3 2 2 2  } s = 0 2 1 0  } s = 0 2 5 0  } s = 0 485  } s = 0
1 7t/ 3 2 2 2 2 1 0 2 5 0 485
2 2tt/ 3 83 0  f , i 145 9 1 6 4 4 2 1 4 8
2 1 tt/ 3 8 7 4  f ^ 2 1 4 6 0  } s = l 1 6 4 5  } s = l 2 1 4 8  } s = l
0 0 89 2  f , 3 1 4 6 0 1 6 4 5 2 1 4 8
3 I F 139 5 1 78 5  f g i 4 4 5 4 5 6 2 2
3 2 2 tt/ 3 139 9  } s = l 1 8 5 5 4 4 6 7  } s = 2 5 6 3 2  } s= 2
1 tt/ 3 1 4 1 2 1 8 7 8  f ^ 3 4 4 6 2 5 6 3 7
2 2 tt/ 3 4 8 2 5 4 8 9 1 4 9 1 0  £ 3 3 8 5 6 3
4 1 tt/ 3 498 5  } s = 2 4 9 3 3  ) s= 2 4 9 1 8  f ^ 2 8 5 9 2  } s = 3
0 0 5 0 2 5 4 9 6 4 4 9 2 0  £ 3 3 8 0 1 2
3 TT 7 3 6 3  f g i 7 0 4 3 8 7 9 4
9 0 7 0  f s l
5 2 2 tt/ 3 7 4 9 0 7049  ( 3 , 2 8 9 8 7  }  s = 3 1 0 0 2 1  £ 3 2
1 tt/ 3 7 52 1  f ^ 3 7 0 7 7  £ 3 , 3 9 5 8 3 1 0 2 9 3  £ 3 3
T a b l e  6 4
N a tu ra l fr e q u e n c ie s  o f  fo u r  span s h a f t - d i s c s  sy stem  f o r  n o d a l  
d iam eter  n = 2 and N  ^ = 4 . The r e s u l t s  c a lc u la t e d  fo r  a = 8 .0  i n . ,  
h = 0 .2 5  i n . ,  3 = 0 .0 ,  Z = 4 .0  i n . ,  = 1 .9 5  i n .  and R  ^ = 2 .0 5  i n .
No. o f  
Propag. 
Zone
N a tu ra l fr e q u e n c ie s  o f  mode o f  v ib .  o f
D e t a i l s1 2 3 4
1 250 250 250 250 s = 0
2 1644 1645 1645 1646 s = 1
3 4454 4455 4456 4456 s = 2
4 4910 4912 4917 4920
5 8794 9003 9173 9273
,
s = 3
6 9948 9957 9976 9980
7 10225 10855 11257 11487 4
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T ab le  65 ( c o n t . )  
( I I )  3 = 0 .7 5
Zone
Number
n=0 n = l n=2 n=3 n=4 n=5 n=6
444 415 486 794 1217 1730 2339
1
445 415 487 794 1217 1730 2339
2
769 ( f ^ P 1528(£ b i ) 2466 3231 4345 5688 7216
8 2 0 (fp 2 ) 1 6 0 3 (fg 2 ) 2466 3231 4345 5688 7216
3
2054 2140 5 0 0 3 (fg ^ ) 8007 9740 11750 13958
2053 2144 5048(f^2> 8010 9748 11753 13958
4
5273 6087 6779 9 4 6 1 (£ b i ) 12678 15172 17486
5286 6114 6802 9 4 6 7 (£ b i ) 12680 15180 17486
7916 7172 9584 12412 13270 15323 18499
5
8060 7189 10093 13320 14837 16731 19582
(L 8435 7870 10238 13807 15666 17625 21819D
8456 10865 11678 14053 16095 18709 22392
12009 12162 12884 14124 17758 19268 23556
7
12129 13418 13215 14286 17989 20472 24284
( I I I )  3 = 1 .5
Zone
Number
n=0 n = l n=2 n=3 n=4 n=5 n=6
637 811 1044 1617 2111 2654 3314
1
660 811 1044 1617 2111 2654 3314
2
6 8 4 ( f^ P 1 2 3 0 (fg ^ ) 3681 5199 7185 9307 11478
806(f^2> 1 2 8 3 (fg 2 ) 3684 5200 7186 9307 11478
3
2742 3057 5 1 5 9 (£ b i ) 10231 13313 15497 18225
2777 3066 5 1 9 5 (£ b 2) 10238 13709 16111 18225
5409 7373 9964 11948 13720 16116 18226
4
5571 7389 10017 12404 14664 16916 19322
c 8534 7651 10356 12920 : 15063 17599 202520
8584 7704 10356 13169 15323 17599 20541
g 11105 12247 11987 13994 16787 18047 20589
11253 13021 12090 14040 17038 19299 2216 /
T a b l e  6 6
N a tu ra l fr e q u e n c ie s  (Hz) o f  v ib r a t io n  o f  two span s h a f t - tw o  
d i s c s  sy stem . R e su lts  o b ta in ed  fo r  a = 3 .5  i n . ,  b = 0 .7  i n . .
h = 0 .1 8 7 5  i n . , & = 6 .0 i n . , R = 0 .7  o i n . , 3 = 0 .0
Zone
No. n = 0 n = 1 n = 2 n = 3 n =
4
1 862 s=0 862 s=0 977 s=0 1815 s=0 3127 s=4
862 s=0 862 s=0 977 s=0 1815 s=0 3127 s=0
0
1342 ^T1 4611 S = 1 6386 S =1 8003 S = 1 10463 S = 1
1426 ^T2 4618 S =1 6389 S = 1 8005 S=1 10463 S = 1
o
5203 S=1 7924 ^B1 13968 Hi 19798 ^B1 24305 s=2
j 5262 S =1 7925 ^B2 13968 H2 19798 ^B2 24319 s=2
8490 s=2 13501 ^B3 19627 s=2 21445 s=2 25463 s=3
4 9956 s=2 13601 ^B4 19640 s=2 21451 s=2 25463 s=3
16882 16802 s=2 24574 s=3 33102 s=3 42064
5 17020 17093 s=2 24574 s=3 33102 s=3 42064
17883 20843 42194 ^B3 45674 49471
6 18659 20920 42225 ^B4 45707 49506
20603 22103 47642 52995 58892
7 20735 24682 47649 52997 - 58895 .
T a b l e  6 7
E xp erim en ta l and t h e o r e t ic a l  fr e q u e n c ie s  (Hz) o f s in g le  d i s c  -  h o llo w  s h a f t  
sy stem . v = 0 .3  , p = 0 .2 8 5  l b / i n ’ , E = 30 x  10® l b / i n * ,  L = 1 8 .0 ” ,
b /a  = 0 .2 ,  h /a  = 0 .0 5 ,0 .7R- = 0 .5 " , \  
th e  system  i s  shown in  F ig . 48
B = 0 .0 .  The mode shape o f
n == 0 n = 1 n = 2 n == 3 n == 4 n = 5
Theo Exp Theo Exp Theo Exp Theo Exp Theo Exp Theo Exp
650 645 288 280 903 900 1786 1800 3044 2920 4723 4730
907 - 670 660 5880 5830 7707 7700 10216 10300 13199 13100
4852 4815 1598 1590 12123 12100 16713 16700 19726 19650 23481 23200
5572 5580 2621 2610 13675 - 19558 19300 25343 25330 30799
6095 6090 4724 4690 13745 14000 28701 31917 35936
6260 6220 5612 5700 14032 14300 32923 41999 50547
10494 10490 6400 6400 14364 14590 35493
12063 - 10227 - 14570 16450 36498
12530 - 10777 — 16765 -
13977 12880 13410 13300 16955
T ab le 68
E xp erim en ta l and T h e o r e t ic a l  f r e q u e n c is  (Hz) o f  two i d e n t i c a l  d i s c s  -  h o llo w  
s h a f t  sy stem . The p h y s ic a l  geom etry g iv e n  in  T able 67 and th e  mode shape o f  th e  
system  i s  shown in  F ig 69.
n = 0 r1 = 1 n = 2 n = 3 r = 4 r1 = 5
Theo Exp Theo Exp Theo Exp Theo Exp Theo Exp Theo Exp
568 550 253 250 922 900 1790 1800 3097 2920 4728 4720
841 830 740 6 90 /730  925 920 1791 1850 3098 3100 4728 4785
970 960 750 750 6004 5880 7770 7720 10249 10500 13229 13290
1073 - 997 - 6020 - 7777 - 10250 13230 13300
4635 4450 3187 3400 12268 12210 17009 19928 23629
5503 5500 4118 4100 12271 12250 17030 19951 23643
6028 6100 5311 5250 13899 13670 19630 25361 30805
8867 8820 5395 5350 13958 13955 19682 25371 30867
9211 9200 5806 5700 14094 29338 32377
9384 9390 10167 10100 15765 29362 32417
10859 - 10693 10630
14321 14300 11270 11215
T a b l e  6 9
E xp erim en ta l and T h e o r e t ic a l  fr e q u e n c ie s  (Hz) o f  th r e e ,  n o n - id e n t ic a l  d i s c s  - 
h o llo w  s h a f t  sy s te m s. v = 0 .3 ,  p ®= 0 .2 8 5  l b / i n ’ , E = 30 x  10® lb / in *  ,
6 = 0 .0  and th e  d im ension  o f  th e  d i s c s  are;1 8 .0 ' 0 .5 " . R . = 0 .7
D isc  (1 )  
a = 3 .5 "  
h = 0 .1 8 7 5 '
D isc  (2 )  
a = 2 .5"  
h = 0 .2 5 '
D isc  (3 )  
a = 2 .0"  
h = 0 .3 7 5 '
Mode Shape 
i s  shown in  
F ig  80
n = 0 n = 1 n = 2 n = 3 n = 4 n = 5
Theo Exp Theo Exp Theo Exp Theo Exp Theo Exp Theo Exp
673 690 251 245 968 920 1809 1795 3120 4771 4720
942 780 787 760 2750 2550 4738 4690 7891 7820 11833 11810
1328 1330 926 - 6107 5980 7963 8000 10428 10430 13565 13520
2193 2175 1981 1960 6298 6290 10607 10700 16937 - 24429 -
2724 - 2300 2380 12480 - 16663
4188 4250 4073 3800 13145 -
5856 5660 5040 5010
7546 7510 6491 5780 /6480
9929 9600 7393 7350
12008 11950 8089 7790
10257 10100
13901 12999
FIG. 39 CANTILEVER, HOLLOW SHAFT CARRYING A DISC AT THE FREE END
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FIG. 40 MODE SHAPES OF A CANTILEVER SOLID SHAFT CARRYING A DISC AT
THE FREE END FOR THE FIRST THREE NODAL DIAMETERS n=0, 1 and 2 , 
CORRESPONDING TO TABLE 41 OF (5 +  7) MESH ELEMENT
 ___ BENDING MODE
 —  AXIAL MODE
  ------ TORSIONAL MODE
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FIG. 42 COUPLING CHARACTERISTICS OF A HOLLOW SHAFT CARRYING A DISC 
AT ITS TOP FOR L 
h /a  = 0 .0 5 ,3  = 0
= 1 8 .0  i n . ,  R = 2 .7  i n . ,  b = 2 .8  i n . ,  b /a  = 0 . 8 ,m
Deformed e l a s t i c  a x is
w 'Undeformed e l a s t i c  
a x is
FIG. 43 GENERAL VIEW AND GEOMETRY OF FLEXIBLE, SIMPLY SUPPORTED 
ENDS SHAFT CARRYING DISC AT ITS MID SPAN
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FIG. 45 VARIATION OF FREQUENCIES OF VIBRATION OF SOLID SHAFT-DISC SYSTEM
FOR VARIOUS RATIOS OF h /a .  L = 1 8 .0  i n . ,  R^  = 0 . 7  i n . ,  a = 3 .5  in ,  
n = 1, 3 = 0 .0  and R^ /^R  ^ = 0 .0
AXIAL MODE OF THE DISC, BENDING MODE OF THE SHAFT
 ----- BENDING MODE OF C-S SHAFT OF LENGTH L /2
------------  COUPLED SYSTEM FREQUENCIES
•  CORRESPONDING TO MODE SHAPE PLOTS
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FIG. 48 MODE SHAPE OF SHAFT-DISC SYSTEM FOR n = 0 , 1 and 2 , CORRESPONDING 
TO FIG. 47
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FIG. 49 FREQUENCIES OF COUPLED HOLLOW SHAFT-DISC SYSTEM FOR 
VARIOUS NUMBER OF NODAL DIAMETER n
L = a = 8 .0  i n . ,  b = R  ^ = 2 .0 5  i n . ,  h = 0 .2 5  i n ,  t  = O .I in .
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FIG. 49 FREQUENCIES OF COUPLED HOLLOW SHAFT-DISC SYSTEM FOR 
VARIOUS NUMBER OF NODAL DIAMETER n 
L = a = 8 .0  i n . ,  b = R  ^ = 2 .0 5  i n . ,  h = 0 .2 5  i n . t  = 0 .1  in ,
R / t  =  2 0 ,  R . / R  = 0 . 9 5  a n d
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FREQUENCIES VARIATION OF A HOLLOW SHAFT VERSUS NODAL DIAMETER n
— y/-------j— 4—  BENDING, AXIAL AND TORSIONAL MODES OF
S-S SHAFT OF LENGTH = L
.—  .— - BENDING MODES OF CLUMPED-SIMPLY SUPPORTED SHAFT OF 
LENGTH = L/2
CM
II
c
in
CM
\D
C Or-.
vom
Om
vo
CMiw
m
m m C O
VD
vOC Oiw
CTi*<r
OMfa-t
oH
0
ë
§
CO1
I
CO
K
o
CO
M
«
7 n
, /» -
3
I
r—I 
C7\
vD
II
m
m
00
C O
C O
vD CM
C O
C O
? \  
W  V
p  <-
vD<Ti
II
<3V
C O
CMi-M
II
CM
m
C O
C O
00
C OCM
II
CO
IoCÜ
Mg
k
O
M
o
m
o
II
cs
ts
CM
?
CO
A
i
C O
C O
II
CM
/
00
m
r
mo
s a ­
i il
, r k
m
\ ! 4 ' /V 1
i1
p i
PS
00
o
M
(N
1-4 00 VD CSJ
Pi
m 00
o-
CM
m
in
• o
01 X iCouanbaaj;
pcj
Pi
o
II
a
Pi
m
en
CM
vo
m
rH <!■ CMVO
00
Pi
v o
(44
O
O
•H4J
tÜ
^4
CM
d
od
B
0)
4->CO
CO
u
CO
•Hno
I4-144cd
Æ
CO
T3
(U1-4
§■
O
u
CO
(U
•H
OC
Pcra)}4
44
o
CO
•H
T )
•H  T )  
Pi C
V -/ CÜ
44
CÜ
Æ
CO
TÜ
eu
1-4
0
1
CO
0
1
P4
I
CO
u
CO
M
CO
5
CO
P*4o
?c
O
M
p4
o
O
II
Cû
g
Pi mo o
o
II
CÜ
Æ
CM
O
II
CÜ
rÛ
O
g .soP4 00
CM
II
pcî'
G
•i4
00
II
i-J
Pi Pi 
P  OP4 pt4
i
MS
i gg
CO
H
ffi
CO
CO
I
CO
CO
B g
C J CO
i  ë
t >
s 2-
i °
§  COp o
CO M  
M  E-4
1-4
m
CO
I
I
CO
w
MCJ)
î a
o*
M
CO p jgg
:  s
P4
CO
P4
§
EH
CO
g
gi-:i
O
CJ)
COgS
go
COgg
i
Mëg
o  o  ü
CO CO CO
M  M  M
O O Q
t  ■!> +
01 X H iCouanbaaj
00
VD
I  i l
CM 00
Î
Pi
I
g
è
S
P i
psi
ë
CO
o
M
H
CO
I
B
S
.01 X H
m 00
VD
CM
m
CM
ro c n
m
00 vD
î
P i
P i
i
CO
CO
g
t
8
r Hm
(J
M
Fn
-01 X H
CO
o
tH
X
(0(U•HÜ
C
§
S'
upJ4
p■u
10
s=4
(n = 2)
m=6
T o r s io n a l mode ( f„ )
m=4
8=2
R a d ia l mode ------'
m=2
8=1
8=00.0 0.0
0.0 0 .40 . 2 0.6 0 . 8 1.0
% o
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FIG. 74 COUPLING CHARACTERISTICS OF A HOLLOW SHAFT CARRYING TWO, 
NON-IDENTICAL DISCS. DIMENSIONS ARE GIVEN IN FIG. 72
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FIG. 75 COUPLING CHARACTERISTICS OF DRUM-TWO DISCS SYSTEM 
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FIG. 76 GEOMETRIC CONFIGURATION OF A SOLID, SIMPLY SUPPORTED 
ENDS SHAFT CARRYING THREE DISCS IN A UNIFORM SPAN
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FIG. 82 FREQUENCIES COUPLING OF HOLLOW SHAFT CARRYING THREE 
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DETAILS AND DIMENSIONS ARE GIVEN IN TABLE 57
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CHAPTER SIX 
GENERAL CONCLUSIONS
The t h ic k ,  th r e e -d im e n s io n a l, iso p a r a m e tr ic  c y l i n d r i c a l  e lem en t  
d ev e lo p ed  gave  v e r y  good r e s u l t s  w ith  regard  to  th e  a n a ly s is  o f  th e  
dynamic b eh a v io u r  o f  gas tu r b in e  r o to r  a s se m b lie s  c o n s is t in g  o f  d i s c s  
c a r r ie d  on a m u lt i-s p a n  s o l i d  or h o llo w  s h a f t ,  c o n s id e r in g  v a r io u s  
g e o m e tr ic  and boundary c o n d it io n s .
The e lem en t d ev e lo p ed  in  th e  p r e se n t  i n v e s t i g a t i o n  p r e d ic t s  th e  n a tu r a l  
f r e q u e n c ie s ,  mode sh ap es and th e  dynamic c o u p lin g  c h a r a c t e r i s t i c s  o f  th e  
s h a f t  and d i s c s  a s se m b lie s  a c c u r a te ly .
T h is e lem en t i s  assumed to  be an improvement o v er  o th e r  f i n i t e  e le m en ts  u sed  
in  p r e v io u s  work, s in c e  i t  was cap ab le  o f  i n v e s t ig a t in g  th e  v ib r a t io n  
c h a r a c t e r i s t i c s  o f  th e  s h a f t  and d i s c  w ith  a sm a lle r  e le m e n ta l mesh r e q u ir e d .  
The r e s u l t s  p r e s e n te d  in d ic a t e  th a t  c o u p lin g  betw een  s h a f t  and d i s c s  can  
occu r  a t  modes o f  v a r io u s  n od a l d ia m e te r s . The e f f e c t  o f  th e  s h a f t  f l e x i b i l i t y  
on th e  fr e q u e n c ie s  o f  v ib r a t io n  o f  modes w ith  n o d a l d iam eters  z e ro  and one  
w ere a p p r e c ia te d  e a r l i e r .  I t  i s  e v id e n t  from th e  r e s u l t s  p r e s e n te d  h e r e  th a t  
fo r  modes o f  nodal d iam eters n 2 , th e  e f f e c t  o f  s h a f t  f l e x i b i l i t y  p rod u ces Wtv» 
cou p led  modes o f  v ib r a t io n  in  d i s c - s h a f t  sy s te m s . Hence i t  i s  e s s e n t i a l  to  
stu d y  th e  c o u p lin g  c h a r a c t e r i s t ic s  f u l l y  i n  ord er  to  e v a lu a te  th e  s t r e s s e s  
and l i f e  ex p ec ta n cy  o f  com ponents.
The c y c l i c  and l in e a r  symmetry o f  th e  wave p ro p a g a tio n  approach p r o v id e  a 
s u i t a b le  m ethod f o r  in v e s t ig a t in g  th e  n a tu r a l fr e q u e n c ie s  o f  s h a f t - d i s c  
v ib r a t io n  w ith  a la r g e  number o f  nodal d iam eters  and o f  f r e e  p r o p a g a tio n  z o n e s . 
The number o f  n od a l d iam eters or c ir c u m fe r e n t ia l  wave number n , when th e  
r o t a t i o n a l l y  p e r io d ic  s tr u c tu r e s  are a n a ly s e d , are  f ix e d  by each  v a lu e  o f  th e  
p r o p a g a tio n  c o n s ta n t  as d e f in e d  in  S e c t io n  3 .3 .3 .  However, \d ien  th e
system  i s  assumed to  be a l in e a r ly  p e r io d ic  s tr u c t u r e ,  th e  number o f  th e  
p r o p a g a tio n  zones a re  determ ined  by th e  p ro p a g a tio n  c o n sta n t  y^ w h ich  
depends on th e  number o f  le n g th  span N  ^ to  produce s e v e r a l  groups o f  
n a tu r a l f r e q u e n c ie s .
For t o r s io n a l  v ib r a t io n  th e  number o f  n a tu r a l fr e q u e n c ie s  in  a 
c lu s t e r  depends on the number o f  d i s c s  and on t h e ir  i n e r t i a s .  The f r e q u e n c ie s  
o f  th e  t o r s io n a l  v ib r a t io n  a t  (n = 0 ) d e c r ea se  as th e  d is c  m asses in c r e a s e .  
For b en d in g  v ib r a t io n ,  th e  number o f  n a tu r a l fr e q u e n c ie s  depends on th e  number 
o f  su p p o rts  p r e s e n t  as w e l l  as the s t i f f n e s s  and mass o f  th e  in d iv id u a l  
d i s c s .
The a x ia l  v ib r a t io n  c h a r a c t e r i s t i c s  o f  th e  s h a f t  a re  n o t  s i g n i f i c a n t l y  
a l t e r e d  by th e  r i g i d i t y  o f  th e  d i s c  or by i t s  i n e r t i a .  In  g e n e r a l ,  how ever, 
th e  in c r e a s e  in  th e  number o f  d i s c s  and su p p o rts  in c r e a s e s  th e  number o f  
spans w hich le a d s  to  in c r e a s e  i n  th e  e ig e n v a lu e s  and changes th e  e ig e n ­
v e c t o r s ,  fo r  b o th  t o r s io n a l  and f le x u r a l  v ib r a t io n .
The n a tu r a l fr e q u e n c ie s  are  a l s o  a f f e c t e d  by th e  r a d i i  r a t i o  b /a  o f  
th e  d i s c .  I t  was c le a r  th a t  fo r  b /a  3 0 .4  the d is c  i n t e r e s t i n g l y  h as m ost 
in f lu e n c e  on th e  s h a f t  modes and th e  c o u p lin g  betw een them i s  g r e a t e r .
For b /a  ^ 0 . 8  th e  d is c  i s  c o n s id e r e d  as a s t i f f e n e d - r in g  f ix e d  on th e  o u te r  
ed ge o f  th e  s h a f t  and i t s  in f lu e n c e  depends on i t s  s t i f f n e s s .  I t  was 
dem onstrated  th a t  as b /a  d e c r ea se s  th e  fundam ental s h a f t  mode a t ,  n = 1
d e c r e a se s  b u t a t  n ^ 2 i t  s i g n i f i c a n t l y  in c r e a s e s  to  co u p le  w ith  th e
f i r s t  r a d ia l  mode o f  th e  d i s c .
The in c r e a s e  in  th e  s h a f t  le n g th  red u ces th e  v a lu e s  o f  th e  f r e q u e n c ie s .
A ls o ,  th e  w a ll  th ic k n e s s  o f  th e  h o llo w  s h a f t  t  = gave an o v e r a l l
change in  th e  . : c o u p lin g  c h a r a c t e r i s t i c .
The fr e q u e n c ie s  are a l s o  a f f e c t e d  by th e  r a t io s  o f  R^/R^, h en ce  th e  c o u p lin g  
e f f e c t  betw een  th e  s h a f t  and th e  d i s c s  becom es s tr o n g e r  as th e  r a t i o  R^/R^ 
i n c r e a s e s .
The t h e o r e t ic a l  r e s u l t s  show v e r y  c lo s e  agreem ent w ith  th e  e x p e r im e n ta l  
r e s u l t s .
6 .1  The S ig n if ic a n c e  o f  th e  I n v e s t ig a t io n
In  th e  p r e v io u s  work th e  c a lc u la t io n  o f  v ib r a t io n  c h a r a c t e r i s t i c s  o f  
f l e x i b l e  r o t o r s ,  each d is c  i s  u s u a l ly  t r e a te d  as a non-deform ed r i g i d  body  
a tta c h e d  to  th e  s h a f t  as a c o n c e n tr a te d  mass and i n e r t i a .  Under su ch  an 
a ssu m p tion , m ethods o f  s o lu t io n  o f  e n g in e e r in g  problem s have b een  e x p lo r e d  
by many w ell-know n a u th o r s .
In  f a c t ,  th e  purpose o f  th e  p r e s e n t  in v e s t ig a t io n  shows th e  f l e x i b i l i t y  
o f  b oth  s h a f t  and d i s c s .  Thus th e  s ig n i f i c a n c e  o f  th e  p r e s e n t  i n v e s t i g a t i o n  
le a d s  to  th e  f o l lo w in g  a d v a n ta g e s; -
a ) I t  p r o v id e s  a cc u r a te  r e s u l t s  by u s in g  th e  th r e e -d im e n s io n a l f i n i t e  
elem en t from  which g e n e r a l in fo r m a tio n  may be deduced such  a s ,
1 . Both s o l i d  and h o llo w  s h a f t s  assem b led  w ith  d is c s  a re  assum ed
to  be sym m etric, s in c e  r o t a t i o n a l l y  p e r io d ic  and l i n e a r l y  p e r io d ic  
tech n iq iesa re  a p p lie d
2 . Ranges o f  g e o m e tr ie s  fo r  w hich th e  f l e x i b l e  s h a f t ,  c y l in d e r
and e l a s t i c  d i s c s  a re  v a l id  fo r  a la r g e  number o f  n o d a l d ia m e te r s ,  
f ix e d  by each  wave p r o p a g a tio n  c o n s ta n t  y .
3 . Q u a l i t a t iv e  tre n d s  when co u p led  f l e x i b i l i t y  i s  im p ortan t and
m eshes h av in g  l e s s  e lem en ts  can be used  fo r  th e  w h ole  sy s te m .
4 . Wide range o f  mode shape i s  o b ta in e d  and d em onstrated  to g e th e r
w ith  th e  freq u en cy  c o u p lin g  c h a r a c t e r i s t i c .
b) I t  p r o v id e s  a fa m ily  o f  a c c u r a te  s o lu t io n s  w h ich  may be u sed  i n  fu tu r e  
f i n i t e  e lem en t a n a ly s is  as th e  e lem en t f o r  a g e n e r a l e l a s t i c  a p p l ic a t io n
to  gas tu r b in e  e n g in e s  in c lu d in g  th e  e f f e c t  o f  r o t a t io n  on ' n a tu r a l  fr e q u e n c ie s  
o f  t o r s i o n a l ,  a x ia l  and b en d in g  v ib r a t io n .
c )  V a r ia t io n s  upon th e  many ch osen  c o n f ig u r a t io n s  th a t  are  in v e s t ig a t e d  
in c lu d e s : -
1 . S o l id  and h o llo w  s h a f t  w ith  d i f f e r e n t  geom etry and v a r io u s  boundary  
c o n d it io n s  a t  th e  ends
2 . Uniform  and v a r ia b le - t h ic k n e s s  d is c
3 . M u lt ip le  d is c s
4 . Drum c a r r y in g  s e v e r a l  c ir c u la r  d is c s  i n  i t s  i n t e r i o r  s e c t i o n
5 . O verhanging d i s c s
6 . M u lti su p p orted  s h a f t  system s
d) The m ath em atica l fo r m u la tio n  in c lu d e d  th e  f o l lo w in g  a p p rox im ation
1 . N ine d e f le c t io n s  in  th r e e  d ir e c t io n s  are c o n s id e r e d  i n  one e lem en t  
to g e th e r  w ith  th e  th r e e  d isp la c e m e n ts .
2 . Shear d eform ation  and r o ta r y  i n e r t i a  a re  in c lu d e d  and assum ed to  
have t h e ir  e f f e c t s  on th e  fr e q u e n c ie s
3 . The annu lar d is c  i s  assumed to  be e l a s t i c ,  and t h in  enough so  th a t  
a t  i t s  i n t e r s e c t io n  w ith  th e  s h a f t  i t  may be reg a rd ed  as s im p ly  
su p p orted
4 . Both s h a f t  and d i s c s  a re  a x isy m m etr ic , i s o t r o p i c  and made o f  th e  
same m a te r ia l
5 . The s h a f t - d i s c  sy stem  i s  c o n s id er e d  w ith  b en d in g  and t o r s i o n a l ,  
as w e l l  as a x i a l ,  v ib r a t io n
6 . The in f lu e n c e  o f  d i s c  f l e x i b i l i t y  on th e  n a tu r a l fr e q u e n c ie s  and 
the dynamic c o u p lin g  betw een them are dem onstrated  by graphs w ith  
v a r io u s  n od a l d iam eters  n .
7 . Both r o t a t io n a l  p e r io d ic i t y  and l in e a r  p e r io d ic i t y  are  f u l l y  
a p p lie d  to  o b ta in  th e  o v e r a l l  mass and s t i f f n e s s  m a tr ic e s .
I t  i s  th e  purpose  o f  t h i s  s e c t i o n  to  e s t a b l i s h  g e n e ra l  c o n c lu s io n s  from 
th e  s p e c i f i c  r e s u l t s  o f  th e  p r i o r  c h a p te r .  The many g e o m e tr ic  c o n f ig u r a t i o n s  
upon which co n c lu s io n s  w i l l  be b ased  were chosen  to  r e p r e s e n t  a good case  
i n  w hich th e  e f f e c t s  o f  d i s c s  f l e x i b i l i t y  and t h e i r  number w ere as  g r e a t  
as  co u ld  ev e r  o ccu r  in  a p r a c t i c a l  s i t u a t i o n .  The cho ice  o f  g e o m e tr ie s  was 
b ased  upon judgem ent. Subsequent d i s c u s s io n  assumes t h a t  th e  s u b j e c t  
g e o m e tr ic  c o n f ig u r a t io n s  do in d e ed  r e p r e s e n t  ca se s  o f  maximum d i s c  
f l e x i b i l i t y  i n f l u e n c e .  From th e  s t a n d p o i n t  o f  a p p l i c a t i o n  to  s team  and gas 
t u r b i n e  e n g in e s ,  i t  i s  f e l t  t h a t  th e  c h o ice s  s a t i s f y  th e  d e s i r e d  c r i t e r i a
CHAPTER SEVEN 
SUGGESTIONS FOR FUTURE DEVELOPMENTS
The a c c u racy  and convergence o f  th e  th r e e - d im e n s io n a l  c y l i n d r i c a l  
segment deve loped  i n  th e  p r e s e n t  a n a l y s i s  i s  c o n s id e re d  to  be s a t i s f a c t o r y  
f o r  p r e d i c t i n g  any f u r t h e r  developm ents as  n e c e s s a r y .
The a c c u r a te  s o l u t i o n  developed  by th e  f i n i t e  e lem en t method and th e  
making use  o f  c y c l i c  and l i n e a r  symmetry o f  th e  wave p r o p a g a t io n  te c h n iq u e  
have been  c r i t i c a l l y  examined by com parison w i th  th e  e x p e r im e n ta l  w ork, 
and th e  r e s u l t s  o b ta in e d  d em o n stra te  th e  r e l i a b i l i t y  and p o t e n t i a l  o f  th e  
m ethods . I n  g e n e r a l  th e s e  com parisons show e x c e l l e n t  ag reem en t.
In  th e  a u t h o r ' s  o p in io n ,  th e s e  p a r t i c u l a r  r e s u l t s  u n d e r l i n e  th e  
fo l lo w in g  f u r t h e r  work as b e in g  n e c e s s a ry  to  c l e a r l y  e v a l u a t e  and im prove 
th e  p r e c i s i o n  o f  th e  p r e s e n t  s h a f t - d i s c ( s )  assem bly i n v e s t i g a t i o n : -
1. A need f o r  f u r t h e r  e x p e r im e n ta l  work to  de te rm ine  th e  v i b r a t i o n  
c h a r a c t e r i s t i c s  and th e  mode shape p a t t e r n  by u s in g  th e  l a s e r  
h o lo g ra p h ic  te c h n iq u e ,  showing c l e a r l y  th e  dynamic c o u p l in g  betw een 
each  component o f  th e  system  d u r in g  re so n a n c e
2 .  A s u g g e s t io n  f o r  o b ta in in g  b e t t e r  e x p e r im e n ta l  r e s u l t s  when 
"A c ce le ro m ete r  T ra n sd u c e rs "  may be used  a l t e r n a t i v e l y  i n  th e  e x p e r im e n ta l  
work owing to  t h e i r  advan tages  over th e  P i e z o e l e c t r i c  c r y s t a l  g au g es .
3 . A need f o r  f u r t h e r  t h e o r e t i c a l  and e x p e r im e n ta l  work to  in c lu d e  th e  
e f f e c t  o f  r o t a t i o n  on th e  c r i t i c a l  speed  o f  r o t a t i n g  s h a f t - d i s c ( s )  
sy s tem s .
4 .  By making use  of ax isym m etric  p r o p e r t i e s ,  f u r t h e r  work w hich in c lu d e s  
th e  in f l u e n c e  o f  th e  b la d e  v i b r a t i o n  t r a n s m i t t e d  th ro u g h  th e  d i s c  r im  
to  th e  s h a f t  sho u ld  be c a r r i e d  o u t  i n  o rd e r  to  d e m o n s tra te  th e  c o u p l in g  
c h a r a c t e r i s t i c s  between bend ing  and t o r s i o n a l  v i b r a t i o n  w i t h i n  th e  
b la d e s  o f  s im ple  o r  complex sh a p e s .
A P P E N D I C E S
APPENDIX A
F o rm u la tio n  o f  S t i f f n e s s  and Mass M a tr ic e s  o f  a T h in , 
Two-Dimensional S e c to r  E lement
The c o n f i g u r a t i o n  o f  th e  e lem en t i s  shown i n  F ig ,  2. The e lem en t  h as  
f o u r  nodes each  w i th  th r e e  d eg rees  o f  freedom . The s t i f f n e s s  and mass 
m a t r i c e s  f o r  such an elem ent o f  a  u n ifo rm  th ic k n e s s  a n n u la r  p l a t e  i s  
g iv e n  i n  R efe ren ces  [7] and [8].
The s t r a i n  energy  U and k i n e t i c  ene rgy  T o f  a t h i n  p l a t e  o f  t h i c k n e s s  
h and mass d e n s i ty  p i n  p o l a r  c o - o r d in a te  can  be w r i t t e n  i n  a  m a t r ix  
form as fo l lo w s :
2 t ï  R
U = I J  {x} [D] {x} r  d r  de
2 ” R.
( A . l )
(A. 2)
where R^ and R^ i s  th e  o u te r  and i n n e r  r a d iu s  o f  th e  t h i n  a n n u la r  
p l a t e  r e s p e c t i v e l y  and û i s  th e  f i r s t  t im e  d e r i v a t i o n  o f  th e  t r a n s v e r s e  
d is p la c e m e n t  u .  The d isp la cem e n t  v e c t o r  {x} and th e  e l a s t i c i t y  m a t r i x  
[D ] can be w r i t t e n  as  f o l l o w s : -
{x }=
-
7 7
z l 9u 2 l f u
r 3r , r2 a 8^
2 A -2 au
r r2 98
(A. 3)
[D] = E h '
12 (1 -  v2)
V
1
0
0
( ^ )
(A. 4)
For a s e c t o r  e lem en t ,  i n t e g r a t i o n  i s  c a r r i e d  o u t  from 0 to  3» w here g i s  
th e  in c lu d e d  an g le  o f  th e  s e c t o r ,  as  shown i n  F ig .  2 . The c o r n e r  nodes  a r e  
numbered from 1 to  4 . Each node has  a  d is p la c e m e n t  u and s lo p e s  i n  th e  
r a d i a l  and t a n g e n t i a l  d i r e c t i o n s  9u/Br and 5 u /B 6 re s p e c t iv e ly .
Thus th e  e lem en t has a t o t a l  o f  tw elve  deg rees  o f  freedom . The 
d is p la c e m e n t  v e c t o r  f o r  th e  s e c t o r  e lem en t i s  thus  r e p r e s e n t e d  b y : -
{ q f  = [u^ "81 “ 2 “ r2  “ 62 "3  “ rS  “ 03 “ 4  " r4  " 6 4 ] <^-5)
The d is p la c e m e n t  f u n c t i o n  o f  th e  e lem en t can be e x p re s s e d  a s :
" ( r .  6) = + V  "  ®3® "  V ®  "  *5^^ + *6®^ + +
(A. 6)
Making use  o f  e q u a t io n s  (A .5) and (A .6) th e  fo l lo w in g  r e l a t i o n s h i p  i s  
o b ta in e d :
{q} = [C] {a} (A. 7)
where {a} i s  th e  c o e f f i c i e n t s  v e c t o r ,  g iv e n  a s :
{a} [a^ ^2 ^3 ^4 ^5 ^6 ^7 ^8 ^9 ^ 1 0 ^ 1 1  ^12 ]
and [C] i s  th e  t r a n s f o r m a t io n  m a t r ix  o f  o r d e r  12, g iv e n  a s :
(A. 8)
[C] =
1 R.1 0 0 R.21
0 0 0 1
0 0 0
0 1 0 0 2R..1 0
0 0 3R. 21 0 0
0
0 0 1 R.1 0 0 R.1^ 0 0 0
R.  ^
1
0
1 R
o
0 0 R  ^
o
0 0 0 R  ^0 0 0 0
0 1 0 0 2Ro 0 0 0 3Rg^ 0 0
0
0 0 1 Ro 0
2
0
2
0
2
E 2 
o
2
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T, 3
0
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0
1 R..1 3 R^ 3
R.1 3 3Rj, 3 R. Ri 3 3Rj^ 3 R^
0 1 0 3 2R.1 0 23R.
3R.2
1 0 3BR^^ 3^
0 0 1 R.1 0
2
23
9 2
23R.
7
0
„ 3
33^ 
o 3
R i '
r . r ,  3
33^R.. 
3^ 
3 %1 Ro 3 R 3 o R o ® o 3 R, 3 BRo
0 1 0 3 2R
o
0 2BR
o
3^ 3R ^ o 0 36R^2
3^
0 0 1 %o 0 23 R ^ o 23Ro 0
3 3 2 33  ^ R
(A .9)
S u b s t i t u t i n g  e q u a t io n  (A .6) i n t o  e q u a t io n s  (A . l )  and (A.2) f o r  s t r a i n  
and k i n e t i c  e n e rg y ,  and u s in g  e q u a t io n  (A .8) f o r  { a ) ,  th e  e x p r e s s io n  f o r  
U and T become:
Ü = ~  {q}^ [K] {q} (A .10)
T = I p h 3 {q}^ [M] {q} (A .11)
where Do i s  the  f l e x u r a l  r i g i d i t y  a t  th e  c e n t r e  o f  th e  p l a t e ,  and  [M] 
and [k] a r e  th e  mass and s t i f f n e s s  m a t r i c e s  g iv e n  as f o l l o w s : -
[M] = [C]"T [m] [C ]'^
[K] = [C]"T [k] [C ] '^
The e le m e n ta l  m a t r ic e s  [k] and [m] a re  g iv e n  by Sabuncu [8] f o r  th e  
u n ifo rm  th ic k n e s s  d i s c .
In  th e  case  o f  v a r i a b l e  th i c k n e s s  d i s c ,  th e  th ic k n e s s  v a r i a t i o n  as
g iv e n  by e q u a t io n  (1 .3 )  i n  C hap ter  one, sho u ld  be in c lu d e d .  D e t a i l s  o f
e lem en t in c lu d in g  one o f  the  a n n u la r  s e c t o r  e lem en ts  i n t o  w hich  i t  i s
s u b -d iv id e d  a re  g iven  i n  F ig .  2 . Each s u b -d iv id e d  e lem en t has  th e
same r a d i a l  w id th  (R^-R^), and a n g le  3» The i n t e g r a t i o n  o f  th e  r a d i u s
i s  c a r r i e d  o u t  from R.. to  R . The i n n e r  th ic k n e s s  h a t  r  = R.
1 o 1 1
and th e  o u te r  th ic k n e s s  h« a t  r  = R shown i n  F ig .  4 and 6 a r e2 o
c a l c u l a t e d  n u m e r ic a l ly  f o r  each e lem en t i n  any s e c t i o n  w i th  com puter
program  s u b ro u t in e  developed  by u s in g  double  p r e c i s i o n  a r i t h m e t i c .
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